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/EHAPTER I. 


DEFINITIONS AND SIGNS. 

1. DdSnition. Algebra is the science given to the study of 
numbers by means of symbols used fo represent them. 

(j 

2. Symbols. A symbol is generally a mark, and* as such, 

serves as a su|>stitute for certain purposes for a chosen thing or 
class'bf The symbols used in Algebra as such substitutes 

are the letters of the English and Greek alphabets, a, Cy /, 

w, fh sr ; A^B^C, &c. ; « (alpha), fi (beta), “v' (gamma), 

&c. Sometimes letters with accents ancPyjyffixes are used with a 

view to secure similarity of operations, e. jf., V* (read a 

dash, b two-dash, c three-dash, ), b^ (read a one, 

b two, c three, ). 

N.6. The student should be cautioned against assum\^g any relation 
between a, a' and a, ; these must be considered as good as different 
letters or symbols, and will generally stand for different numbers. 

8. Quantity. A quantity is usually a magnitude, that is, 
anything caprtble of division into parts ; t ^ the height of a tree, 
forty rupees, seven animals, &c. The measure of a quantity is 
obtained by determining the multiple, part or parts that the given 
quantity is of some standard quantity of its kind, which is called 
the unit. For instance, \^en a rupee is taken as the unit of 
money, the measure of the value of a ten -rupee note is lo ; so 
when a f^^ot is taken as the unit of length, the measure of the 
length of a pencil s’x inches long is or 

N.B. In Algebra the word quantify is often restricted to mean only 
the number eipressing its measure. 

4. Sl^4s of Operation. The student is supposed to be 
already f ^uainted with the ligns +, -r, x- These signs are 

CdW^A Wgns of operation ox operators^ BXidi the numbers or quan- 
titles before which they stand are calfed subjeck or operands. 
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They are also cabled symbols of operation^ as diiftkguishe d / fr( 
the symbols of refjrestntation referred to in Art.^ 

It should be that a d^t often serves^^r x^Thus ab 
means tf x 3 , 2.3 rncanV^'xj^. Itt^AlgebrajM^mi the ^ is omitted, 
and simply ab is used as the ^qi|i valent Thus 2 abc 

standif'for 2 x a x ^ x i* / I Jr 

R difference is a^arent conventions^ in 

Alg^lM^nd Arithmetic. While xy means tr into j',* 58 does not 
jnjp,<*n ‘5 but ‘5 tens and 8.* V ' 

5 . Qaankties ooiinected by -f aihi means 

that b is to be added to a, and then to the sum obtaineo^A^ to be 
added ; ^2-^ + ^ means that ^ is to be subtracted from a, ani4then 
is to be added to the remainder. In short, the order of opera- 
tions is from left to right. We shall return to this point in the 
chapter on Addition, 

The student is supposed to know from Arithmetic that 4 — 3 
+ 7»*4 + 7-3, that is, the order of operattons is indifferent, so far 
as the final result is concerned. 

Ex. Find the numerical value of a-¥b-x .. . 

s 


Required value — 6 



When rt — a, 
find the value 

1 , a^h-k-c* 

h+f-cfi2-b-d. 
3«4-6;r-4y + J^. 


when rt = 6, ^*=7, J8r= 

"•9 ■l*\^ = 4-l-|=4 + 2i«6J. Ans» 
EXAMPLES 1 . 


f=i2, ;;#=3,/r.ii, ^= 21 , Xm.^, j|/-7, 


3 . 

6 . 

7 . 


9 . 


11 . 


60 , . 

72 H -'b~C, 

' c 

4 +^- 5 . 

a 0 X 


X. 

4 . 

6. 

8. 

10 . 

12 . 


lOn 

, 38 C C h 1 

I -w+^+31 

20 ^ y a 


0. Quantities oonnooted by x and (or their etjuiya- 
lents).^ a X ^ X £■, or <2 bx^ or abc means that a is to be multiplied 
by b^ and the result by c, *"^4^ 

Again, ^-r^XflT-r^, means that b is to be divide^^ the 
quotient to be multiplied by d, and then the product thusl^tained 
to be divided by 0, Hence in these cases also, the order 01 opera- 
tions is from left to right. It will be proved later on that, so far as 
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the fin|Lre^ult is concerned, the order of operatr^ns is indifferent. 
For instance, ■ - fj ’ 

Sx 7-^4-5^:^4«M ; and3V4X7-2*k^7-Al4 ; 
8x7*-S-^4ip8-4-4X7.^ “ o 

N. B. A dife^nction is to be drawn between the forms «-fJt and 
.x>. The form!^. as hi^ been said above, means that a is to be^diMed 
by*.v, and the quoii^iu'ls to be multiplied^by jf ; but the latter that 

a is to be divided by the product of x and Thus, for example, suppose 
*f=48, :ir = 8, ^ = 3 ; then a-r JP=48*f8=6 ; /. a-^x xyss 6 xy'J =6 x 3 ^ 18 . 
But a 5 = 8 x 3=24 ; ,\jj ^ 

Similf^ty toa-f 2^ and ioa-r2xb are different from each other. 
let a=4/'ds=5. Then, I01ISS40, 2d = io, /, ioa^ 2 ^=a 40 -i-io=; 4 * Again 
I0a = 40, /. ICXt-r2 = 20, lOfl-r 2 X 3 = 20 X 5 = 100. 

The student should also distinguish between the forms /t-fj x 3 and 
a-f J of 3 ; in the latter the value of J of 3 is to be found first ; that is, 
the operator -f in a*f J of 3 applies not to J only, but to J of 3 . 

Ex. Find the nunrtjerical value of ^^x3•^^x^■^tf/, when <i»» 4 , 

^=*=Tj5» 

< 4 , «X<^« 4 Xj = | ; ax 3 ~tr-.|-f 5 -^^ ; 

.’T^x 3 - 5 -i:xrf==x*ir >^ 5 ^/» 2 x|»x ; 

ax3-ri:xd'*T-</’«>^j-M Ans, 

EXAMPLES 2 . ^ 

Find the value of ; ■ 


1. 2X4-M2, 

3. 

4 x 04 - 7 x 6 . 

6 . 

.;^8x9-5-ix6. 
4 *-^ 8 x 94 -i of 6 . 

2- 34-12x4. 

4. 

4 x 94 - 6 x 7 . 

e. 

When 

, Ji d 

find the value of : 

7. ab-^cxd. 

>^ll. 

I2ac-i-^xx, 

15. 

a^ihbcd. 

8 . axb’^cd.'^ 

S/ 12 . 

6a.’^yc-7-4c-^d. 

10 . 

a-^bexd 

9. lyae-i^ 5A“, 

13, 

a'^bxeyd. 

17. 

b-i-4axc^d-^2x., 

10 . ^abc-^4dz. 

14. 

yzbC‘^4xdx, 

18. 

Sabc-h4dxx* 


7. Quantities connected by +, — , x, -r. In such cases 
the following rule should be observed : First perform the operations 
of multiplication and division^ and next perform ihe operations 
’^tf addition and subtraction. 

Ex. Find the value of « x ^ - c^d 4* ^ x /-r^, ' 

when 3 = 2 , ^•• 12 , ^— 4 , 
t«x3*»iX2 = 2 ; ^:-^^«I2-r4=«3 ; 
tfx/-f-^«^i5x64-io-9 ; 
the value reqirired» 2 - 5 + 9 » 8 . Ans. ^ 
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EXAMPLES a 
Evaluate : » % 

L i 3>«2-4X^^- '*- ,4, r2-3x6,^8#^-^2. 

2« 27-4x5. ^6? I2-3X^ of 5-44-Jrof 30, 

48.^-4-5-5+i. 6.. 3X5-^6-%x 9 ^^ 4-4X S-r6^ 

\f1ien ^=12, Z>«8, r=9, «»20, n«i6,;irw'^Sjy«i2^, find the 
nuniericalWalue of : 

' ^ • c 

7. 6a-by,\, ^ ll. Jr^+<2^-r-^x^o«-5'6r- loq. 

2«j- 4- w __ j. 

2« + 4 <2 + 1^4- ^ * iy 


8. a X ^ - r. 


12 , 


9. 

10 . 


4a^ — 2rf«4-30-=-4r. 13. a-4-^-5-r+ w-r'2«4--r— I2y, 


4* 


14 . 


12 — ^ w-n 


— « + »2 + 2cxr-r| of y. 


C—b ‘ «— JT 

8. Properties of O. The following properties of O should 
be noted : — 

(0 The product of zero and any finite number is* Gr 
(2) Zero divided by any finite number gives O. 

, -‘j' 

/ EXAMPLES 4. 

/ 

When a^io^J^ r=6, = ;r — o, find the value of : 

L 2j^ ^-s-rxjr. 3. Jt’^bc 4. bcx ’^ab-^bx^^cm. 

6. ^mx-^bc\ 6. i2ox^6m-^bc^6m-\-by.c-^f ^ 

twcm b 


9. Factor, CoefELcient. (When a quantity iz considered as 
the product of two or more quantities, each of these latter is 
called a factor of that quantity"); thus 2 >^bc has for its factors- 3, h 
and iT. { When a quantity is looked upon as the product of two 
factors, each of these is called the coejficteni {i.e.^ co-factor) of the 
other^ thus, when 3^r^^.is regarded as the product of 3 and ab€^ 3 
is regarded as the coefficient of ctbc. We might also consider that 
3a is the coefficient of bc^ or that is the coefficient of ^ac 
that of b^ a that of 3^r, &c. It is usual, however, to put the 
coefficient first ; thus in ab^ a is the coefficient of by and in bay 
h is the coefficient oi a ; ycy gbf &c. are never written as x^ ^9, &c. 


10. »iWhen the coefficient is an actual number, it!w.t • galled a 
nunierical coefficient^ thus in 5a, 5 islthe numerical coefficient of a. 
(When, however, the coefficient is in symbols, it is called a /zV^ra/ 
coefficient t|iU5 ^ is a literal coefficient of x in ax. 
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N.B. ahc may be regarded as l. abc^ and x may be regarded aa Xi x \ 
hence l^jis coefficient o( abc as well as of jc, ^ 

When the coefiicient is fractional and greater il^n unity, it is usually 
written as an improper fraction. ThusVe write and not 3^ a. 

11. PowW, Iiulex. • If a quantity be fnifttiplied by itself any 
number -of tiMes, the product is called a of that quantity, 

T|?u§ axn is callM the second power of n, and is written er\ 
ax ax a is the tAira power of a, and is written ; and so on/ 

• Tlje index or exponent of any power of a ^uaiyEity is the 
number, given either^explicitly or in symbols, which shows how 
often t]^ quantity is to be taken as a factor m producing that 
poweiC This number is placed to the right of the quantity aiJd 
above it. 

Thus in lo is the index of the power of a. is read 
raised to the tenth power,’ or more shortly, ‘^x" to the tenth.* So 

is read to the ;/rth,* or lo the power m* 

is, however, generally read ‘a squared,* and is generally 
read 'a cubed.’ 


^Ot^^ In accordance with the above forms, a' should be called the 
yf/'jr/ and m-an that u is taken only once. Thus so 

that any quantity may be regarded as the first power of itself 

It is to be borne in mind that any finiim^'vber of l = I, and that any 
finite power of oso. 

Thus i® = ixixixixi=&i, and o®=oxo> 


H* Bracket, Virtoultftu. The signs ( ), < },[] are called 
brackets. {a'^b)xc means that a + b Is to be found first, and then 
the sum is to he multiplied by c. Thus the operation x c applies 
not to a ox b singly, but to as a whole or collectively, ?>., to 
the entire value of a + The difference between {aArb)xc and 
a + bxcis now quite clear. For, suppose ^ = 2, tr— 3. 


Tben, ^+^=1+2-3, /. {a-kb^xc^ixc^^^x^^^ \ 
also^x.^«2X3*-6, /, « + ^x^^i+6=7. 


The student should therefore see that when any number of quantities 
connected by the ordinary signs of operation are enclosed in a bracket, 
they are to be looked upon as forming a single quantity^ and their value 
as a whole is to be used in all .operations indicated by the signs that 
pre&ede or succeed the bracket. 

Sometimq^ a line serves as a bracket. Thus a - m^ans 
the same thing as — and is therefore different from a^^b^c* 
The Hnejso used is C2).lled a vinculum. 

N.Bf The three kinds of brackets ( ), { } and [ ] 9 .te distinguished 
as parentheses^ braces and crotchets respectively. 
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ALOEBHA. 


JhL* I. Find tb« value of a’", when <2 *=4, w — 3. 
!»«» — 48*4x4 X 4 — 0 i. 


Ex^ 2 . Find ihe value 1 when i, ^»2, ^ — 3. 

Sa^ 3 t .3. 1 4 - 2«5 3 6 • / 

a-¥d i-Pa “ 3 ^ 

.'. (^ 1 ^)* " 5* “3 X 3 X 3 “ 27 . 

EXAMPLES 6. » 

( 

When a— I, 3=s, r—3, ■*■<-7, y— S, e=4, m‘=o, »=|, fiftd the 
value of :— 


wl. 3». k 6. 

*-2. (i3)«. ^e. 

«, 8 . (n)». 4.7. (3n»)*"» 

^ 4 . (^cf\ 4S. 

15 


i, 9. 
a. 10. 
11 . 
12 . 

14. 


-* 2(a>^ — 

2.^* — 2^w*. 



18. Square root, pube root, &o. The square root of 
a given quantity is quantity v 9 ]\os^ square or second power 
gives back the proposo'a quantity. Thus the square root of 25 is 
5, because 5* — 25. ^ / 

The cube^ fourth^ jfi/ih, 6 s*c,^root oisLny quantity is that quantity 
whose third, fourth, fifth, &c., power gives back the given quantity. 

The square root of a is denoted by X/a^ or more simply by 
The cube, fourth^ fifth, &c , roots are denoted by the symbols 
V* V» Sintilarly Xia denotes the ftth root of ^<2, and is that 
quantity whose #/th power is a. 

The root symbol is called the radical^ st^n, and i$ a corrupfeion of 
the initial letter r of the Latin word radix which means a root, 

Eote. The form tJa-^-b is often used as an equivalent of 
and means the square root of the quantity a + b taken as a whole. Here 
the radic al sign •and the v inculum have been joined together to form one 
symbol tj . Thus *s equivalent to and means 

the «th root of the whole quantity 2a® We must therefore distinguish 

between ^e forms and tj9 a; means the square ropt of 9a, 

while ^J9fa means the product of the square root of 9 £nd a, which oi 
course is different from the other. Suppose a s^4 ; then 

^/ 9 ^ 4 = 2/36 = 6; 
but v^9.as=3a»3X4aal2. 
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IBix* Find the value of 

• ^ when a- 2,^-»6, ^^“12, ;ir— 16, 

— ijln<6^ 12— jI/|2X • 

V(^*'/*)“Vi^*-<-5? -Vi2^-S ; • ■ 

. andV'^ -V*6xi — ax|*i ; 

• .% the given expression —2x12-54-1=^ 20. Ans. 

• EXAMPLES 0. 

Wheji^— 6, ^—9, 8, ^-5, »— $♦ find the numerical va^ of \ 

2 JJa ic 


^.1. 


V 2. 4. 


j2C^d 

d * 

^/27•f ^ 


V' 6. 

2 


y(3w) 


✓ 6, 


iM- 




2 t , 

• -^V7!^+II^^ / ‘ ^(4aa+i3^) 


_8/f \ 

4* ^ — 2abc - 36/ 


14. Uniti Measure. Any quant by means of which 
another of the stme kind \% measured is its unit. 

Every quantity is measured by means of\another of its kind. 
When the weight of a body is given as 5 maunds, what is meant 
is that the body is five-limgs as heavy as Snother whose weight 
we agree to c$U one maund. Here the standard ^ of measurement 
is one maun<h And the weight of the body is given by expressing 
how often that maund is contained in it. When, again, 
we say that the weight of a body is half a maund,^ we mean that 
the body is jnst half as heavy as anoUier of the standard weight, 
one maund* 

* i 

Again, when we say that the length of a room is 5 feet, we are 
supposed to have taken for our unit a standard length, which we 
agree to call i foot, the length of the room haying been jfbuD4 by 
ascertaining what multiple (or part) this length is of the standard 
length. 

* Of course, the length of a rootn is measured by ike tmgih of a 
rod^ and not by the iveijiht of a body ; in other v^ordsi a fuftidity 
is meamredby ai^ikerofiis own kind. ^ 

T^he measure of a quanti ty is the number that expresses what 
multiple or p^t, this quantity is of the quit previously agreed 
u^mn* Thus if one foot be chosen as the unit, the measure of the 
height of a tree 7 feet high is 7. 
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When we say that the measure of a sum of money is sf, we 
mean that the ^um is 5} times the unit of money ; ifta rupee be 
taken as the umt,j|he sum of money rupees. Thus, 

• • 

AfVf^uantity^its measure unit. « 

Sx. 1. Find the mea^ire* of Rs. 50, the ufiit o^ money being 
Rs. lo. ^ . 

We are here to find what multiple Rs. 50 are of Rs, 10. 
tl?t measure required »=Rs. 50-5- Rs. 10= 5. ^ 

The question is similar to this i — how mai^ currency notes of 
Rs. 10 each, cad I buy with Rs. 50 ? . 

Sx. 2 . How heavy is a body whose weisjht is represented by 
shy when the unit of weight is 2 seers 6 chhataks ? 

The weight of the body *=2 seers 6 chks. x 13 seers i chk . 

Ex. 8. What is the unit of area, when the area of a plot of 
land measuring one acre is represented by ^3 ? 

By the question, the measure of i acre is 363 ; 

I acre =*363 times the unit of area ; 
the unit of area»i acre-^363 

y* “4840 sq. yds. -T- 363 
t-V^sq. yds. 

— 13 sq. yds ^ sq. ft 

e ' 

EXAMPLES 7 . 

1. What is the measure of s hoars 24 minutes and 24 seconds, 
when the unit of^time is 2 minutes and 5 seconds ? 

2 . How will 2 acres 5 sq. yds. 6 sq. ft. be represented, when 
1 sq. yd. [ sq. ft. is taken as the unit of area ? 

3 . The measure of a certain sum of money is lo| ; if the 
coin denoting the unit of money is worth £1, jj. 6^., find the sum 
in pounds, &c. 

4. How heavy is a body whose weight is represented by 24!, 
when the unit of weight is 2^ lbs. ? 

6. A mountain is 31^ miles high ; what must be the units' of 
measurement, when its height is represented by 1320 and 176 
respectively ? . 

15. Oonvention of positive and negative quantities. 
Suppose a man, Ay to walk from a certain place 4 miles eastwards, 
and suppose another man, By to walk from the same place 4 miles 
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westwards. Now, each hag walked the same distance* though in 
opposite directions. To preserve the distinction in direction^^^ 
shall have to repeat the words ‘eastwards’ and ^Igestwards’ as ohen 
as we have to deal with the distances walked^ Algebra We 

adopt a shorter mode dif expressing the distinction just re^rred to. 
The signs + and -* are rdade to do*duty far the words ‘eastwards* 
and ‘westward^.* j4fty one of the directions, east or west, is choun 
aj t6e positive directioih, and then the opposite direc/ton\s regarded 
as negative. Thus if we agree to take the east as the positive 
direction, then we say that * 

the distance jn miles walked by .^4 » + 4, 

• ^d ,, ,, ,1 „ 4- • 

In dealing with two quantities of opposite character^ we make it 
a general rule to regard one of the quantities as positive, while the 
other Is regarded as negative, and is therefore written with the sign 
- prefixed. This is, of course, perfectly conventional mode of 
expressinf* two quantities that are opposite in character^ that is, one 
agreed upon for the %ake of convenience ; but we shall find it of 
the greatest service, especially in higher Mathematics, ^et us take 
another illustration here. Suppose a man to enter on >a specula- 
tion With l^, looo, and suppose that he gains Rs^"4c«, How 
much is he worth now ? How much should he have, if he lost 
' Rs, 400 instead of gaining ? To work-out the two answers, the 
student will assume some such paii of rukis : 

(i) The sum required* capital plus gain ; 

(2} The sum required* capital minus loss. 

But let us see how rule’ (i)*can be made to cover both the cases. 
Consider his gain a positive quantity, and then his loss would be a 
negative quantity, and would appear affected with the negative 
sign. Thus, in Algebraical language, a gain q/"— 400 rupees 
would be equivalent to what is meant in commoft language by a 
loss of 400 rupees. In Algebra, therefore, the signs -h and — are 
made^to tell simply the story of the man’s lock in business. Thus, 

In pase of gcdn^ his gain * +400 rupees ; 

in case of loss^ his gain «* -^400 rupees. 

from rule (i), in case of gain,* his money =!Rs. 1000 
4 -Rs. 400 — Rs. 1400 ; and in case of losstfrom the same rule^ his 
. tnoney — Rs. 1000- Rs. 4oo«Rs/6oo. 

Now take the case of a trader who lays out Rs. 200, j^ut loses 
Rs. 300 ; whit is he worth at the end ? He is, as we readily see,. 
in debt io the extent of ^100 rupees. This fact we algebraically 
express by saying that his worth in rupees * 200— ^ 100, and 
this mode of representing his financial position is in keeping with 
our tacit assumption that he had + 200 rupees to begin with. 
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As wiH be clear from the above illustrations, the uiic of the 
signs + and «- in preference to others to indicate qtfantities of 
opposite cbaractei^ is justified^ by their pointing at once to the 
addifwe and svJktraciive natures of those duantities. The con- 
sequence is that eqtml quanta! es of opposltfe character destroy one 
another, when taken .together. Thus A gain of Rs. 300 followed 
by a loss of Rs. 200 makes the resulting gain Rs. 20#- Rs* 200, t>e » 
ntl. This point will be dealt with at length in the Chapter on 
Addition. 

% 

A very liice use of the convention of signs here explained hir^ 

» been made in thermometers. When the Cer^igrade thermofneter 
is placed in melting ice, the level of the mercury is aia^nst the 
mark s^ero on the stem If a greater cold is applied, the Tevfcl falls 
belonJif zerOf and when heat is applied, the level rises above zero. 
Suppose at a certain time the level of the mercury is against the 
mark 4 above zero. Then the temperature is read 4 degrees (which 
is the same as 4-4 degrees). Now suppose that on account of an 
intense cold the mercurial column falls an equal distance belour 
zero. How should we designate this new tdhiperature ? Certainly 
not as 4 degrees. It is usually expressed as —^degrees. All 
above zero regarded as while those be/o^v 

zero are regarded as negative, and have the negative feign pVeBxed. 
To say that the temperature is -7 degrees is just as much as to 
say that it is 7 degrees be}jw zefo, 

t 

16 . ITses of 4- and Thus there are two distinct purposes 
for which the signs 4 - and — are used : 

C' 

(1) Ordinarily, as in Arithmetic, ^ihev are used to signify the 
w'ork of addition or subtraction, and when so used they are re- 
garded as signs of operation. Thus 44-3 means that 3 is to be 
added to 4. 

(2) They at^ also used to denote the nature of a quantity 
without any reference to the operation of addition or subtraction. 
Thus when we say that the temperature is — 4 degrees, we do not 
mean that 4 degrees are to be subtracted. In such casef^, the 
signs + and — are called signs of affection^ and only serve to indi- 
cate a comparison between quantities of opposite character. 

17 . Quantities^ of the same oharaoter sliould ba 
affected with the same sign. It should be carefully tcmemr 
bercd that in the some piece of work the same sign must always be 
prefixed Jo quantities of the same character. Thus if a speculator 
first gains Rs. 500, and next Rs. 300, and then loses ut two differ- 
ent times Rs. 200 and Rs. 400, then, in ^ calculating his net gain, 
we take the gains with the positive sign, and the losses with the 
negative sign, and so the net gain in rupees « 500 4- 300 -200 -400 
«s200. 
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It should be notieed, tnoreover.^hat in dealing with two (|uan- 
tities of oppfsite character we are/w io c/taase any om cf the 
as fiasi/ive ; but that when the choicp has once' J>eeB loader the 
other must be regarded as negative. Thus» n a distance due 
north-dhst from a place le taken as positive, ^any distance due 
south-west must be. affected* negatively ; we may, however, con* 
sider the latter distance positive, and theh the drst distance must 
be^affectcd negatively. • 


« EXAMPLES 8. 

1. A. man travel# lo miles towards the east, /ind then rides 
back is.tmles. How far has he advanced towards the easf ? 

2 . A man gains j£(. los. in his first venture, and loses £2 in 

the second. Find his ultimate What is his loss ? 

3 How much longer is a rod of five yards than one of 7 
yards ? How much shorter ? 

4 . If a yard measuae is -5 in. too long, what is its length ? 

6. If a weight is — 10 seers short of a maund, how heavy is it ? 

81. "^hat times are — 15 minutes pxsi and io 10 o*clock ? 

7 . A thermometer, reading 5*C, subsequently falls io“. What 

is the final reading ? ^ 

8. If a man is years older than ‘another whose age is 
years, how old is he ? How old, if — u: years younger ? 

18 Essential and api^rent charadters of algebrai- 
cal quantities -l-a, or more simply <?, may, as 7ve p/ease, stand 
for 200 or -200. a being only a symbol, it depends entirely upon 
our choice to use it as a substitute for 200 or— 200. In other 
words, we do not bind ourselves to always taking « or + ^ as the 
substitute for positive number ; we may, if we like, use it as 
the substitute for a number affected negatively. When -Ha stands 
for a positive quantity ^ it is apparently as w'ell as essentially posi- 
tive ; but when+a stands for a negative quantity. It is said to be 
apparently essentially It is, however, usual 

to speak of 4 - a as a posithfe quantity and as a negative quan- 
tity^ simply because the one is expressed with the sfgn, and the 
other with the -r sign 

lb. Absolute value. The magnitude of a quantity irres- 
pective of its sign is called \X.% absolute value. Thus 3 %nd -3 
have got the sS.me absolute value, as also a and— a* 

20. Historical note. The ancient Hindus are generally 
credited with having invented the Science of Algebra. Arabic 
mathematicians derived their knowledge of it from the Hindus ; 
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and its introduction into Eu^ope^ which took place about' the 
beginning of the thirteenth century, was from the works pf these 
Arabic writers In fact the name, Algebra, is merely a corruption 
of aljebr al makSbaiah^m^dinmg rtitoration and reduciion* 

Si^amiiiatiOD. on ClLapter I. 

• # 

1. Dehne Algebra. With whom did <t originate ? Ho^ did 
it find its way into Europe ? 

2. Di'fine the following terms, giving examples in each ca^^ : 
Symbol, Quantity, Coefficient, Vinculum, fower of a Qifantity, 
Unit and Measure. 

3. Distinguish between Literal and Numerical Coefficients ; 
Power and Index ; Parentheses, Braces and Crotchets. 

4 . What are the Signs of Operation? What purposes oilier 

than as operators do the signs + and — serve ? Cy reference to 
the thermometer, show the usefulness of the convention of signs 
in Algebra. « 

5. Does 4*^* always denote a positive quantity ? What is 
meant by the absolute value of a quantity ? Illustrate your anj^wer 
by examples. 


1 . 

2 . 

5. 

6 . 

0 . 

11 . 

13. 

16. 

17. 

10 . 

20 . 

21 . 


^EXAMPLES 9. 

When I, find the value of ; 

4r* - qjr* + 6^ - 1. 3. (8a: ~ 6X : o - 4*-) + (5 -2r)(i i - 20:). 

7a4-2;r*+3. 4. <>4 + 3ar)(4-3a:) + 120:*. 

When 10, what number is represented by 
7r*+2 ar+i? 7. 4a:^ + 2a:* + 7? 

p24 + 2a:8-h3a: + 3 ? 8. 7.^+5.a* + 3? 

If fl=3, ^••4, ^=5, and ^"=6, find the value of : 

20^*^. 10, ^acd, 

•2a + 3^* 4 - 4^®. 12. 3{if - af - - a)^ 4 ^ 5(</- b)K 

i^b - d^a 4- ^ A 14. a\c- b) 4- b\c - a) 4- c\b - a), 

4- 4“ 16. Mh-r (3a* 4- 9^^ 4- 2^4 4- 5) . 

(a 4- ^K^4- c){c + a) - 2abc, 18. (a -r b)^ 4- 2(a + b)ib 4- 4- 4;<r)^. 

If a«8, b^s» ^*=9i ■*■*=* 4, evaluate 
9Ary-r4^. 22. 

a4'^4*^4-a:- i4-3y. 24. a-r^*X/&4'V4-^*Xjt*^-a4-d*^. 



• P&FlNITldl^ AND SIGNS* 


25 * 

25. 2^ia^--M’-c+aX^'^c)n 

If j(w-3> and i?«o, find fch#value of : 

fid / r + 1 /^ 3«+3w-*71 / 

V \2»/»-(/+2»«)/ ' ■ V '2«®~ i^/4^ + 2M-*4IW « 

.SL* A farmer takes ji: sheep to market, sells o6f >' of ^hem, and 
then puVffteses ^ sheep. Express algebraically the number of 
sheep Ife now has. Give the result, if jr«4o,>'«25, and s'* i6. ^ 

32 . A book containing 3 chapters has a pages in each 
chapter) d lines in each page, and c words in each line. How 
many words are there altogether ? What is the answer, when 
rt«*3o, ^=45, and 12 ? 

33 . The length ai^d breadth of the floor of a room are^ feet 
each. What is the area of the floor in sq. ft. ? Express the 
result also in sq. yds. 

34 . * A snail creeps up a vertical pole a inches, then slips 

down inches, next goes up inches* and again slips down 
inches. How far up the pole is it at ^ last ? If ^«4, 8. 

d«2, what is the answer ? 

35 . A bag contains a sovereigns, d half-sovereigns, c crowns^ 
d florins, e shillings, and /pence* Express the sum in shillings. 


CHAPTER II. 


Addition, • 

21 . Addition. Addition is the process of finding in the 
simplest form the result of taking several quantities together. 
These several quantities are called addends or summands^ and the 
single quantity is called their sum. 

22 . Expreseion. An algebraio 41 es^prosaion is a col- 
lection of algebraical symbols connected by the signs of opera- 
tion ; the parts of an expression which are separated from each 
other by the signs + and — being called its terms. Thus^ 

+ is an expression consisting of the four terms, 

5^t +7-8^S and 

23 . Classiflcatiou of Expressioas. Expressions are 
either simple or compound according as they consist of ant or of 
more terms. 
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A simple expression^ or a mommial^ consists of oAe term 
only ; as Compound expreasions Are suoS as consist 

of more than one term. « 

A hinomial ex^ession^ or briefly a bfnomial^ consists t)f two 
terms ; as, ^ 

A trinomml consists of* three terms ; as, 9a* 5:ry. ^ 

A polynomial consists of more than thr& terms ; as* 741*— 9xj'r 
'^r 0 ^b€'^r^^y-^mxy^ 

24 . £ik6 and Unlike terms. Whe^ terms do not* diHer, 
or differ only iq their numerical co-efficients, they are cS^Ied like \ 
otherwise they are called unlike. Thus 5^, -3^, lb are like* terms, 
as also are 2gx^s ; but 5^ and 9^ are unlike terms, 

as also are lary, igx^y\ \ia%x. 

26 . Sign of a term. The sis^n of a term usually means the 
sign + or - prefixed to it. 

Hence when we are told to cJtanf^e the sf^n of a term, we have 
to change + into — , or — into +. 

Note> In the expression 7jry-f -93.V, ihe sign of yxy is nnilerstood 
to be + j so in the expre.ssioD \a‘ 6 -c'*a, is really a form of-l“4a*^. 

26. Addition of like terms having the same sign. 

Add the numerical co-efficients and prefix their sum to the common 
Utter or letters, 

Bx. 1. Find the value of yx^gx. 

We are here told to add 9 like things,* each of value x^ to 7 like 
things of the same kind, each of these being also of the same 
value .r. The sum is therefore (7-h9) or 16 such things; 

7.r + 9r—i6r. 

Ex. % A dd^ together — ;r, —yx^ - I2x. 

Suppose a man to walk successively x miles, yx miles and I2.a: 
miles, to the south of his starling place. How far has he waflced ? 
Of course .r-*-7.r-h J2;t“ or 2cxr miles to the Now suppose 

distances measured ro the south are negative, the north being 
agreed upon as the positive direction ; then, according to the 
convention of signs, the man has walked — mites, -yjc miles and 
— i 2 x miles. But we have seen that the total distance walked is 
equal to 2ox miles reckoned to the south, ie.,io -^2ar miles. 
Therefore the sum of-jr, — yjr, — i2x^ —20*:, 

We may look upon the above summation in anotlher light. If 
we subtract from a certain quantity .^r, then yx, and again i 2 x, how 
much do we subtract on the whole* ? Evidently 20** is subtractCKl. 
Thus the slim of --x, — yx, — i2.r « — 20*:. 

Note. It should be remembered. that xssj^^x, and-;ras 
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a?. Addition of like torms not all of tko aamn sigA; 

' A id together eefiaraiefy the numerical cp^effidehts of all iXe 
positive and all the negative tertns^j find the ^fikrekce of theu 
two sums, prefix to ik the sign of the greatemsUm, and flaoe the 
result thus obtained bef^e (ha common letter offkiters* 

1. AckI together 9a and 

• Here we are to take* together 9 like things Of one charactet 
and 4 like things of the opposite character. Now we hav^ seen in 
Alfr. js that to add -4 to 9 in Algebra is equivalent to^btracting 
4 from in Arithmetic. Thusi since 9a** +9a, we proceed thus : 

. +9« coefificient of the positive term — 9, < 

-4g » negative „ ^ 

+ 5a difference 5, 


or simply Ja. 


and the greater coefficient has the sign +. 


Note here that algebraical addition may produce a decrease^ whereas 
addition in the ordinary ftrithmetical sense always producea^ati increase, m 

2. Find the sutn of ^cibx, ^^abx^ — loabx^ A^bx, — 

The sum of the coefficients of the positive terms «=7 + 4— ll^ 
the sum of the coefficients of the negative terms » 3 4 - 10 4 - 11 ■•24. 

Also 24 — II =13, and the greater sunt 24 belongs to the nega^ 
•live terms ; 1 

/. the required sum « — l yibx, Ans, 


N.B. The process shown ei59ve is known as that of ceiheting itrms* ^ 
Note* We ntay take the coefficients in any order we like, attend!^ 
only to the operations indicated by the signs* Thus> in the aboy)^ 
Example, we may mentally proceed thus : 

7-3=4 ; 4.-10= -6 ; -6 + 4 =- 3 ; -2-ii=-‘*i3. 

Hence the sum = - I3a^x. 


EXAMPLES 10 . 

Add together : 

4a, 3a, 5a. 3 - 6 d^bc^ d^bc^ ^a^c^ qaHc, 

* 2. IpQr, ipqr. 4 , 4alr, a^x, 19^*4:, iaatr, 3alr, 

5 * -9a, -30, -6a. * 7 . -twyz, 

6. -9w^, -i2fnp^. 8, ^bg^ -15^^, 

8. 27abc^ -2yabc, 11. -saV, 2a% — I2a^i-»4a*6. 

10 . yiV, - 4 a®/*, a*/*. 12 . — — Sa^^i 6a\ Ao^b, 4'Sa*A 
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18. 


16. 
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- mnr 
^6mnr 
iSmnr ^ 

2mnr • )( 
1 3mnr 

14, 18* 
+27a*^ ? 

i • ^2ia^b ^ 

'jjt . -43fl*-» ^ - 

2ilWn* 

--i*w*«* 

3i*nihP 

loPn^n^ 

tlPnPh*' 

ar* £* jr* 
4’“3 ’~5 ■ 

Tv > *■ ^ — 

,7 ' ^/•*y * V'*? 

” 6 ’ ~ 9 ’ ~12 ’ 16' 

>gy 

2* 


Find value of ; 

IS. 4^* - IS. - ^ahd-^^ab0d'¥ i^abcd-^jtkcd 

20 . — 5 ;r V + - 3 ^V® S-fV- 

21. 2iiPm^ - 2/*w* + 4/*w* - ^Ihn^ + IhfP - 

;r® ;r2 .r* :r* , n/«*^ 

aa- b--3+f-s- 28. — J ^ T"*’ “9 nr- 


98 , Addition of unlike terms. When we have to add 
a and it remains only to connect them by the sign+ ; and leave 
the result in the form a + 3 . 

29 . The forms <* + ( + ^)i and « + In the form a + ( 4 -^), 

the sign 4- befere b contained within the brackets is simply a sign 
of affection^ and denotes the character of the quantity to be added 
to a. Hence 

« + (+^) = «-f-3 ; 4+(+5)"^4 + S*9- 

In like manner, in the form a 4 *( the sign — before b within 
the brackets only serves to indicate a comparison between the 
two addenda. We have already freen that adding 5« and -3^' 
means subtracting 3a from 5<^. 1 bus to add -b to a must be the 
same as to subtrstct b from a^ and we therefore have 

a ^ i -- b )^ a - b * 54-(-9)- 5 -9« -4. 

30 . Squivalenoe of a — ^and — ^ 4 -«. The student should 
be on his guard against supposing any substantial ' difference 
between the results expressed by and -^4-<* 

. Suppose a tradesman with R^oo in his box gaim R30, and then 
loses itfo ; evidently his money is at the end equal to R530 — Rro, 
dr R520. Suppose, however, that he had first lost Rio, and after^* 
lyards gained R?o. Then also hi^ money would at the end be 
R49t>+R3o, or R520 ; exactly the same as beft^re. Now in 
the former case hU gain should be algebraically expressed by 
j'R3o-Rro, and in the latter by — Rio4-R30 ; ihei;eforf R30-Ria 
-R104R30 ; 

or, generally^ 







tn^UIce Terms di^ieg in «t in the 

po#er$ of the tame tetter lare tOgarded at 
5a and 3^1 «• and <»•> 5^^ and 5«i£f and $aif Birt pairs of tinffilre 
tema • * * i . 

' / 

S 8 . Anrangenaent of* terxxifi. When* an expression in- 
volves one lette% only, the terms are generally arranged ih the 
order* of dttcendin^ powers of that letter, beginning with the 
highest Thus is usually put in the 

fogjg Siz*^3rt* + a® + 27 <i *-^+2 • 

Th^t terms may, however, also be arranged in the order ol" a$undmg 
powers letter used ; as 2 -5 + 272* - 35* + 55*, 

Whdh two letters are involved, the terms are arranged in the 
order of the ascending powers of one of them and the descending 
powers of the other Thus 72:*/+ 52:®-;/*- is usually written 
52r® + 7 jrV~ 3 ^y*’-’y®» f r , in the order of the descending powers of 
X and ascending powers ot y, 

Note. When only deferent letters are involved, we may be guided 
by the order of the letters in the alphabet ; e^., 25-5^4 

3 Bx.. ^irange properly the sum of a\ 2^^ -Jn, -i. 

The sum« 5 ®'+ 25 '* — i 

— 2 a^+a^-| 5 - T % Ans, 


EXAMPLES 11 . 

Add together, arranging inadue order : 
l. x,y. 2 2X, 3y, g.’ 

*• I-*'! -7y. « 4, I4a',-i5^*,-^w, I2rf*, 

8 2«^ «*,-<*, 6, -^V, a. 

7 . i6y, 6y\-y, if, i. 8. iib\ S, -3^*, b. 

9. 10. 

11 - 4 xy, - yey*, - s^y, - 7^ - 3-^. 

Remove the brackets from, and simplify, when possible ; 

;8a + (4-3*). 13. 2o«* + ( + p<:)+( 4 -gi*). 

14. 3x* + (,~gf). 15. 3fy*+(~yi:y*)-h(-?fl 

16 9a!V4-{-i9aJ')+(2ii*) 17. 

18 . szyg+(- g0>e ) + ( - ixyg). 1©. - sa*», + ( _ 4. ^ 

20. ar* + ( - jry ) + (4ry + ( -x*y) + ( -x*y) 4- ( - 27). 
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S 8 . A 4 ditiott of Oomjmimd Bx|^fe«sfe|H|, . Tiu ioiu* 
tioq df d>A iMt)OwU>|' exompte mil iHustrate th« siotiiM' Naf aSdingf 
CompooBd fnpmfioBs, and lead to. the %ui««%f>’iP)icb'tbiBis 
QsoaUy done. . t . * ' ' 

. Six. Find \w «um of 20+3#-^ 2<af-«»2V. 

The Sum ■**<1+3#- tf'h3e-6d -4f+ 8^-4 -ir ^ 

«»2«— 4+3#— 6d-<r+3<r— 2f'— rf+2di <re-atran||ing 

* =.4 -33 4- collecting like terms. terms). 

The addUion may, therefore, be conveniently done <by the 
following rule ; • ^ . 


Hula, Arrange ikg expressions in lines one under the other ^ 
so that the like terms may he in she same vertical columns^ and 
next add each column* 


-a 2d 

a ^^h -h d 


B^<?innjng at the left, 
the sum of ihe terms in the ist column 

ft »> jp 2 nd ,, »■ 

„ ft ,, *» “■ 

ft ft ft 4 th •, ’*** + 


2. Add together 3 .r^ — + r, 6x^ 4- 4 ;r*— 6, +jr* - ^jr, 

and- 2 Jtr*- 5 x* + 4 . 


2^* 4-1 

+ 6 a;® 4 - 4 ^* -6 

— r*- 4 jr 

^2X*-SX* 4-4 

X* - - I 


The terms are arranged according 
to descending powers of x» 

The required sum 


XSaCs 8. Add together : 4^*^ ^ 5«*^* - 3«^'* - • 2 a*h\ 

4 ^ - Bah\ and ^h*a - 2«*3^ 4- 20 * 

4 - 4^*3 - 0*3* - 5a V The terms are first arranged 

-30* - 2 a® 3 * 4 - 3 a 3 * according to the descending 

+ ya^— 8 a 6 * 4 - 3 * powers of a and ascending 

4-2a^ -- 2a *3*4-3a^^ J powers of 3. 

^ the required sum. • 


Note* An expression is generally commenced with a positive term, 
and the answer nmy accordingly be pat as 

3 * -** 2 fl 3 * 4 - 4 a^ 3 -<*•* 


*• EXAMPLES 12. 

Add together ^ 

L a^h^a^h* 

3. a- 3 , A-^4:, r-a. ^ 

. itt 


a. 24+5^,44-711,3^-64. 

i. x<*-y-g, y+M-XfS+x-^i/, 







0. |WH**y*5t"3f*-44 ^^3«,+9«''*'*4 «i4 

7. ->•'-»*, -It*, ^ *?—**— jjj*, »?. 

0< 8i»*+ji^*-c*, + 

9. 3rf*+»J*+ja(", ^r4<^+S<^( «Hd 

' ij4»-£iy-ii«» 

, lOw** 5ii*4*3<t + 9, # 

^ 11 * I3r » 2-^35-#** 

12 . 2 ;r*,- 4 S*|^+ 2 ^*, - 3 Jr* + 3Jt>'+jry! 

IS - 72 >' — tjr*! I 2 jr>' S;ry--^ 

14. 2;r®-i24r* + 3:r-9, 4-2. 

^ 16. I32f*-zr*+;r4-3i 3i;r*--3ji-»^^p4 2x,44r*4-7jr« + nj|f*^iar4- 1 , 

2 ;if* + 5i*35jr, I -20:ir^4-l7.»'*-23;r4-i3ar*. 

15. 5 ;r^- 6 r* + 9 ur*+ 6 r- 2 , 3 -r-ar* i2r*+2r*4‘:r-*2f 3yr^4-6, 

6 *^- JO. 

17. + 37 ®-^ 6 -- 2 y*, 

4r*-6-5y, 

10 . 4X* + 34r^- 7 jry^ +y*, g^V- 3^* ~ y^ 4 *^ 3 ^*“ 4yVr - >/*, 

19 3 tf* - 4 <i*^ *4- la^^ ^ 2 ^* ~ - 7rt"f> — 4^* 4- 3 ^^, 

26 *^ 40 ^ - 3 <i®^ 1 itf*. 

20 , 2a^jt*^a^x*4r6a*x^ 4114 * - 5 ^r*jr* - 4 a^ 24*-*6«4^ + 4 a*t*, and 

3a®4'<«*4r- JO<f%r*. 

21 3 a*- 3 ac+ 2 <i^— and 

20 5a^-4fl^+3^“+7«-3S^4^5» 9-Sff + 2^-4a^"9«5- W, and 

* • Ka*^iad4-4^^4a-^2 

2S. 4^4*2fl^-3Je*a4'447*--2ji9^‘5V 34*-«'-4jr>^4-2Xi^-^2jf^4r4'3^» 

. - 4:^ - 2XS^ 4 2 ;l^jr 4 * 3y*a -f 7 4 ^. 

24. i^r^- jjr^- 4^4-1 » t^*-^J¥*4-^<i-;r^|, 

57. J^4- itf. 

01 I«r*-i4ry+i7*, 

la </?a «^«/5 

6 ’ 9 *“ 7 ^ TT^ ‘ ^ 


2 



AtOmA. 


4ID 


SO. and » 

shew that jr+j^+«'-<a4*A+^. " 

8 L If i» « ^ys + 4Xy - 7 £®, 

^«S5^-5;^-icvsar-4jr» , 

t « gfi-* - 4yflr -f girjp - 7y®, 

prove that + * 

82t a thermometer shows degrees in the mor^iing, but at 
noon thli temperature rises by 4r degrees. What is the rgad^g at • 
noon? If and j^= 6 , what is the ^result, and how do you 

interpretit?* • ’ 

Sd. A man walks 2a miles towards the north, and then 3 ^ 
miles towards the south. How far is he at last from the starting- 
point? If ^i« 4 , and ^ = 3 , interpret the result. 

34. What expression is greater than the sum of 

<z® - 2 ^* + r® - and by + ? 

CHAPTER III. 

^ Subtraction. 

34. Simple Brackets. We already know thaia + (^ + f) 
means that the sum of d and c is to be added to a. The result 
evidently is the s^e if we first add and next add c to the sum 
obtained. Thus we have « 

a + {h^c)=-a+^’k-c. 

Again, a^(i^^c) means that ^ dmcms/fed by c h Xo he Siddtd, 
te a If Wi; add only d lo a, thus getting -f we add c too much, 
and so exceed the desired result by c; therefore the desired result 
must be equal to 

Thus zi + (d-r)«n+^-r. , , 

In like manner, 

Hence the following rule ; 

Bulo lV/i£n an expression within brackets is preceded by (he 
si^n + , the brackets may be remcnfed without affecting the Value 
of the expression. * * • 

S'ote* The student already knows that a-f ( (Art. 29),. 
and will easily see how the above rale applies to this case. 

If we subtract h from and again c from the result, we 
evidently subtract ^ + on the whole. Thus 





M/- 

Tak« now tbo eKprossion a^0^cy It meajus that the 
of d over c is lo be subtracted from a. Hence If we take awby if 

• we take away c too much ; therefore, »lo obtain tbj desired result^ 
we shoubi add cto a- d. ^ 

\ a^{b--€)^a-b^c^ * 

In like manner a^b-{c-d^e^f)^a^h^c-¥d’k'€‘-f. 

Hence the following rflle : 

• , Whtn an expression within brackets is preceded if the 

• sign — > idle brackets may be removed on ckoneing the signSof every 
term withii} i^e bracket^ + into — , and - into + . 

Hence-we infer that + 

Suppose a thermometer at one lime shows -3®, and next shows 5* j 
what is the rise of temperature ? The rise is evidently the excess of V 
over — 3*» so should be al|Tebraio^lly represented as* 5* — 

^ow, we know that - 3* means 3“ below zero, so that a rise of 3* brings 
up the reading to o , and a further Vise of 5® gives the final reading. 
Hence the total rise is 3® + S» or 8°. Thus s'* - ( - 3*) = S® + 3* 

35. Definition* Subtraction is the inverse of addi- 
tion^ the (quantity subtracted is called the subtrahend, and 
that from which it is subtracted is called the minuend* 

The student should carefully note what w^ mean by the definition of 
subtraction given above. In ordinary Arithmetic we do not subtract 
5 from 3f but subtract 3 from 5. But in Algebra we may propose to 
subtract 5 from 3, expressing our work as 3-5= -2. The student 
will note that 3=5-2 = 5 + (-2). Thus -^2 added to 5 (the 
subtrahend) gives 3 (the mintleud#. Hence in finding the value of 
3 ~ 5 » we find out what roust be added to 5 to produce 3, When we ara 
given two quantities, we can find their sum, and, conversely, given the 

* sum and one of the two addenda, we find the other by subtraction t in 

this latter view, subtraction is regarded as the inverse of addition. Thus 
in obtaining «-( we seek that quantity which roust be added to-^ 
to give a. Now, we know that the sum of a and ; 

* f.i?., a+^ js to be added (subtrahend) to produce a (minuend). 

/, by definition, a - ( - 3 ) = a + 

Similarly, in finding the value of (a-^)-(r-/f-^+/), we note that 
(< - +y) + (a ^ ^ - r +<ar*f -/) sstf - ^ ; 

hence (a^b)-(c-^d^e’i/)=:a-‘b^ci^d^e^/. 

« Tho following results are now apparent : 
da-da^sa ; -6a -4a* - loa ; -6a-(-4a)aa -6a+4ass -aa ; 

4a-6a» -2a y fia-( -4a)^6a+'4«-z^ioa, • 

Bau 1. Subtract c^d from 
Tho required result *^a^b^(c-d)t 

changing signs within brackets^ 





BX* A. SubMCt 7»f ^ 6/ - 4» from ^ 

Tbe attswer*«8/^2i«-4^5J*-*(7iw-,6/-4»)| ' 

• ^^-2;«4-5«*-7^w 4*6/+|«, changing, U|a wg^s 
f within the lyacketSi 

» 8/+ 6/ •• 3 w - 7 ^ 4“ yif + 4 i», TOiftrf anging the terms, 
®ii£ZL22ii25» concctiiig^like terms. 


1. 

4 . 

7 . 

10 . 

13 * 

15 . 


^17. 
15 . 
^ 21 . 
25. 

24 . 

25 . 
25 . 


EXAMPLES 1 $. 


Subtract , 


150 from 20^. 

2 

- Jn from 7^ . 

5 . 

3^ from 2 a 

8 . 

a^h from c^d 

11. 

a^b from a + 

14 . 

\a - ^b from - 



\a from 2. |a from ^ct 

-Jafrom — 7d. 6. from -7tf. 
- 64 : from qy. 0 . - acur from - 

2<i 4- 33 from 12. 3 r *- from - 1 1 A. 

15 - is-^ir^ly from f^r 


Simplify 

3 X+(- 3 y)-(-y). '^18 44:- (-7r) -(-/). 

-x+ 3^-44' -(4x^7^). 20. -2r+3y-4£-(--4*‘+7<^)* 

-*2r + 3y-4»^(‘-4-^“7£). *^22. 3«-3^4’(/^-2o)-(ir-^. 

2jr* - (34:^ - 4) + (7**^ - (4 f («^* - 124:), 

I ijr® + 4 :* - ( 4 :**- jr + 2 ) + (gurS - ^r) - (jr» + 24 :* *- 34 : - 2 ), 

74:* - ( 34:^7® - - (4r* + 24:^) + ( 2 r^ 4- 7^ V + 37*)* 

ysr - (2y^: - «rjr + 34-^) - (44*/ - +>« -t-4cr +xy, 

c 


86. Like terms in 4 oolumn. To subtract 
from 24: - 3^ - 44 , we proceed thus : 

The required result** 24: -3^ -44 -(74: -57 +4) 

« XT - 3^ - 44 - 74: + jy - 4 . 

The latter pait of the work may be^donc by placiug like terms 
in a vertical column, as in addition. Thus 

to 24 :- 37- 44 . "* . 

*"7'*' +57 "“ which we get by changing the stfo of 
^ every teftn of 74:-*S7+a. 

Hence the following rtile for subtraction ; 

StWle. 1 ?/ /erm of the expmsiom to 

n^nuted^ omd tm the m^ii to the other ijet^esdon- 



StTSflMtbtiOH. 




Xtoto *i ^ «iHul toaustiudll^ chinWe Ui« ti0» of atdklt^keBd | 
the opetktion of etMOginf the a^ne 1« pMlNnued nteotelljr* 

Flora 2 ar*>- 3 jrV:rtdhe- 4 r*-«*. ’ / * 

V In tbe ist doluran, nrr add mcmtalljra** 
■ "x ♦ and+jr», and get ^tr*} it) the and eohmui, we 

3r» - Ir* + jr add nentaily - yc* and + jr*, and get - ajr*. 


* -rs EXAMPLES 14. 

Frdin 

1. a^*“1k + 1 take 3 «* - 1 . 

2 . 7«»-9 „ se»- 9 a +3 

5*'* + yy + 2>* take gx* — i i;iy +jf*. 

• d. yt+xx+xy „ -~ye+ex-,xy. 

6 . x* + a«*t*— <»♦ „• — ax* — 2 <»e*+«V. 

7. ajr‘ + aar-Atr-a* takejr>+«*--«*. 

8* ax*-ax-6x~6* „ 3ax^-6x-efl. 

•. -ir«+2<i»4i<*-a\ „ -ar*-ajr*+«lr*. 

10. «*— af« take ^*+a*-d*-a3tr— 2 «*S, 

IL J^* + 3*^y-3*V+4^--y* takey+3*y*-4a:y-jr*/-a^«. 

12. 2x*+7x*y-^xy»+y*^.yflyt +a:ry-7**y-5*y». 

13. 3^+42f*j'-JV+V^7*« ,, izr‘-iai4*+jiy*+^-.4^. 

U. 9 **+ 5 »*f'- 2 /'- 3 *'>*+:ry,. iia:«- 9 r* 7 -*- 7 jrV- 3 ^+j^. 

16 I take j^a*4-ia*-|o-2. 

16. take -^-a^—ap+i. 

17. 4a:*-7jr*4^ „ 3r*+4»r*-a*'+2. 

18. 4a*+5**-3*^ » - 3**- 3**, and i**- at*. 

12 . 7 d* + J<«-Jd»„ 

20 . What inuet be added to jt*- ay* + a* in order that the stun 
may be ? 

2^. To what expression must i-> 3 a 4- 7 a*- an*-. «* be added in 
* • order that the sum may be tero ? 

22. By how much does tbe sum of ox*, an*^;*- 301*. -stx.and 
"-aif*+2«r— 6 iall short of eero ? 

28. What must be aubtrtciBd froid fr-'grw in order that the 
remainder may he « 3 idf ? , 

24. Subtract a^- -ay* hma h and i 0 ^ and add 

the reseitss 
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CHAPTER IV. 

Multiplication^ « 

37 ^ ^ IKhEtendelll sense oT Multiplication. MultiplicaUcn, 
in its ptimary sense, is a sT^orter method of finding the sum of 
a number repeated any number of times. Thus 14 x«; rSeans 
14 -f 144-14+ 14 + 14. But even in ordinary Arithmetic this de- 
finition fails when we are told to multiply a number by a fracf-lun, 
tofina4x5 ; 4 may be repeated once, twice &c , butf it Is 
meaningless to^ay that 4 is repeated J times! Still in Arithmetic 
we admit such results, as 4 x J — For such cases a new idea 
of multiplication is necessary. 

We get 1 X or, more shortly, f by dividing unity into 5 eqii^l 
parts and taking 3 such parts Now let us do to 4 what we have 
done to unity to get f • that is, divide 4 into 5 caual parts, and 
take 3 such parts. In this way we get | + 4 +|, or or 

which, we know, is the value of 4 xf. wS therefore take 4Xf to 
signify that we are to do to 4 what we have done to unity to get J. 
In like manner, to find § x we are to do to § what we do to unity 
to get Now ^ is obtained by taking the seventh part of unity 
four times. Hence to find S xf we take the seventh part of § four 
times. Thus |x 7 + 5^7 
gives the usual result in Arithmetic. 

This extended sense oi multiplication will also cover the three 
following cases not admitted in Arithmetic : , 

(-4)x3*-4X3"«-I2, 

4 X(- 3 )«- 4 X 3 «-i2, 

e(‘-'4)x(-3)=-+(4X3)- + i*- 

^ Let us consider the last result, ( - 4) x ( - 3) « + 4 x 3. We have 
here to do to —4 what has to be done to unity tc/get —3. Now 
we obtain -- 3 by repeating unity thrice and finally changing its 
sign; hence to find ( -4) X (*-3) we have to take -4 thrice, and 
change the sign of the result. Thus 

(-4)x(-3)-{ -4+{-4).+(-4)} with the sign changed, 

» - 12 with the sign changed, 

-+I2, 

+4x3. 

The student should now note the following results : 

C-«-4)x(+3)-+4X3 ; (-4)»«(+3)--4>‘3; 

(+4)>«{-3)--4X3 ; (-4)’«(-3)-+4>« 2- 

Hole tlmt bere «e n^bt bave taken ftaetional numben a« we)U 
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In algefafaien! symbols the comsponding resohs will be ; 

(+«)>«(+#)- ; 
•(+«)x(-^)-.-» ; . (-«)x(*^«+a«, 

K. B, to the «bovc*re«iUs*« eikl i toSy be integral or fractional. 

♦ • 

W^now toy down th« following definition of Multiplication* 

]2£f* To multiply tfby ^ is to do lo a what has to be done to 
unity te obtain # 

#attd 6 may^e positive or negative, integral or fractional* ** 

88. Law of signs in Multiplication. It may be briedy 
expressed thus : 

(/) Li^e signs produce +, and (j) unlike signs produce 

80* To prove that a x b - b x a. 

We {hall examine in order the following cases : 

(1) When a and b are both positive integers ; 

(a) when either of them oi both are positive fractions ; 

(3) when either of them is negative ; 

(4) when both are negative. 

(l) Let a and b be ]?oth positive integers, f , 5 ahd 7* 

5-I + I + I + I + I, 

and since 5x7 means 5 Repeated 7 times, we are to take 
(i + l + i + i + l) repeated 7 times ; hence 
• 5X7*«i + i + i + t + ! 

+ I + I + I4-I + I 
+ 1 + 1 + 14-1 + 1 

+ 1 + 1 + i-i-i + r 

+ t + i + 1 + 1+X 
+i+i+r+i+i 
+t+i+i+r+i 

Now we easily see that there arc 7 units in each vertical Oilutiin^ 
and there ar^ 5 ^uch columns. Therefore the sum of the $ columns 
may be represented as 7 x ^ ; 

.% 5x7-7^5- 

Thus when m aad b are positive integersi 



AliGBBHA. 
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(2) Let a e»d b be Createead numbers; 0g*$ and 

N^iw^ we have seen that | x f 

and we can Tam <i»d that $ x | -"ift: ; 

Similarly*, 5 3 ** i ^ 5* 

Hencct In this ease also, a • 

(3) Let and bmn, 

*bxa^nx(-m)^ -nm^ •^mn\ 
axb^bxa. 

(4) Let and b^--n^ 

axb'^{-fn)x{--n)’»^mni 
d xn»(-«)x(-#w)« +W/II. 

/. axb^bxa. • 

Hence, universally ^ axh*^hxa, 

# 

» 

40. The order of operation In a chain of multiplication 
is indifftr^nU For instance, 

abc^okxc^hac^*** ab^ba^ Art. 39, 

^bcay V ac^ca^ &c. 

Similarly; abcd*»Jfcad*^cabd •^dacb^ &c. 

n * 

41. Product of powers of the same quantity. 

We know that xaxa^ 

and a*‘^axaxaxa\ 

a*xa^»»axaxaxaxaxaxa, . 

«n% 


in like manner, if m and n be positive integers, 


For, d^«*axaxax ... 

and s^maxaxax ... 

/. nxnx«rx 

Haxaxax 

4 M^xxrXaX •«, 


«.. to m factors, 

.«. to n factorif ; 

tq m factors 
•«* to factors, 

••• to «!+ « &ctor«i 


also a?"X4J?*xai^—«*'^xa^—af»^'*’>*, and to on. 



AiU ike iniim ^ 4hiitamtrs. 

M.B. 'f he iodMSM 4i|Kml4*tw tddej utnUllT. j 

Simple fao^rs with p.jLiperioa|^oeflLoletits. 

Ss. 1. 4Jt^*jB’a«7X4Xir*xj^®xj^><>*^jrxjff* Art 40^ 

* • -*8**»*xy-^x«w An. 4». 

-2&r»A*. 

• Ex., 2^ ( - aa»<> V) x ( - 

=* 4|x Art 4ty 

*iaW- 

Rule. First multiply the cotjfficients togtihsr <u in ArithmiHc^ 
and tktn prefix this product to the product oj the letterSi having 
regard to the rule of sfgns- 

EXAMPLES 15. 

Multiply 

1. 2 a by 3^, 2 $0 by 3a * 8. 7«^ by za. 

4. by 5^1 5 7^* by -34:. 0e yd^h hy^ah. 

7. 3^y by - 4ar*y** 5- — by - S4;y*£*. 0. -* ga^ihc^ by 6a**^A 

10. by - |aV. ll. - by J<ix. 12 fiPx by fair*. 

18. - f by - 14, by 15. by - 

Find , 

16. ( - a)* ^ 17 . ( - 03 )*. 18e ( - aV>*. 16. ( - zx^3r)K^ 

20. (5a3Vjr*^>*, 21. ( - 2a*r*j^*)*. 22. ( -^ J4ry 29 (^ta^3*r)*. 

48e MultipUoation of several monomiala 
£x. 1, Multiply together ad^ -3^^, r-zaic^ and -40^^^*. 

adxi^iox)^ -aK3axrxci-i j 

. ' * /, rtifx(-3ar)x(-2a3r)^(^3a*^rf)X(— loAp) 

•• + 3X2xa*xax3xrxr V 

.*, < - 3<*<).( - 9«^<r) ( •> 6aW<*<^x { • 







, (4 -fh^sign^ftks^rvMif-, , 

a» odd mtmber 0 / ** otherwise + .^ , 

iJhi . the fMtors)^ the product are . ; . 

( 1 ) the.produaofthe.mmeric<dcoefflctenUj , 

"(3) mcA &««»• raised to *’**^ ” 

sum of the indices of that letter. 

a.* Find th« continued product of y“^ * 

-J.xysfiuP,and -^BW*. * • ■ 

Since the sign - occurs an even number {4) of times, the g 

of the product IS +. , „Sv Sx Axo- i- 

The product of the numerical coefficients ” 9 

The jum of the indices of the powers of x - ^ ; 

« ” « " ” ” ” ” ” -3+6+1 -Jo; 

" ” ” ” ” ” ” ” „w -5 + 2 ,”= 7 - 

” ” ’^^herV'^d product =+ 1. 


I. 

a 

$e 

7 . 

9s 

10. 

Us 

1$. 

la 

19 + 

. t.' 

i«. 

' ’.^3. 


at 


eJcamples i«. 

Multi{dy together . ‘ 

a. 

-«». -«■. *• — <’• 

’ . . a ^ e. Siry, 3y». 4* > 

|/»»«, ... 

-S«*n 9 «*- I*- io*^> ‘'‘• 

Find the value of 

fa»5*. aO. (-aJJ*. «• (-o*«*^)** ®2- t"***^- 

(-W. . 
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-W, 80. (*br)*,(-i«yj*. <-#*«)•, 

81 . !(/«»)>, - 4 /*«**«*. 

88. . jP . 

44. Uoltipllpatiosi ctf 4 polynoialaK by 4 xnouonKlA].. 

When m are positive, and m an integ^ri 

— (4*+^) + («+^) &c., ?>, repeated m times* 

— a taken m times taken times, « 

— am^-bfn^ sum of tbe products of each term 

of the binomial by Ik* . 

This result is true, even when m is fractional ; for we can 
easily verify from Arithmetic that (5-t*§)xfs*5Xf-f§xf-. 

Also observe that + (Art. 39)«-tfw+^«r. 

In like manner, 

(/i-^)»i=*(<aE--^)+^<«-^) + &c., />., a-b repeated m times * 

==fl repeated m times -^b repeated m times, 

» ^am-^bm* 

If we now regard ^bm as the product of — and w, we may 
also here state the result as the sum of the products of each term 
of the binomial a^b by m i ue , • 

(a - ^) w = X w + ( — ^) X = am — bm. 

There is thus a distinct advantage in assuming (— ^)x»f 
« — for thereby both ^he products ^a^rb)m and (a^b)m 
are brought under the same law. We shall very soon see the 
advantage of assuming ( -^) x ( — 

We shall, with these assumptions, have 

x(- w)+^(-w)>* ^am-bm ;* 
(^?-^)x(-iw)—ax(-w)-h(-^)x(-w)«-^tf/rt 4 - bnu 
If we are to multiply + by w, we may regard as a 
single quantity and equal to p* Thus 
{a--b^ c)m = + c)tn^ putting p iox a- b^ 

^ ^pm’¥cm^ 

, mm{a-^h)m’k‘Cm^ putting for 

sum of the products olf every 

term of the polynomial by m* 

Stmila^y it may he shewn that 

Hence we have the following rule : 





CWiW f4ni0l pr€nitf£ts qf mci fem pf 
mmiai ^ iM mpmmiuL p 

Xx. Mtilttply by 

■■ 

Thi$ operation is also shown thus : ^ * / 

jr^-jr*£r + 4ys* 



+ 8jr*y*2:^. ^ 

Xbt»a« Since f +4^“^)* Art* 

the prodttCt of a monomial by a polynomial comes utider the same 
rule as the product of a polynomial by a monomial. 


EXAMPLES 17. 


Multiply « 

L xArA by 3- by 2 pq. 

2* 24: 3y by 7 . - ^ah + la by ^€^bc. 

8* ab^nc by a®c. 8. - txyz^ by 6x^yh*’i‘7xy^z^^iy‘^. 

4. - 3^* by *- ^a^cdhy ^b^cd^^^bd-^abai 

8» 24r* — jy* by lO, •-•^abcd hy /^t^i^cd'-^yd^b^i^d'^^abcd^. 

11. V^^yp{tx^-i\^4x\ix- 1). 

12. (sor* - I ajr + i)ar®"- 34r(4r^ - 24“* + o) - - 3)» 

18* zbx{b - 1 ) - 3^(4- - I ) - 7b{b -4*). 14. a{b ^c)-¥b{c^ay^c{a^ b). 
18. nbiyt - b) +d«r(^ - c) - <»*(^ - ^r) -b\c « a) 


48. General case. We know from Art* 44 that 
(4 + ^)w *» -b^wr. 

Let wr-rr+r/. 

Then 

^ac^ad^bc^bd^ sum of the products 
of every term of one factor by every term of the other. 

If r/be put for m in the equality, (,a^^b)m^am^btny 

^^c--md^bc^bdi which may be regarded as the 
sum of the pi^bd^ts of every term of one factor by cvfcry term of 
the other, that ^and 

See Art. 37. 
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Agaiiit we know that Pest m. 

Then 

• w^hicH tewt my be lete]> 

preted as before^ if we^are prepared t<t assume tnat ^ 

^ <tx(-*'<i)—-(fi«flli (-^)>c^*« *fW. 

The advantage of the extended sense of mnJitptication with 
whiclt^e began is now apparent, as it readily leads "to the 
following general rule : * 

The pfodUct of two factors is the suiH of the pmrtial procb^cts 
of everf term of one factor by eveif term of the oiMr^ nke sif^u ‘ 
produciny^ + , and unlike signs producing - 

Ex 1. Multiply JT + tf by jr + ^. 

(^ + a)(;r+^)»- prod Oct by x of each term ofx^a 
• + product by b of each term of 

(or + )r + (4: + )3, 

^x^^ax^bx+abt 

^x^^(a-¥b)x-hab. 

The preceding operation is ttsuallv shown thns : 

X -fa 

4 r jf ^ 

The like terms, ax, 4*+ur • —product hyx of.r+«* 

bx^ should be in bx>\ -ab —product by ^ of 

the same column x*-^{a4'b)x^ab —whole product* 

Ex. 2. Siiuphfy (i^-"3X5^-4)* 

{ 2 x - 3)(3^ - 4) - (2^ “ 3):-^ - (2 V - 3)4 
— dr2-9JC-(8jr- la) 

»^4r*-9r-&r+i2 

— 6 r*- 174 ^+ 12 . Am. 

The work may also be shown thus : 

• • 2Jtr - 3 

3J^-4 

64 r*-94r —product by 34r. 

^product by - 4 # 

—whole product. 



JAGBBKA. 


Si 


■x. 8. MiHtiply «*— by a+i. 

<i'~ flV + is* + -• + ^* 

- a«+S«. Ail. 

• • 

The work may also he shown thus : 

• 4*^ 

Like ‘terms are ‘ 

placed in thp same ^ 

^column. g* * 4>y 

N* B. Note here the arratigemeiit in descending powers of a and 
ascending powers of b, 

Ex« 4. Multiply 2x^ + 3^y - 44rV* - *" 

2^*+34'»/- 4xV- S*/+y* • 



4* — 4xy^ — +x^* • 

4X*y^ - 6rV* 4- 8^:^ 4* l ox^ -* 2 V** 

2jr* 4- 8;ry ~ i 4- 9^^y* -f i ox^ 


EXAMPLES 18. 


Find the product of 

€ 

• 

1* 

;r4‘i and ;r4-7. 

11. 

g^4-3'i + 4 and g4*3. 

2. 

Jt‘4-2g and jr 4- 30. 

1$. 

g*-2g4*3 and 3g4- 5. 

8* 

jr4-3g and jr-3g. 

13 

g* - 7g 4- 5 and 2« - 7. 

4a 

X - 2g and jr - 3g. 

14. 

x^-¥4xy^4y^ sindx^2y. 

8. 

6-g and g4- 3. 

15. 

.r*-24r4-5 and .«** — 2. ’ 

a 

7 -a? and ^jr*-9 

16. 

r* - jr®y +;r V 4'^ and x ^y. 

*7. 

g;r4-^ and ax— by. 

17. 

2ar*-32;r^-f 24y®and 5y-4Jr. 

s. 

a-^b and a-b. 

IS. 

jr*-^4-gr and ax-h. 

a 

a-^rb andgd-^. 

10 . 

and g*-2^. 

10. - 2cd and ^ab 4- 3rd, 

Simplify 

to. 

3r*4jr42:*+i byjr*-i. ^ 

« 

3L 

(<*+S)». 

2$. 

(ia-i3){« + 7)4 

32. 

(«-S)*. 

24. 

('k**SK)C»^-iy). 



mrLTinjfittioir. 




■ 85. 
- 80 . 
87. 
80. 


f 

(air- i)(ir - 3) - Cr - sX^ - 7)^ 
a*(a - (j#- iX<i 4 * I )fi -f «(ii^ 7% 


(** - 4^y + 4y9){4r + 2y) - (arf 4- 4^^ 4y*K-*^ 2 



^ feXAM?LES WORKED OUT. 

Sx. 1 . Multiply jr’-cw+tf* by 

• ;r^"f 

.:r*-^+5i^2r* wf product b>’ jr* 

+ar*-a*jr*+alr »product by 

■* P**®*^*^^^ by o*. 

jc* -l-o^g ^whole product. 

Ex. 2. Multiply 8jri-3r-zr* by 3Jr*+i -52:. 

Re-arrange the terms in descending powers of a, 

. &r*-22r*-32r 

3jr*-5;r «f r 

24.r*-6r*- 912^ 

-4ar* + iaa:*+i5;r’* 

+ 8r* - 2jr* "» yr 

242:* 46^* 4- t i3f^- ^- required product, 

N,B. The re-arrangement of terms, though not necessary , is vety 
^ convenient, as it renders the collection of like terms more easy. 


EXAMPLES 19. 

Multiply 

1. 2:r*ih22r+i by and 

2. 2r*-4j?>+5;r-24 by 4.^ • 5, and i£jr*-!. 

3 . 4nr* - 3A.r + 50*^* by a* -f 6jr - and i - 2«r +jr*. 
4 -r®--4xy*+2jr*y by 4ry--3[y®4-22r*, andy*-^4.*‘’ 

.o*-«^+2d* by ^®+o^-2d*, and 2o*+3^-^4ii^ 

6, our 4-d, and ^4-2^. 

7 . 32 r*y-* 2 ar*y* 4 .ary*by 4 r* 4 ‘y*, 

S, rM:*-far4*^^by ;r*-2r+i, and 

1^. 52r-32f*-l2r*-4jr< by jr-4* and 2-52:4.42!*. 

10 . a* 4 ^ 4^3 4 - 2 « 3 * 4 *i* by ^ - 4^^iJ 4 * 2^** -i*. 
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11 + 

12 ^sry^x^^fby i^/sar/i-jr*^^, and fj$xy 
12 5»g*4-3-4^^yrw*-i, and 5 - 4 iW+ 3 «i*. 

IS. aP by 4- !•, and x* 4vy* by J^• 

Simplify t 

16* (2:*^jr*4-:r- i)(jr*+jr* + r+ 1) 

17. (tt 4-^X^ - ^+^“) + (d - +• -f ^*). 

10. tf)(^ -5 4- ^ ■(■//) 4“(ii4“^ •“^4*^)(<* 4^^ 4* ^ •• d)» 

Find the product of 

20. X* + fJ6x^j^ 4-y* and x* - *y6r^® +jf*. 

2L ^+ 4 Jr*- 5 jr -3 and jr*- 2 jir - 3 

22. 22r*-3r*-jr4-i and 4:r*~3s;4"3. 

28. flar*-^jr*+cand ajr*+Ar4‘£r. 

24. aa^-tf*+«*-a! 4-3 and i. 

26 i»*+^^ + c*4“^c-<c«4-a^ and 

26. «*+4/^*+9tf®4'6i^^-3iaf4‘2a^ and <i-3^ 4 * 3 ^. 

27. x^^xy^ji*+ix-^7y^4 anda?+>^- 2 . 

26. A:*+y 4-jrV--9^ and jt* -y® +jrV +^^- 
20 jr*- 4 ry+ 4 y® and 4 r*t 2 jir;^ 4 ’ 4 y*. 

90. i-3jr + 5jr®-3Ar«-itr^4-4S®^and t •f 3 Jir+ 4 ;r*. 

2L <!i"^4r4-fir*4“<Cr’-fir* and i ^x^x^^xK 
32 by «+J. 

23. .a:*-994r*4'.*‘-a9 bywr*-l7r*4-io5jr*- i9iar*4-234r-4l 

94. by 2 r- 4 i '-3 and aar-^. 

96. ijr* + j 4 r 4 *l by |J?‘ 4 - j# and |jr-}. 

36. i;r*-3iy4-9y*by aiid4!®+|*y-|y®, 

87 f^x^^ix^y-^lxji^hyl^^lxK 

26. |A*jr* by ^ax - j^y, 

60 . Vj^*‘^^i&ry4-iy by i«*-^ 4 - 4 y*. 

40. tt"l»-2^^V4-3«l^-44?«by<i?-«^+A 

4t «*/*-‘Sd^/*+^ 6 a*/®-* 4 <ii*«- 3 /^ by 

42. aMy*-iMry®-ay4'j«i*by4ry-R^4^<^^ 
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43 by l•<-^r-4r^4'y^f*. 

44* 3;ir«- i£r*-f i6jr*-5r--3 by 24?*- 4* 
45* 44:^-34!«4‘94r*-ti4r^l5by-44r^4'3*^-X- / 
46 ^*-iitf*4*2i«*-i6 by 2fl^-4i^-5. f 

47» 4xr*-!94!:*^-2TJiy* + iqy*by ioy^-2jjr*-jrj^ 
48. 3ir’^- i44r*4-i74r-6 Jjy 24f*4-4r*-xr+8. 

49 by h£^€a^4^. 


60. 


.«< . 24^ 


JK* 2Jr* 


jr-2 by +4r-*2. 

3 .5. ^*3 S 

51. i4r»-4r-fiby4r«^Jjr»-tr+f, 

58. i4r* + i4;*-j4r*-j by 3. 

a* M ^ _ , 1042*3* . 5d*3 . ^ 

»*8. — r^ + i by 10+ — - — +20*. 

5 4 3 3% • 


Sif p0f-2pm*+lm by Pm*+2lm-t-i, 

65. Ji^~2jP]p-¥xyhy 3py*-^2xy-\. 

69. ,jr*-y*+3*^-44y‘by xr*-3ay+y, 

67. 7'***-4***+3Jf®--** + 3by 4**-5r+t, 

68. z«*®-3ar“-iij:**+9;r‘-7by3r*-7x*-i3. 


46. Some important reanlts The followiae ntnlts of 
multiplication should be committed to memory. 

(a+6)* • • - a*+Safr4-V> t 

(0-6)* * a*-lla64'6* Jl 

(a+&Ka-6) - «•-&* ili, 

(a+6Xa*-«*+**) - < ^+y. ... * ... t*. 

(»-6X«*+«&V6*) - aCy ... y. 


Xs. '1. , Find 1512* and 1695*. 

tS*9*“(tS00 + >*)**JS00^ + *X I 50 OX IJ + I2* 
» 23$0000+ 360 OQ + 144 
><2186144. Am . 

i695*-(i7oo- 5)*- 1700^ -2 X s x 1700+ S* 
-2890000- i7aoo<f 25 
-*^73025. Am, 


Xz. S. Expand (x>t*y— a)*< 

Let « stand htx.¥y t iftMti 
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f 

(•*+>'“*)* “(a— jt)* ■»«•-*«*’ +A*» Formula ii, 

. i"»<jr*+a;0'-f>^)-ara-^*+«*, Fonimla i, 

W*+y»+a* - Am* 

N.B* Iq practice we omit the first step add begin at once with 
-a(jr+y)*+«®. See, ^ 

Bx^ 3 . Find the product of x-y+g and x-^-y-t, 
t x-y+g=x-(y-g),Andx+y~B’mx+(y-z). 

.If, then, we put a for y - g> we iiave , , 

x-y+g‘^x-a, Andx+y—g^x+a. 
(x-y+g)(x+y-g)-’(x-aXx+o), 

^x*—a% Formula m, 

-j:*-(y-a)*, •.• a‘=y'^g, 

=**-(y*— ^ya+**), Formula ii 

=jr*-y*-«*+2ya. Ans. 

N.B- In practice we begin at once thus : 

(a -y+sX*+y-*)={jf-0'-*)>{-*+0'-*)>=^*-0'-*)*=*<:- 

EXAMPLES aO. 

Multiply out or otherwise simplify 

L (»+y)* ; («+a^)*. 2. (m+ 3^)* ; (4a+5*‘)*. 

3. (yx + 8/)* ; {ax + iy)*. *4. (x - jy)> ; ( 3 X - 4 y)*, 

a. (ioi*-3)*;(i-iw)F. 8< (W-sw*)* j 

7. (x+«)*+(x-a)*. 8. 

8. (4« + ^X4«-5^)- 10- (7a: + ^){‘7X-3y). 

IL (o-^+^Xa’+A-c). 

13. (a+^+t+4f)(fl+6— r— <f). 14> (<*— i+t— +i<+i(f) 

IB. {a-6—ci‘d){a+6-c-~d). 16. {a~3+e-d){a■^^-e■^■d^ 

17. {x+ Jxy+yXx- J^+y). 18. (2r + 3y)(Ja-ay)+9y*, 

10. (5x*+3X-iX5**+3x-i). aO. (5x*+3x-tXs**+3*’+i) 

81. (5**+3x+i){sx*-3x-i). aa. (5x»+»r-iXsr*-3r+A). 

38. (x*-3a**+3«**'-<»*X**+3<ir*+3«*x+«*). 

24 ’t»^+y)*+(x-yl*+ 2 (x+y)fx-y). 

28. (x*yf+{^-yf~2{x-^y)QK-y)-‘4y*. 

86. (a +3 (a-‘ 8X8+ <5 ■" (<*•”<)*• 

87 (x+/+#)*+(x'-y+aF-a{^r+a)»»-yf. 
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Find tlie*p<^<xct of 

*S. (a^itr~-(a-6)yb^(a-t)x+(d+6)y. 

29. j2xy-¥/ byjt*- ^2xy+y*.^ 

30. ;r*+ byjf*+ ^/ajry-^». 

<W* - ja5 +y>y by a*5* + s«^ +^. 


31. 
> 83 . 

* 38. 

8«. 

.38 


^ u ^ ^ 7 I 

rin’“^s-5-i- 

«*&*• db , 

— by + 1 . 

4 3 4 3 


+y by Ji'+y. 

+ by ^ 1 ^ + ^*. 


SS. 4r*+J^+y by :r-y. 
37. + ^r* by 


88, - rt*jryj&* -f-s* by + e\ ” 

39. < 1 *^* + cNf^mn + by - mn. 


40 , ^ a* - <1*^* + by 

41. 4*^V*^* + aH^pg + 1 by a^b'^pg — i. 

42 (<i *-^2 4- l)(a4-l) by («* + «4*i){tf- l), 

48. (a* -* <i3 + b^){a*^ab + ^•) by (a +^)(<!i - ^). 


Simplify 

44, (a+^-r)(«-^)~(/7-<5^0^w + ^)* 

45. (<jf4-^)(<*^ — + ^®) + (<i""^K^4‘ ^4"^*)* 

47, (^i* — 4^4"4)/^4“4<* + 4) “<**(®*“ S)* 

4$. (4r* +<ilr*4-a*)(^-aV+«^)-(4r* + a*)(.*^-£i*). 

49, * {x**^}f*)(x^ + jrV-b'*) - +>^)(4r* -4rV*4->'*). 

Find the squares of 

50. 46 ; 405 ; 97000 . 51, 9998 ; 7983 ; 19987 ; 899983- 


• 47.* Oontinued procfuct* The following egamplgs with 
their solutions will illustrate the way in which the continue pro* 
* duct of any number of given factors is found* * 

IRx, L Find the continued product of x^a^x^b^x^c. 

First find the product of any two of the given factotSi sayjr-^ar 
andar-^ ; this product multiplied by the third factor x^c willi ^ 
coursf, give the final result. 
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Multiply this 
by 


X 

-&r+^i^ 

:r . 

x^-‘{a’¥h)x'^Arabx 
’-cx^'\-{acArbc)x-c^c 


Final product ^x^'-(fl^rb^c)x'^-\r(ab^b€\ca)x- ah^ . * 
£z 2. Multiply together a-b^ a-¥b^ £f*+^, a*^b** 


Multiply this 
by 


Multiply this 
by 


g-3 


a 4-3 


a^^ab 

+ad-e» 


"3» 

g*4- 

3* 

g*- 


4- 

g*3S-3« 

g* 

-3* 

a* 

+i* 

g« 


g8 

_^8. 


Shortly thus : 

-{a«-^*)(£Jt»+d2) 

»(a«)3-(^V 

» (fl* — +bb) 


— required product. 


Ex. 3. Find (a+^)® in powers of a and b, 


a 4*3 
a +3 


Multiply this 
by 


tf* + a3 

_ 

a*+2^r3+3* 

4:4*3 

ofi^za^b^ab^ 

4“ 4*34“2 <i 3®4'3* 


Observe that 
((J4*3)* «{4 4‘3)(a4'3)(a4*3X 
and not^^o^'^SK 


g* 4-> 30*3 4* 3^3* 4- 3^ ^ reqd. expression. 

• Similarly, (g-3)*«4^'- 34 * 34 - 3 ^'"^* 

Eote* *^he above results should all be earelhlly remembered 
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EXAMPLES 21. 

Fin^he product : . " * . 

2 . («+J)(«-«)(«+«i)(«- 25 ).- * . 

#• {iK-Ay)(jf-^{yff/^y){x-\-2y), 

4. (jr-aX;r + «)(4r*+a*)(^*+a*)(jr®4-^i®). ^ 

6. (i-«r)(i-&rXi-«r). 6. (i -jr+x*)(i +x+4:*)(]U^jr*4*jr*), 

®- (^+2)(r+3X4**^)(5-'^>^ 

Find the continued product of 

10, and;ir-//. IL <7+ 1 , a-f 2, a<l>3 and ^+4- 

*12. a-^, and 13^. « + ^, ^+<r, 

14. Expand ( 3 Jf + 2 y)*, - ^)®, and' {x^y)\x-\r^)\ 

The following multiplications should be performed mentally. 

16. «. (T+i)(jr + 2). 27. (t5n + 7)(iia4“6) 

16. (x' + 7<iX^’l'S«) 28. (gir + 2o)(i2;r + 7). 

17. (.r + SXr-l). 29. (8y-2iXSy+6). 

18. (:r-sy)(4r+2>r). 30. (l2;rT-Sy)(i4^+9jK). 

19. (4r-7)(;r- n). 81. (6n + ii^)(if«-3S^). 

20. ^ 32. (3y'*5JrKi4y-»5^)* 

21. 33 (8r+i3y)(i3*f+8>'), 

22. (2r + 3)(3^r+'5). 84. ^21 -x)(;ir f 8). 

23. (7-*'+9K5^+3)- 36. (7-2«X5^+9)-t 

24. (92r-n)(8|'-7). 36. {ax-^b){cx^d)* 

26. (SJT+iiX^ + S) 37. 

26 <m-4)(i3X'4-3)‘ 38. {2njr- 3^j^X4<w^ + 5^3'). 

CHAPTER V, 

• ’ • ' Division. 

48. Def. Divisiozi is the operation which is the inverse 
of ICultiplloation. In multip1icatton« we are given two factors 
and are required to 6nd their product i in divistoni we are given 
the product of two factors as well as one of them* and have got 
to mid the other. The given product is called diVidnnd^ the 
given Victor diviaor* and the required factor quotioiiit. 
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40. Buie of aigns Since is the product of arand 

Also, ; ,% • 

Thus when the dividend «nd divisor are pf the same sign> the 
sign of the quotient is + .' ^ 

Again, since -a4»=ax(-^), /. «— a4-^ll» -4 ; 

andoincc *% a^-rC-a)® -4 

Thus 'when the dividend and divisor are of opposite signs, 
the sign of the quotient is ' 

Hence we have the same rule for signs in multiplication as ' 
well as in division : 

JJ^e ^igns produce +, and unlike signs produce — • 

60. Powers of the same quantity. When the dividend 
and divisor are powers of the same quantitr, the quotient is also 
a power of that quantity, and the index of the power in the guo- 
tieni^ihai in tike dividend minus that in the divisor. 

More generally, since 4^*" xo*‘, ; here 

m being the index of the power in the dividend, and n that in the 
divisor, m^nh the index of the power in the quotient. 

It should be noted that i. But according to the 

above rule, aP-j- ; hence we get the curious result 
This result will be dealt with more folly afterwards. 

61. BiYision of one monomial by another. 

i 

Buie. The index of the power of each letter in the quotient 
is found bf subtracting the index of the power of that letter in 
the divisor from the same tn the dividend. To the result thus 
obtainedy prefix with its proper sign the quotient of the coefficient 
of the dividend by that of the divisor, 

a 

Note. Observe that the quotient a^b is generally denoted as 

Bx. 1. Divide - 49a^4*lr^ by - 

THfc quotient Am. 

Bk* 2. Divide - by 

The quotient V p- 1- 
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EXAMPLES aa. 

• 

Divide ’ • 

1 . .r €y -jr. 2 . -«* by a. 8 ,^ 4 , and - 4 <*. 

4. by • fk b^ i^r®. 6 . - 40 * by - And 

7. by %icf, 8 * 4a^ by-o^ and by 

9. 2 Sa^^^*by 15 * 10, by - 205 ^, and by 

11 . - 168 by fflwrV. 12 . — 1 by - 

18. • - 2 jjrya’^ by 52 :^ V, - loxV, — i S-^y, and* 3 a«^a’'* 

14. by /AV, -a**3v, - 2 ®a*r*^ 2 »wi*/^, dnd-iw^®tf**. 

15. ^/»*/«*»»** by w*«^*«*^*, and 

18. { 2 ax)\by)\ - ^r)* by - 2 r>V, - 4 /abcxyz<t and 

• 17. - (4r)*.(#wy)*.(«jB')* by and 

18, {\ab)\(lhc)K(lcdf by {\ab)\{i»c)mcaf, and - laf, 

52. Diviaion of a polynomial by a monomial. 

WeTknow that {a4-b^C'^d-e)x^ax4rbx^€X'¥dx^fX ; 

, ax^'bx-cx^-dx-ex ^ 

• « ' z ‘■•<1+^ - tf. 


But 


ax ,bx ^ -cr 

— + — + 

XXX 




ax^rbx --cx^rd x - ex 

X 


-ex 

X 


^a4rb-cArd-e ; 

ax bx -^cx , eb: 
^ — + 4 — 



Hence the following Buie : • 

Divide eac\ term of the polynomial by the monomial^ and take 
ihi sum of the partial quotients as the complete quotient, 

Bx. 1 .* Divide 42:*- 5 20^* -1-24^ by -42*. 

. 4*^ . -52^Lr*, 242- 

Th* quotient T—+- 

» Ans 

Koto, The student should carefully remetaber that 
Quotuni » Dividend 4 Dvomt $ 

Dividend^ Dtvitor x Quotient ; 

Divisor *s Dividend-^ Quotient, 
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EXAMPLES as. 


a. 

0. 

7 . 

0. 

10 . 

11. 

12 . 
18 . 
14 , 

16 . 

16 . 

17 . 

18 . 

19 . 

20 . 


Divide 

It 4?®— 4rybyx, ’ 
4 Jr®-5a^by 2xK 
2 jt®-3«by 2. 
7ax*^yah: by 31 :. 


2* “jr. 

4t 9«*-4^by4. 

6. hy ytb. 

8 . 4 /-f‘ 8 jw- i 6 « + a 4 ^ by 4 . 


4S<i*^ - 36^®^^' + 1440^® by 1203 ®, and Jo 3 *. 

|r^ ^ |r^-f JjrV- by and 

I T 3 r*y*«* - 6 ary*a® by - and 4 y*a*. ' ^ 

- + i/* w*«* - by - \imn^ and bmH\ 

4O*.r®-9o®2r® + 70Lr by |o, - Jar, and -foor. 

- dt^m^t^ by - \lmny 

- Jo/»A»®, and abc/^ff^nK 
20®* +30* +40® by o*, -§o, o®’®, and 

~ 44f^y®a* by — J4r*“*y^**2®** and — 

If the di^ridend be the product of 20® -303 and -r®-3r, and 
the divisor be 2o;r, dnd the quotient. 

If the divisor be ^+2^, and the quotient ^-2$^, find the 
dividend. 

If the dividend be 4oj:®-o®jr-or, and the quotient -ioLr, 
find the divisor. 

What must be added to ojt®— o®jr* in o^er that the quotient 
of the resulting expression by ax may be (x-o)* ? 


53. To divide one compound expression by another. 

Rule. I. Arrange the divisor and dividend in ascenMng or 
descending powers of some common letter 

2. Divide ike term on the left of the dividend by the hrm on 
ike left of the divisor ^ and put the result in the quotient, 

S Multiply th,t whole d'Visor by this quotient^ put the product 
under the dividend^ and subtract 

4. Bring down from the dividend many terms as may be ^1^ 

necessary for the subsequent work. ^ 

5. ^Repeat the above operations till the terms ^of the ^cUvidena 
are exhausteeh ^ remainder^ if any^ is left^ the first term of 
which is not exactly divisible by the first term of the divisor,, ^ 

N P. It will be seen that this process is akin to that of Long Division 
in Arithmetic. 
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Sx* I. • Divide ;r*--4jr- 34 by j:4'4* 

; Jr+4 ) jr*-44r-32 ( Jr-8 

^:r4-4) Vj|g^4-4Jg 

-^^7 -8*“- 34 ^ Reqd. quotient 

— 8(4: 4-4) ^ * ■■***_®^r* ?*• • *»4r^8. 

RAson for the above process : 

It is easily seen that jr* ^ 4jr - 32 + 44’ - 84r - 32 

-4r(4r4-4)-8(4’ + 4) 

^ • =«/f4r-8^, if ^ Stan'S for 4r4*4- 

Theipefore (jr*-4jr-32)4-(4r + 4)=.(i4jr-8i€)-r-u4— 4r-»8, Art. 52* 


B*. 2. Divide ^-!^+4J^_^^+6by 

3 12 IS 4 30 

( p . a . 1892) 

?£!_^+, ) £*_”£!+4J£!_iF+6 ( 

36 I I 12 8 4 \24 

3 1 2"*^ 2 

28 4 

s^-sr 

284 

4jr* -5^ + 6 

• , 4£i;ii£i^ 

x '^ 32* 

the required quotient =-*- 


JEiX* 3 . Divide a*+^* + r®— by «+^4'r. j 
Arrange the dividend in descending powers of a, 

<1+^ + r ) a® — 'a^£'4-^ + ( a* — -ar+^^-^^r+r® 

ab ^-^ al^c 

-a®< +«^*-2«fcr 

'The requited quotient 

"■ 

* 

N.B. This result is usually written as 0* -f ^b€ *ca^ah. 
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Note. Suppose when B is divided by the quotient is Qt Attd the 
Temdnder • 

• * B 

The €9tf$plett quotient in this q^se is Q + 

For, since B^QA^B^ ^ 

Ex* 4 . Divide i6(x^-j^)'¥i4z^y- iigxy^ by 8 ;r* 4 * 3 j/* + 27^S 
and find the complete quotient. 

Arrange in descending powers of and ascending powers of y. 

, &r?-*- 274 y+ 3 y®) i6iar* + 14^^'- jy 

i 6 r® 4 - 54 sr*y + 6;^* 

- 4 ajrV - * 35 -*y* i6y* 

The complete quotient ♦ 

“ " " SJ* ■*■ &r> + 2 7 ^ + 3^ “ ^ " SF+^TsP* 

Ex, S. Divide i - 2 r by 2 - 3;*: -I- 4;r> to three terms. 

3 - 3 ^+ 44 r*\ i~zar 

^ I " f ;r ■*• 2 x^ \ 

- - zr* 

— y'r*+.r« 

/. quo. *» i - J.r - ^x\ and rcm. + ^x^, Ans, . 


EXAMPLES 24. 


Divide 

1. .r*+i4;r4-40 byor+io. 

8. .ar*- 36 by a: -6, 

5. I;r*-l 3 ;r*- 24 by 4r-8. 

7 . 2/*+ 17/- 117 by a/ *-9, 

9 . I +<1-30101* by I- 5«. 

11. 8 - 72 :-jjr*byjr-l. 

13. ac-^lh-^ad^x^^dx^ by c 


2. :r*+3jr-7o by jr-7, 

4 . jr*-64y® by 
0. 6y*-7x+2 by 3jr-2. 

8. 8/>-65/+8 by/^ 8 . 

10 , I - 2 tf- 48 <i* by 6rt+ u 
12. 6^r*+i9ry + i5y*by 2sr4* 3y. 
<jir. 
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• It. 3CMr*+4wr^'- S 5 ^ by 5y-6jr, 

15. acx^+(9ii'^ad)x+dJhy ^4-^. 

16. 72^V i5ijry+77>*l|y ai-7y. • 

17. - 7 <!i^jry - 1 5 ^^* by 4 tf^r-f 5 ^>. 

18. i 25 /®+ 27 J!«* by 5 /+ 3 >«/and 25 /“- 15 /^ + 

19. I 29 <r®+ 225 a!r 2 -|-i 30 <j®jr 4 * 24 i 2 ® by anfi 5^4-4« 

20 . ;t* 4 * 4 *y 4 - 47 *- 4 Jr- 8 ^ + 3 by jr+ 2 ^- 1 . 

• 21. by - 5, «* - - d\ and a* - d*, 

22 . 2^- 12 Ijy 2 >&*- 3 ^- 6 , and ^-^+ 2 . 

23. jr®-Ar*+ 6 jr*- 2 r- i by .jr*- 2 jr*+ 32 *+ 1 . 

2 1. a^ 4 ' 2 fl* - 7 <i^— 8<*+ 12 by tf* + a-6. 

/,a6. i-4r*+2;r*+2r<>by i+^*+2:*. 

*28, 75;r*-2&r*+l3Tf*-i22r by -34*‘.ar+ S^r*. 

27. 54^^84- i2-24jr+8ijr*-63r* by 2 -9^ + 92:*. 

28. 9 ^^+ l3it*-4^ + 9 ^-i 2 ^ by - 3 !*+ 1+9^* 

^ 20 by tf*-a- 2. 

30. by a*4'2<i^+3®. 

31 /6®-2^4*i by 1 4* 2^ + ^* + 2^* +3^^. 

32 <!i’* + 8a*^4-Ua^®-6^® by c^Ar'iab-hK 

33. + 4^* by «* + 2^?^ 4- 2^ and «• - tcdf 4- 2^. 

34. 2jr* - 2 j 4 4-2rV 4- ycf - 4Jry by -- 7y\ 

35. - a^x - -2r® 4- 6^jlr* Sy ^4+ 304 ;* - aalr + < 2 ^. 

30. <j<* - 3a®3^(a* - by a® - 3^(« - 

37. by 32ry4-2y*4-24rV- # 

38. 4 r*-( 2tf + i)^*4-2<Ae+d*-a* by .:r®+«*-(4r4-a). 

. 39. 5<i<’-n<**^4-2i«*^*-i3<**^®4-i9«®^*-i2a3*4*9^*bya®-2<i^ + 3^^. 
40 44:^4-I24:*-4af'4-9Jr*^94^*y-6tr-64ry*-4l -y* 

by 2J*-3:g^-y*4-32r- I 

41. jr®'4»^jr^4-a® by 4-.2f* and*tf*4-<Mr4-2r*. 

42. jif<’4'2<i^4^4*4r*-*di*4r*4‘2a*4r-«* by x*-rt®4*tf2r*+«V. 

43. * **J*fy--y* by 

44. 24.ir<»-46«r^4-§jr^y’®4-l9^*^*y*«3^/ by 22r«- 54:^4- 2ry». 

45* by 

46 . <Air®-^^4-4^-4‘4by «4r4-|^-2. 

47. 3«®4-8a^+45*+i0«+85 + 3by <1+244*3* 
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48. jr*4-jrV+JtV+xy4-jy*+/ 

49. — I by I. 

«0. 4»*-wV+6*^+g4ry-t36y*-29»3^^byjr*-a**j'+3*;»*-4>^. 
81. Js’-ffaJ+li* by a-ftf, and ii«-|4. ‘ 

58. yr*-^jey+)^ by Jtr-fy, and * 

88. 4**-V*^+||*y*-|y*by|r-iy,aijd 
54 e**-i(Mr*+ 7 ar*-sar +2 by ir»-Jjr*+|jr-J. 

65. + +|ay-Sayy+i^ byJ^-aaV+iV- 

58. 9L**+|y*+4»*-ij'a’+3«r-4^ by |x-^y+ J*. 

87. I +;r by l +4r+4r® to four terms. 

58. 2 - 3 ;r by i - 2 jr+ 3 r* to four terms. 

50* by J-:r+.r* to five terms. 

60. a®+7<i*-3a*4*2tf®-8rt*+a - 1 by 3 <f- 2 . 


CHAPTER VI. 

Brackets. 

54 . The brackets in common use are ( }« { }» [ ]• 

These symbols are generally called brackets* but when reauired 
to distinguish them from one another, we call them parentheses, 
braces and crotchets respectively, 

55* Be^iOTBl of braokete. The use of brackets within 
brackets, and the way in which they are successively removed will 
be illustrated by the following example. 

Ex. L Rembve the brackets frc»n the expression 

Beginning with the innermost pair of brackets, we have 

•/ + before ( ) requires no change of dign in e-/, 

» tf r ^/1 

V - before { \ requires change of signs withitb * 

"• a — ^ + r -• if HK s -wj*} 

*/ ^ before [ ] requires change of signs, 
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Or we may begin with the o^itermost patr» and proceed ttm$ : 

, *. -iH— 

♦ * m^»^b'¥c^dAr0^fm (i) 

N. B. In removing t ], the "signs of the terms within the inner brack- 
ets { f aj|d ( ) shcNild not be altered % and so in reroovha|g { }« (be 
signs of the terras within ( f should not be altered. 

Fiom (0 it is evident that the brat^c^fts may be removed all at 
once> and the sign of any term determined by the hc^p of the 
fol lowing <riid6 : ' 

Suppose all ike other terms with their srwn signs suppressed; 
if an odd number of minus signs now precede the term in quesiicn, 
its final sign is but otherwise +. 
t Thtts as regards c in (i)f 

+^i there being 2 minuses j 

As to/, -£-<+(-/!in“-/. (3 minuses). 

06.. Sometimes a line is drawn over the symbols td be 
connected ; thuso-^-c is equivalent to and is there- 

fore equal to r. The line is called a vinoil l U I tt. 

Sj:. Simplify i24r-5-{8jr-(7-5Jr-3)> 

The expression s=i2Ar-5-{&ar*(7-5^+3)f 
«ia«rr-5-{ar-.(io-5;r)} 

» 1 2:r - 5 - { &r - 1 o -h 5jr } 

»i2;r-5-{i32r-io} 

«-!2;r-5-i3r+io « 

. «i5-<**jtr. Ans, « 

N.B.. We might remove all the brackets at once. We should then 
have i2A-5-8jrTi.7-5jr-l-3, s.#.* 

EXAMPLES as. 

Simplify 

. 1 . . 

a. ^ 

4. 1 . »- (<«-( I -(7* pa) Q. * 

e. i6«-t3*+{l‘»+**-(3«-9«-4*))). 

7 . 
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8 . 

10 . x-[4y-{3x-l^-x))]-l3r-{3y-{sx-2jf-x)}l ' 

U. -C-{-(-a)>]. , ' * 12.' x-[-{+(-4r)n 

18, i6-:ir-l(-rJ^)-(8-(+0r)-(-6r-3)}]. ‘ v 

14. -(3 — («4*^)— 

16. 

18. -[i5«:-^i4y-(i5^+i2y)-(iar-i5*)}5. • 

J7. -«w-2{ -3 i« + 2i*- 3(“ 5»*-8«) + 4(-3w-2«-3if + w)} 

16, Given ««* - J, 3=2, find the value of 

i3ld - «) - 3 5tt( 3« - 4*) - *{ 3« - 1 ( 7« - 4^) >]• 

19. Given - J, find the value of 

J - 5^{ ~y-^[x-z^ J(3y - J -^)1 > - (J^ +>') 

20. What must be added to .**-[*•*« i ~ {.r - x{x* - 0 }] to produce 

>^-{2jr^-3-(r- i)(;r+2)+;r, ? 

67. Insertion of brackets Part of an expression can be 
enclosed within brackets by attending to the following rules ; 

(1) If the sif^ + be used before Jke bracked, ihefe should be m 
change oj the signs of the terms enclosed. 

(2) The sign - before the bracket requires a change of the sign 
of every term enclosed. 

Thus 

«a-{3+<c-</+/-jrn 


EXAMPLES 26. 

Enclose within brackets the terms commencing with the second . 
1, e4'3— r— //, 9. a*^b ii. <>-^3 4*4? *4*^ 

4* x*-^x-*24 6. ;r*4jr*-3. 6* y 
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• Enclose within parentheses the terms commencing with the 5ih| 
within braces the terms commencing with the 4th, and within 
crotchets the t'erms commencing with^the 3rd 

l,x~*y’fz^w-a'¥h I 8, 

9. 2:r-3)^-4;Br+5^-^'-r'-r., 10. 3ir-y-<ar-/- 2«i*-2«. 

11. a-* -ys-r 12. 2r-rt-2y-3^ — 4iEr-i:. 

18 . 14 . ix-\‘y^^my ^z^-^nz-^aK 


CHAPTER VII. 

Resolution into Factors. 

* 58. Definition. When an algebraical expression is the 

product of two or more expressions, each of the latter is called a 
flaotOT of the former, and the determination of such factors is 
called the resolution of the expression into its factors. 

« 

59. 'Monomial factors. Buie : When each term of an 
expression is divisible by a common factor^ enclose within brackets 
the quotient of each term by the common factor^ and place the latter 
outside as a coefficient 

Ex. 1 . Factorise 4;r2- 8:17. 

Here 4^ divides each term. ^Hence 

4:c*-8A7«4a:x-4ir.a7==4;r(jr-2F). Ans, 

Ex. 2 . F actori se 6a*Ar* - z^ab^cj^ + 30a V*r^. 

The given expression + 

• — iyihx\ax'^ - ^bcx + laffi ) . A ns. 


Factorise 

1. a^-ab, 

4. . 3j'jB'-4flrjr. 

7. dbc^ yshd, 

10. Sx^z-^yh. 


EXAMPLES 27 . 

2. a^-h 2 ab, 

6. 6 ab + 4bc, 

8. zabc-^-AabK 

11. il^mnA-tlm^n, 

14. 


' 3. 2 .r* - 3;j7. 

6. ^b^^ebc. 

9. Axyz^--^^^, 

12 . iiapqT-- 22 a^p^q, 
4 ^- 20 rtf 5 * + i6a*i*d: 


13 . 5 <» 3 - 5 <i^-Mo<s. 

15. 2aV - 4* 6ab*C’k 1 2ab^d. 

16. - lo^r^r* + 1 S^yh - 2ar*7*. 
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17. 

HAS. 3a*^;&*-6fl»W+9a*3-6»-i2a«W. 

V^19. f 

^ ^ iO. 2wi^y^i^ - 

\/ 21, *- + 1 - 2o/*w*ii*., 

««■ 

6p, Oompound factors. An expression may be resolved 
into factors, if it can be broken up into parts having a compound 
factor (fommon to them all. 

< , 

Sx. 1. Resolve into factors jr*- ALT- &r+o^. 

X* - or - Ar + * (j»r* - ajr) - ( Ar - 

^x(x~a)-h{X‘^a) 

^x,A —bA^ A standing for x-a^ 

^ {x-a)(x ^ /^)t restoring the value of A, 

Hence the following rule : Arrange the terms of t^e given 
expression into fp^oups having a common factor ; enclose within 
brackets the quotient of each group by the common factor^ and place 
the latter outside those brackets and within a second pair of 
brackets^ as a compound ccheffiaent, 

£x. 2. Factorise dr* + io:r*^ - gzx^-- i 

The given expression =(6r*+ im-V)-( 9 ar*+ iS^yz) 

- 2x*(yc + sy) -3JfAy^+ Sy) 

2 x(y»r + jy)- 3e(y^ + sy) > 

- x(3y+5y)(».y-3js-) . 


EXAMPLES 28. 
Resolve into elementary factors • 


1. ab+ac-kbd^cd. 

3. :r» + ar»+g®x+a*. 

6, jr*-<wr*+<Ar-a*. 

7. o*.r*+y +rt*+.ry. 

9. j^-jKr+>*-yr. 

11 . 2p^h‘2pX^2ap‘^2aX. 
18. ePx-kabx-kaby-kb^y^ 
15. 2pi + ^mq + 6pm + gl. 


2. a^^ab^^ac-kbc. 

4. .r* + £ir® - a^x • o*. 

6. * 
8. 2Ar-4ay-^2Ar + 4^ 
10. /*+al-bl^ab. 

12. 2px^pq\7xy^qy, 
14. c?x^lPy^ab{pc\y). 
16. or* -Ar-^r*+^*. 
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w; 

Jfai. 

538 . 

jya*. 


SI 

2«&r*— icr + 2tfcr* - Wr. 18. - ycy^ + yuc* - 3ary, 

4aV*-4»Vf 29. ct-\-cxyz—cxs-cys. 

2c{f-q)-^ib{p-qfir2{4t-q)c^l{jq-f)d.' 

(a^ + oA)* — (a* + ed>)y - (ji* + ai)F +^(a* + abyu). 
am^bni\ap^bp’^aq--bq-^ar-*hr, • 

^ 4 * ^ + ^wir + 5 T. 


6L To factorise as* -a®. 

adding and subtracting dx^ 

• — (jtr®-a;r) + (iwr-ij*) 

r=^x(x ^ a)^r a[x ^ a) 

— {x-^aXx-iraX 

,Thai is^ the difference of the squares of two quantities^ the 
product of the sum and difference of those quantities, • 

Ex. 1 . F ‘actorise 9^5’*- 2 5^®. 

• . 9^® -25^®= (3a)® ~ ( 5^)® - ( 3a « 5^)( 3 ft 4 - 5^). 

Ex. 2 Factorise (2jr + 3a)® -(r + 5^7)® 

The expression - {(2^ + 3 ^) - + 5 ^) H (2-^ + 3 <*) + + 5a) } 

^ (x -' 2 a){yc Ar%a\ simplifying the factors. 

Ex. 3 . Factorise ^ 

a® - — [a^f — ( 3 *)® = (^l* - b^){a^ + b*) I ) 

Now, - (a*)2 - (^*)* = (tf ® - ) 

+ factorising «V-^. 

Using this result in (i), == ^ -i- ^)(^® 4- <^® 

Ex.. 4 . Find the value of 6272-427®. 

. 627® - 427® « (627 F 427X627 - 427) =» 1054 X 200 - 210800 


EXAMPLES 29’ 

. 'Resolve into elementary factors : 

1, i-fl®. 2. 4^2- 9^®. 3. i 6 a *-2 5 K 

6, ax^-ay^, 0. 7. 6,ah^-^ac^, 

9 . 10 . 

12. 62 5d® - 1 69^. 13. 4r* - 

15* 10. 8m8-256^®. 


4, aH^-xy, 

8 . If^x^y 

U, 12011:®- 7 5 « 7 y-. 
14. p^q^-a^b\ 

17. 49^^- 
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fflS. 

49 a* - looi*. 

S4. i6r**-2Sy®. « 

^7. 

* 29. (jr+«)*-(r-a)*. 
81. (ay +^)* — (&c +<*)*. 
83. 

Find «the value of 
35. (49)*-(4 i)>. 

38. (88)>-(i2)* 


J^IO. r®-4«* '2^0. 4^ V' 81. 

88. 768 <i^- 3. a3.*25<t“-4. 

Jjis. 

2.r*j/- i62y®. 

• 30. — (a4'4^)*- 

32. (r.r - dO V (//;r - 
34. 

30. (6i) 2-(S9)*. • 37. (iooi)?-i. 

39. ( 295 )^- ( 205 ) 2 . 40. ( 9992 )*^- 64 . 


62. To factorise a5* + 2€»wc + a2 and 
Breaking up 2ax into ax-^ax^ we have 

;r* + + a* ■» (.r* 4* ^) + (^ + i*’*) 

=»ar(.r + <2)4-a(.r-f ii) 
^{x-¥a){x-^a) 

Similarly, .r® -2<z;r + «2««;r2— tf;r — <wr + tf2 

«(.;r2 - ax) - (iw: - a®) 




liX. 1. Factorise .r2 + 6r + 9. 

’.r*+6;r+9=jr*-f 2X4rx3 + 32 *i=(jr + 3)2. .<4«r. 

Ex. 2. Factorise 9^2.. i2aj*r + 4o*. 

The expression«“(3.r/*-2(3;r)(2tf)-f (242)*«»(34r- 2a)*. Ans. 

Bx. 3. Find the value of (i*o6)*+(*94)* + 4'24X‘47. 

4’24 X *47 « 4 X ro6 X *47 — 2 X 1*06 X *47 X 2 » 2 X i*o6 X *94 
/, the given expression «(ro6)* 4- { 94)*4'2X i*o6x*94 
-(ro54-'94)*“2**“4A Ans^ 


EXAMPLES 30. 

Factorise 
1. a*-2a4-i. 

4. 4a*-i2a3+9^*. 


2. jr*4-4Jr4-4- 3» o*-4a^+4#*. 

6. 1 64:* -402^4- 2 sy*. 6. 252r*4*6a!^4-3fy** 
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Factorise 

7 . 9Jr®-42;^ + 4Q>^. 8. 4X®-l-44.r+ I2i. 0 , 49^*^*- 12641^+81. 

10. 2Sr®4-7Q^*’J'+49y* 1^- 367>*“48jiJ + 16. 12. ;5®-26/^+ 169^®. 


13. 

x^-^2x^y^^y^. 14. 

4x^ + 4r®7* -f y^, 16. ga ^ + 6on®^^ + loo^ 

10. 

2543+4 o« 3®4* 16^^®. 

17. 

8ia^-72«*J*+l6d«. 

18. 

625a*W + 1 Soabc+ 9. 

19. 






Wb2. 



^y*-fx*y + i6x*. 

^4. 


^s. 

2a«-8«»3-^8^*. 

Uf26. 

2d^x* -h 2od^X^ + 50<2*. 


3^1® - 66<*^ + 363^®. 

•28. 

1 8/® + 6olfn + 5o;w®. 

^9.. 

4 5 4 * 20 .*^ V — 6oxyh^, 

30. 

4/®w2®+ 49>«®«® - 2 SMn . 31. 

ioo« 7 * + 240«*4- I44<a®. 


32. 2<j*^+64^i^<5 + 5i2a^ 33. + 

|i| 3i. ,jr*4-2jr(^i+3) + (<»+i^)®. THt^S. + (;'-£')* +2(4ry-.ar£'). 

4a® + 2 5 (^ + ^)® - 20 a(^ + C). ^1- + (4a* + 2<2®) + (2fl -!• l)® . 

t< 38 . (x 4* <2)* + (iT + - 2(;r + a){x + ^). 

+J3e. (a* + 3)* + (2«' + 6)(4o+i)+(4a+i)*. 

4 * 40 . 2(a^ + + 4ia5 + cd){ac-\-bd) + 2{ac-{-bdf, 

Find the value of ’ • 

M 41 . (•2)® + *4X’8 + (-8)®. 42 . (2 03)® + Co3)®-‘I2i8. 

f# 43 . (r985)*+Coi5)^+ 05955- fi’23)*+i'44-»2"3x*24- 

46 . 4;r®-2c^yi-25>'®, when;ra»i5, andj/=-i2. 

• 40 . 49.r*+i26r>^ + 8iy, whenor— 124, and y— -97. 

47. 9 a® + 24a^ + i 6 ^®, when ^i«it + 4 , and ^=*^--3. 

48 . 252:® - Zoxy + 64y\ when .r = - 3, and 7 » 5a - 2. 

03 . Trinomials of the form a?® + ain+6. 

• • a 

First Method : It consists in reducing the given expression 
• into the difference of two squares. Take x^-\-jxA'6* First find out 
f what term is wanting to make jr® 4 jjj;a*perfecrsquaTC Observe 
that in jt* + 2ax +0^, which is a perfecTsquare, the third termj viz,, 
a*-i(}x coefficient of jt)®. 

the tcrtn wanting is (|)®. 
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Now proceed thus ; Adding and subtracting (f)®, 

= V *+*-2 >« + ( I )*} - (¥- 6 )* 

Again, to factorise 4^ -45, observe that the term wanting 
to make x*- 4.r a perfect square «=(i.coef. of ;r)*«( — 2)*«4. Then 
proceed thus *. * * . 

:r*- 4;r-45«(^®-4^ + 4)-4-45 
=(r-2)*-72 

» (x-9)(jr+5h 

Second Method : The second is the method of inspection^ 
and it is the one generally used in practice. , • 

To make this method clear, it is necessary to examine closely 
the product {x + m){x + n). 

By actual multiplication, {x ’{■m)(x^n)<=>x^'i’(m-^n)x + mn* 

We observe in the product that ; 

(1) The coefficieht of the second teffff which contains x^ is the 
sum of the second tetmSy viz^y m and n, of the binomial factors* 

(2) The third term of the ptoduct is the product of the second 
terms y vist.y m and n, of the binomial factors* 

The product may therefore be stated as 

x^^{sum of the 2 nd ieims of the factors) x A^product of the 
second terms of the factors. 

A similar rule will be readily found to apply to 
(x + m){x - n) and {x - m)(x + n), F or example, we find that 

(jT + w)(;r -«) ==jr* + (w -r «)Lr ar® +{»«+(-'«) +/« X (- »). 

Hence wc readily obtain the following practical Hule : 

Break up the last term into two factors of which thi suht of 
difference is equal to the coefficient of x according as ike last term 
is positive or negative ; express that coefficient as suck sum or 
differences then arrange as in the following examples* 

Ex. 1. Resolve + 5;r + 6 into factors. 

Here the third term, 6, is positive^ and hence we have to break 
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vp 6 into two factors, such that their sum may be equal to 5i 

which is the aoefficient of the second term. 

% 

Now, the factors of 6 are (1, 6) and (2, 3). Of these pairs a and 
3 only have 5 as their sum. Breaking up 5 into 2+5*1 we have 
S.*’+6«.ar* + 2r+34r-k6 
, *«:r(:r+2)+3(x+2> 

=* (jr + 2)(jr+3) . Am. 

Sx. 2. Factorise jr*-4jr- 4 5. 

Since the 3rd term u negative, we have to break it up into two 
factors of * which the difference shall be 4(— coef. of 2nd term, 
neglecting sign). 

Now, the factors of 45 are (i, 45), (3, 15) and (9, 5). 

Of these pairs, 9-5 = 4. 

Hence, breaking up into 94:- 5:r, we have 
.r*-4r-45-ir«--9r + 52r-45 
=;r(jr-9) + 5{;ir-9) 

= (;r-9)(^+S) . Ans. 

Ex. 8. Factorise ;r*-&r+ 15. 

The last term, 15, is positive. 

The factors of 15 are (i, 15), (3, 5). 

Of these pairs, 3+5 = §(f. tf., coef. of 2nd term, neglecting 
sign).^ ’ • 

Hence, breaking up Zx into 3*-+ 5.^, we have 
x^-Zx+iSm,x^^yir^ 5*^+1 5 
=^4:(jr-3)-5(^-3) 

^ (j:-3)(y~5) . Ans, 

Ex. *4. Factorise (2^1+1 +<!* + «. 

Now, c^+a (the 3rd term) + 

Also 2tf+i (coef. of 2nd term, neglecting sign)=a + (tf+i). 

Now proceed thus ; 

* ’ ^•-(2a + i)^+a*+a=.r*-(a+a + i)i2:+a(a+ l) 

*a - <wr - (a + 1 )jir + o(fl + 1 ) 

-4:(;p - a) - (e* + i)(.r • «) 

■•(2r-«)(jir-a+i) 

Ans. 
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EXAMPLES 31 . 

Resolve into factors by tvro different methods ; 

^ "HiVS. *'*+ 8 ^+ 7 . 


:V 4 . x*+ 7 x+ 6 . 3fi 


'+3»+i. 
^’‘ 4 . x*+7x+6. 

7. Jr*+ar + i 2 . 

10* jr**-9r + 3 o, 

13 . jc *- 13^ + 42 

X I6e jr*-»;r-2. 

19. fl^+ 3 a- 28 . 
23. 40 + 3;r-;r^. 
26. Bo^2x-xK 
26. x^-^-uxy + yyy' 


2. Jtr* + 4;r+^ 

3A- 'jr* 4 - 9 ia :+8 
,r®+iQr 4 -l 6 . 

11 . X^-ltxA’ 24 * 

14. x^-‘isx-{-s6. 

17 . ;r*+;r-2. 

20 . ;r‘^+9tr-36. 

23 . 2 o-i 9 Jr-jr*. 

26 . 

29 . .r* — 2 irj/ + 1 1 oy*. 


.ar^+ 13^4-36. 
0. jr®+ lOLr + 24 . 
12. jr*- i2r+27. 
16. a*-i 7 £i+ 72 . 


18 . 

21. rS-ar- 48 - 

24 . 63 + i 6 a 4 'a^. 
27. 108 -213^ 4 * y*. 

- , ^ ^ , 30. ^*-7AJ-i44a*. 

^ 31. - 2yd+ 1 20 ^. 3^ 2 - i 6 f*d 4-60 ^8 3. - 3 yfir - I Soar* 

1^34, 3 Qrjf 4 -.*‘* 4- 2O0y*. '85 2 oa^ - 1 2 5 ^* 4 ^ a*, v 36 So - 1 ly - >^®. 
t 37. .r*-(2a4-3U + <2*4*3a. 38. r*-(2a + 3>*’4-(^«4‘ l)(tf 4-2). 


39. ^*-(2«4’5)>r4-(«4-2)(<!i4‘3). 40 (a + 2 )(tf 4- 3 ) 

41 x*4-3Jr-(a-i)(<i4-2). 42. x^--x{a~^^^c)-(ac-0c), 

43 . j:* 4 -»w^-(/^ 4 ' 3 /;« 4 - 2 w*) 44. y* 4 '(^-'^)>'-'(ei 4 -^)(<* 4 -^). 

46 . y - (« - {2a* 4 - 5a^ 4 - 2^). 


64« Trinomials of the foirin awo*4’6a?4-f‘. 

Ex. F actorise 8 ar* 4 - 22 .jr 4- 1 5. 

First Method . 8^*4-22;r4-!5«8(.r*4-V^4''y^). (A) 

Now apply the method of the difference of two squares to 

**+y^+v* 

-(A^-t-W’-W+¥ 

-(^+V)‘-A 

=(r4-V)*-(i)*. simplifying, 

-{^+V-i)(^+¥+ 4 ) 

* “(^+t)(.«^+|). 

/. 8af*+22*+i5-8(*'+f)(r+|), by {A), 

*= 4 (r+f)x 2 (Ar+|) 

-•^4*+J)f2£j^), clearing of fractions. 
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* Second Method : This may be called the method o( 
inspection^ Spd is the one most largely followed U is, however, 
of some difficulty on the part of the* beginner, and can be mas- 
tered only after a good aeal of practice. • • 

Note the following results of multiplication : 

(ax • b)(cx + { ( - b)c-\-ad}x+( - ^) x 

(ax 'k^bXcx d)^acx* {bc-k- a{- d)}x X { d), • 

(ax-b)(cx^(i)^acc^+{(-b)xc+ax(’-d)}jif^(-b)( -V). 

• • • 

The co-efficient of x in the product in each case is the sum 
of a pair of algebraical factors of the product of the co-efficipnf 
of and the third term. We thus obtain the following ruleaf : 

^ ( I ) Mulii'ply together the coefficient of x^ in the given trinomial 

and the third term. 

(2) Break uf the product into two factors of which the sum 
or differe7ice is equal loathe coefficient of x according as the Product 
is positive or negative ; express that coefficient as such sunt or 
difference s then arrange as in the following examples. 

Ex. 1 . Factorise 8 ;r*+ 2 2.r+ 15. 

8 x i5"«i2o, which is positive, and the factors of 120 of which 
the sum is 22 are easily seen to be 12 and 10 ; 

/. 8 ;r* + 22:r + 15 = 84 ^*+ I 2 jr+ iQr + 15 

= ( 2 ;^+ 3 ) 4 ^ 4 -( 2 X + 3)5 

= =(2^ 4^3X4^+ 5 )- 

Ex. 2. Resolve 3aa:®+ 13^-56 into elementary factors. 

3ox(- 56)— - 1680, which is negative ; and the factors of i68o 
of which the difference is 13 are 48 and 35 ; 

/. 3Q^*+i3^-56-3cur* + 48;r-35jr - 56 
«dar( 5 ^ + 8 )- 7 ( 5 ^ + 8) 

"( 5 -y 4 - 8 )( 6 y- 7 ) * 

. * IQx. 3 * Decompose into factors 1 2jr*^ 1 7j:y+^, 

12x6 — 72, which is positive. Also the factors of 72 of which 
the sum is 17 are 8 and 9. • 

i 22 :*-i 7 A‘y + 6;r*—i2;r*-9;ry-'8jrj^+6y® 

- 3^(4^ - 3 y) ^ 2^(42: - 
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Ex. 4 . Factorise 28^3i<a-Sa*. 

-5>c 28» - 140- *-35x4 ; and Utit diffennce of 35ia*nd 4*«»3i. 
Exhibit the work thus . * I 

28 - 31a 50® -128 + 4a - 350 “ 

« 4(7 + a)r 5^(7 + «) = (7 + o)(4 - 5«)- 
To apply the First Method, we should proceed thus : 

- - 5 (<* - 1){« + 7) - (4 - 5«)(7 +«)• 


Ez. 8. Resolve 24^*- 26r^+ 5 into Its simplest factors. 
24X 5 »i 2 o, which has for factors 20 anc^ 6. 

•. 242:* - 261:*+ 5 = 24y* - 26y +■ 5, putting y for x\ 
=24)'*-6^-2q>' + s 
-^(4y-0-5(4J'-i) 

=(4y-i)(6y- 5) 

■=(44r* — i)(6r*- 5), restoring x* for y, 

-{(ar)*-i‘K6r‘-5) 

=(2jr-iX2f+s)(6r*-5). 


Note- We covild h»ve proceeded by putting the preceding given 
expression as the difference of two squares. 

Thus, 24;r* - 26r» + 5 - 24 ^x* - 

' i 4 -(4^’ - - 5)1 
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' It is important to note that these methods will not succeed in 
all cases, as (bjr example, in expressions like Such 

cases will be treated late^ on. * • 

examples 

Resold into elementary factors : 

L 2;r*+5r+i. 2. 2x^ + 5r+2, 8. 4ar* + 5;r+I. 

• 4. 3 a*+ion + 3 , 6 . 2a^+7a+6. 6 . 23*4-9^4* 4 . * 

7. 6 ***— 5^4-K 9 . 6ir*-i3;r4-6. 9, lotr* — 23^:4- 12. 

IXO, i2^^-i7>'4-6. 12- 8^-I7>'+9. 

18 . 2a*-^i-i* 14 . 3 ;r* 4 - ii 4 r- 20 . 16 . 4 :ir* 4 - 11^-3. 

16. 4 jr®-^- 3 . 17. nox^+x-i. IS. i 23 ^’- 54 . 

19 . 2-54r-5jr2, 20 . 284-3.r-4:2. ‘ 21 . 30 - 1 ur - jar*. 

22. i5-77jr4-iQr*. 23. 6«*4-5S«-5o. 24. 124 -/- 20 /*. 

26 . 8r*-65r4-8. 28.*24r®- 29^-4. 27 . 64r* 4 - 128^4-63. 

28 . 3r*4-23ry4-i4y*. 29 . jr*- 5ar;/4-2oqy*.’ 30 . 72a*- I45nd + 72^*. 

31 . 18-330^4-5^1*^*. 32 . 24^-37£^-72<i*. 38 . 42jr*-4ijy-2qy*. 

34 . 6 r* 4 - 382 :- 28 . 86 . i2jr* + 6 gLr 4 ' 4 S. 30 . 4 ar*-i 9 Qr 4 -i 7 S* 

37 . 7ar* 4 - 1230^ — 540.38, 7o*jr*4*i23ojt'- 54. 39 . 0*^-0*^*— 2 fl 5 *. 
40 . 6r*-i5;r*-9ir. 41 22:* 4 - 7.r* 4- 6. t 42 . 6r*- 19^*4- 14. 

43 . i 4 .rV“* 9 *'V'"i 5 ^V' . 44 . 72 jiry- I 02 r*>^ 4 - iSay. 

46 . a^ 4 r*-(o* 4 -^*)r 4 -o^, • 40 . 20o*^^*4‘iio^^*«f 3^:*. / 

CHAPTER VHI. 

Algebraical Laws and Processes. 

06 . In the previous chapters we have made use of some laws 
of ordinary Algebra without naming them. We proceed to make 
a collection of these laws. 

( 1 ) Law of AsBOoiation : The operator 4- or - before any 
number of quantities connected by 4- or - and taken as a whole, 
may be applied to each, attending to the usual rule, viz., /t^e signs 
produce +, and unlike signs produce 

Illustrations : For Addition and Subtractibta . 
f4“(4-<i— ^)®=»^4-(+«)4'(— ^)’»^4-a— ^ ; f 
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A similar rule applies to the signs of multiplication and division. * 
Thus . 

(2) IiaV of Cbmmutation : In any chain of addition and 
subtraction, or of multiplication and division, the order of opera- 
tions is indifferent. 

a 

For Addition and Subtraction, 

For Multiplication and Division, 

It is easily seen that 44-2 x 5**io— 4X 5-7-2. 

(3) Law of Distribution for Multiplication : The 

product of two expressions, each of which consists of a chain of 
additions and subtractions, is equal to the chain of additions and* 
subtractions formed by multiplying each term of one expression 
by each term of the other, the partial products being subject to 
the usual rule of signs, vig ^ like signs give -i-, and unlike signs 
give . 

(<i+^)(r + ^)«ax(-hr) 4 -< 2 x(-l-t/) + <Jx(-hO+^>^( + ^) 

=‘ac^ad’¥dc-¥bd. 

(a - - ^=ax( + r)+a(-^) + (-^)x( + (r)-h(-^)x(--i/) 

^ac-^ad-'bc’^ hd. 

The law of distribution for diyision applies to the dividend 
only ; — 

CHAPTER IX. 

Harder Work ow the First Four Rules. ' 

Ex. 1 , Subtract — (ox® + Ar - tr) from {Ix^ - 7 nx + «). 

V «-(-^)»<2-l-^, we have to add ax^-^-bx’^c to \ 

/. the reqd. result « (&* - mX'\‘ n) + (ajr *+ bx - c) 
•»ix^-{‘ax^^mx’^bx-\>n^c 
t ^ {i'k‘a)x^-k-{b--m)x-¥n-c. 

Ex. 2 . Find the sum of + 

2«, and + 

+ («* + 2« + 2)tf*. 


HARDER.WORK ON THE FIRST FOUR RULES. 6l 

Arranging the terms, 

(«*+«+!)(!** ^ +«®a* 

" ♦ 

Note. Observe that the coefficient of a® in the required sum 
= the sum of the coeffi^ents of a® in the summands 
= the sum of I?® -I, and -w’® -« + 2 

.*=||8 +2. 

Ex. 3 . Multiply i)a* + («-/« + 1 )i!i + 1 by u- 1. 

+ i)« 4 - 1 

<*- 1 

l)«* 4 -(«- w+i)a®-(w- 

Reqd. product • c^-^nta^ -f — yta* 

Ex. 4 . tind the coefficient of in the product of 

x*-ax^-k-dx^-cx+d by x^+^-k-g, C. U. 1885. 

The student may multiply up actually, but the following is a 
shorter method : We have^ only to find out which terms of the 
two factors give a product c< 9 ntaining x*. Now, x^ occurs in 
jr* X bx^, px X ( ^ax^) and g xx*. Collecting these terms, we have 
{b~-ap^g)x* ; hence the required coefficient ^ b-ap^q . 

f* 

Ex. 6. Find the continued product of 

a^-b -k b c- cAr a - b^ aArb-c, C. U. 1866, 1867. 

Art. 46, 

+ Art. 46. 

{c+a---b){a^b-‘c)=^{a--{b-c)}{a-b(b^c)} 

* . 

the required product ««(^ 4 - 4- 

« { 2^^* 4- (^» 4- - a*) } { 2^ dr - (^* + - ««; } 
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Now, {i*+^*-a*)*={(^*+^*)-a»>* 

-(«>+c*)*+<«*)*-*(«*)(^*+i:»), Art. 46, 

— ^ + tf* + <1* — — 2aV^* 

/* finally, the product 

- 43*^* - 3* - 23M - ^ - a* + 2 £j* 3^+ 

, *23V* + ^®a® + 2/r23* — a*-3*-f*, 

Ex * 0. Divide + 

by (a-3)ir*-(<r-^i)32. C. U. 1883. 
Arrange the terms in the order of the powers of c. 

/ (tf - 3) g* - 3^^* -t- /»3^r ^ 

(6Z - 3)*£* — («3* - 3®)^ + <2*3® - fr3® 

(a - b)'c^ - {a^ - y )^+ 

The required quotient ==^4'(«-3), or a-3 + ir. 

EXAMPLES 33. 

Add together 

1 . (rt+3>r+(^+/<ly, (.^-3)ar+(r-<f)>'. 

2. (« + «)*■* + («- 4, (w-^).ar* + (;^*- w+ Ojr + fi. 

8. (^* + 23--i:)^ + (fl-3-r)<7+f;' + 1, (3 + r-a)r+2 + (6-3-fl)/J + 3^, 

- - 3 + r)^ - (3 + a)7' 4- (<2 4- 4* - 3)^ - 3, 6^ 4- 4- c)r’^ cp-^2. 

4, (34-r)w-(r4-^7)«4-(^4-23)w;7, - (<2 4-3)«-(£-4-«)w«4-(3-r)w, 

-(2fl4-r-3)w4-(«-»' 2r-3)«, (23-a4-4);ww4-(<i— 3-^)w. 

5. (»*4'«4-r)a3-(2w4-«4'r)3tf'4-{«4-2 ^'‘- * 

( 2 /« 4- 2« — r)3£ - (2r4- 2n - ;«)(23 4- («« - « 4- r)ca^ 

and {2m’^f^^-(2n’-r)dc'\‘{2r’^m)ca. 
0, (x-{-y^2z)a^{^-^Z‘-2jf)d + (j-^z-2x)c, 

- (.*• -j/ - z)c+{x 4- 25^ ~ 2y)/i 4- (2^ 4-;r^4' 2S')3, 

(2.r 4-j' ;?)3 - (4r4-y - ;?)« 4- (2;r + 2>^ - fi')r, 

and (jr4-y)ij-(4r-^)34-(y-a^)r. 

7, (;«* 4- 2-8- - (jT - z)a^S ^ + (f 4- fi' -^)3% 

+J' 4- z)a^t^ - (ar - jer 4'y)flP -- - :ir)3», 

and (r - 2 y 4- s)a^ 4- ( 2 ;r +>'4-^)3* 4- { 2 y - 2 js' 
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HARDER WORK 0^ THE FIRST FOUR RULES. 

8; (/- iwjf- 2 n)iifl^^ (2/- 2 w + 

(3/- 2«rf + + («+#;>- /)«*■ + (2 W - « + 3/)<^*■^^ 

(/ ^ m r (2iS + « - + (3 wi -4- 2^- 2/)4<’*■^ 

and (/ + ^ + + (211 - m - - {zm - / - 2 «)ii*'^’'. 

Subtract • 

9. {x^y^i )pq - (y - + (.r 

from ( 24 r-y + 3 F)r/+;^F + (‘^+JS'->'+0F^‘ 

10.. (2/+ w)r**y*-J-(/+ wi + w):r’»-(w + «-/)/* * 

• from (2W + 2« - /)y‘+ (»* - /“ «):r"* +(3/ + 2*w - «)Lar"y*. • 

11 . (^- 3 - 2 a)Lr** + (r— 34 *d!);r*-(a + ^- 2^)Lr»‘ 

from (7a + 2/^ - ^rjar"* - (3^:+ ^ - 2a>r** + (2^ - « - f);r**. 

• 12 . 

from (fl* - \b^ - + 1 -. ^8«a. 

13. (a* + - ^*);ry — - £*)y*.&* - (r® - 2^2!^: + a^)s^x^ 

, from - 2^)y*F* + (2«^ - - 2 a^)s^x^ - («* - + d*)Lry . 

Find the product of ^ 

14 . x^+(a^p)r+ a^-a/ + q and jr-^a, 

15 . .ar*+(a-2^)r+<i®+3^* and jr-a + 2^. 

16 . i)jr+ i and jr+ i. 

17 . a^+(w + «)a® + 2w«a+ 1 and (w + ^)«- 1. 

18 . .r*-(<i+^)4r + <i^ by 

19 . (;r + 2r)y*+(^*-2S'2jy-.rjs'(jir+js) and^ + «r-.r. 

20 . a^b-^)+b^(c-fr) + c^(a--b) and a + b^c. 

21. jr+y+jBT, jr^y-j^,y+s-x, £r+x-y, (Continued product.) 

22 . Find the coefficient of jt® in the product of 

• 3ar*-3;ir®+.r*-;r+2 by 2 ;r®- 3 Ji:*-;i: 4 - 1. 

Find the* coefficient of jt* in the following products : 

23 . (4J*r®-3X*-2jr+i)(2;r®-3.;r + i). 

24 . (7j:*-2Jir*-i)(2;r®~.ar*-2jr-3). 

28 ; (4;r® + 32:*-2jr*+;i:*-jr+ i)( 24 r®-.a:®+jr- 2). 

26 . (ax* + Aa:* + ^:r + r/)(ax^ ^bx+ c). 

27 . (tfar®+ 6 .ar® 4 - 7 )(«^* + ^’ 

Divide 

26 . x^-{‘(a^ b-- c)r*-h(bc’~ ca •~ab)x •¥ abc byx-^a andx^c. 

29 . j^-‘{a^*“ab-^b^)x^ab{a^b)by x-^b andx-a+b. 
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30, a ® + (ot 4- l)(a^ + 4- by 

31. {a’^d)(di>x)-^{c-a){c^x)hy 

82. by a-^ tod 

33, x^{y -xr) +y(ar by x and - x'. 

34, x^(y - xr) +y (x' -4r) -»t £\x - y) by jt - y and xr + y + s'. 

35, x{y* - X*) - r*) + jr(jtr* -y) by (^t-j'Xy “ ■*■) 

86. - xr)® +>'(xr -jr)* + Xv> by r(y - sr) + (y* - x®) 

37. l)Cy+ l)-^r(y+ i)*4^(xr+ 1)® by jr4-y(2J:4- 1). 

88. xr* + 5/zt* + (2Sa-^-29)^®-'5{4ii4-^-4/^4“4^ by jr® 4- Jr -4. 


CHAPTER X. 

Elilmentary Equations. 

66. An Equation is a statement of the equality of two ex- 
pressions Thus 2jr + 3-i7, ar4-^'*cr4-/^, and 2.r + 3y 

are all equations. 

If we enquire what value of 4: makes 24r+3*7, we shall find 
that It is 2 ; for 2 x 24- 3 **7 Here x is regarded as the variable 
or unknown quantity^ and its determination is the solution 
of che equation. 

The following axioms and principles, which will be very fre- 
quently used, should be carefully mted. 

Ax. I. If equal quantities or any the same quantity be added 
to equal quantities, the sums will be equal. 

Thus, if a^b, then <*4-£’=^4-^, 

or if and then a4-i:—^4-<f. 

Ax. 11. If equal quantities or any the same quantity be sub- 
tracted from equal quantities, the remainders are equal. 

Thus, if <2**^, then a-c^b--c^ 

or if a^b, and then a-^c^^b^d. 

Ax, 111. If equal quantities be multiplied by equal qu#nliti;s 
or any the same quantity, the products are equal. 

Thus, if then ma^mh ; 

or if a and then ac^bd. 

Ax, IV, If equal quantities be divided by equal quantities or 
any the same quantity, the quotients are equal. 
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Tliu$, then 8 

prifx-,,'a»d« = «.lhen:^U * * 

tft 

• 

^7. *Friiioi)»l0 of Vramsposition of Terms : term 

may he if attsf erred from one side of an equation to the other ^ 
provided its sign be chane^ed. • 

Pioof : Let a^-b^c • 

Add ^;to 6oth sidfes of the equation ; then 

a-b‘\rb^c-\rb Ax I. 

ue , a^C'^b. 

• Thus ^b, which was on the left-hand $ide of the given 
equation, appears as +3 on the right-hand side of the deduced 
equation, ^ 

Again, take tf+^s*r. 
jjSuhtract b fropi both sides ; 
then aArb-'b^c^b \ Ax ii. 
i>, a^c-b. 

Thus •¥b transferred from the left-hand side of the given 
equation appears as on the right-hand side of the equation 
finally obtained. 

• 

68. Change of signs ; If the sign of each teim of an equa- 
tion be altered^ ike two sides of the equation will still be equaU 

For, let a - * * • 

Multiply eacfi side by - 1 ; 

then-i(<?p^)^ ; Ax. m. 

66. The mode of solution of simple' equations will be best 
i1)u$trated by the following examples. 

a 4 * 

Sn. X. What value of x will make 7^«»35 ? 

Divide both sides by 7 ; then 4ns* * 

% What value of y will make 5y+9««3y4a ? 

First redbce it to the form of Example t* To do thist bring 
over by transposition to the left side thh terms containing the 
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^Ata£B^A. 

unknown quantity, and likewise bring over the known terms to 
the right side. t ^ ‘ 

Since- 5 y+ 9 *“‘ 3 y+<*> 

transposing 9 and :y^ 5y“'3y-2*9f ' 

divide both sides by 2 ; then j'— - J. Ans, 

32 : 1 . 8. Solve the equation 2jr-{7-^)= 11 — (^6-§:r) 

Rempve brackets ; then 2-r - 7 +;r = 1 1 - 26 + f s: ; 

22 r- 7 -. -I5 + J,r ; 

/> 5 zj of fractions^ multiply each side by 2 ; 

then 14— -30 + 9;*:, 

Now reduce ihe Iasi equation by iransposttion to ike form of 
Example i; that ts. bring ike ietms containing ike unknown to one , 
side of the equation^ and the iei ms with known quantities to the 
other. 

Thus^ 14-30. 

Change the signs ; 3r 16. 

= Ans. 

N..B. The begmner should verify the solution. Thus in the given 
equation, the left side-2 “(7 “ S")~9» and the right side aUo 
=cn-(26-SxJ^) = g. 


EXAMPLES B4. 


Solve 


1. 

7x 

* 42 - 

2. 

ii.r—14, 3 . 

^ 4 - 3 “ 

30. 

4. 

I 2 jr 4 -io- 

70. 

6 . 

ejr4-i4**44- 

6 . 

2-r + 9=* 

7. 7 

4 jr- 5 - 

15. 

8. 

i8jr-'i7- 

37 ‘ 

9 . 

3 ^: 4 - 11 - 21 . 


10. 

7X-S 

« 40 - 


11. 

2 jr*l- 9 s »4 


12, 

112 : 4 - 15 - 9 - 


u. 

7 ^ + 4 

- 7 h 


14. 



16 . 

3 ^ 

-i-J. 


18 . 

lx- 2 



17, 

Jr-i-f 


18 , 




10. 

a-Sy 

-2. 


20. 

4-9y“-i. 


k. 

2Jr 

^yt-{ 2 x 

-0 

. 23. 

7X-1 


28. 1 

mm 

1 

1 

1 



24 . ^ 4 ^- 5 -^ 22 r + (iar- 3 )* 

26. ' (ar-3)4'(3^-^2)*«».r-4. 

28. 3(:r + 2)4^5 - 5(^4- 4)- 
30 . ar 4 -i*»i(;r 4 - 5 ). 


25* 32r4-2“(ar-t)fi-4**^. 

27. 2(jr4-i)-3('*’+S)* 

20 . 7 (iX^ 2 )'¥^(x^ 4 )^X^ 6 . 

31 ;r+2*f(2jr4-9)^ 

33, 7-3jr^ii--5Mr. 



tuXirsiAiijow m^ro Atjeie)9ft*iCAL tuNCUAGfi. # ' 

• 84 . 9 - 4 A‘- 7 - 5 Jif. 

88 . a»f-s-* 4 ~( 7-4 


38. &e--S"‘SJe-<^-2y 
40. - 1 - 3 (* + 1 ) - a. 

44. 4(x-3)-j(r-2). 
44. diirH?8-«9(ar+l) + 2. 
48. i*'+J“S- ’ 

46. i(A--i)-J«r-S. 


88 . 4 -S 2 f-» 3 -»( 4 -a*). 

87 . 3-(a-jr)-*-*r. 
8 &. ix<-Jaf- 6 .. 

4 »w a'+ 4 »*{'*’+ 0 ~*- 
48. %?r+4».ioir+i. 


45. 5(»^-3)“7(J-'«f)* 

47. i(2r-i)-J<a^-3)« . 
40. f(a^-2)-i-A(J(jr-7). 


50, For whM value ofx is 4-2;r-(3^+ 5)-7-f 2Jf-(2 4-9*r) ? 
dL For vrhat value of 5* is i?+i-( 2 jBr^i)- 3 £r ? 

52. When will w + 3 “4-7/«- 5(2#«+ 0 ? 


CHAPTER XI. 

^ Translaiion into Algebraical LANOtJAGi:. 

^ ♦ 

70. The following examples are intended to show how any 
proposed quantity may be expressed in alRebraical symbols. 

Ex. 1, A man having a son and a daughter, is 20 years older 
than the son, and twice as old as the daughter. Denoting the 
>«on’s age by -r, find the daughter’s age. 

The son’s age in years • 

Since the father is 20 years older than the son, 

the father’s age in years + 20 . 

Since the daughter is just half as old as the fatiier, * 

the daughter’s age required«*i( 2 r+ 2 o)«=|:r 4- 10 * jins» 

Ex. A horse and its saddle together cost £y» If the horse 
costs £{ 2 X^<t\ what IS the price of the saddle ? 

Cost of horse + cost of saddle— 

and cost of horse— ; 

. ^ . A cost of saddle»{y-(aar*a)} in 

^£{y^ 2 x^ 0 ). Am. 


EXAMPLES 35. 

^ I* By how much is x less than a ? 

2. What must be added to <t to tnalce 3 ? 
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» 

ft. What is tile quotient of 3 divide4 b| 2jr ? 

4^ Tbe product of two qumber&is ar. and one 6f them is y ; 
what i$ the other B ^ 

ft. In A division sum, the divisor is and the remainder is 
Ic { what is the dividend, if the quotient is x ? 

6. In a division sum, the dividend Is and the remainder is 
h ; if the divisor be denoted by -jt, what Is the quotient ? 

T. The difference of two numbers is 8, and the greater of 
them is o ; what is the other ? 

8. How many pictures each worth 4j/can be bbiight for £y ? 

8. If mangoes are selling at x for an anna, what will be the 
cost in rupees of ^ mangoes ? 

10. What is the price in pence oix gooseberries at fourpence 
a score ? 

11. X persons pay 5) in equal shares. What is the shaie 
of each in shillings ? 

12. The sum -of 2 X shillings ‘and 30 pence is pounds; 
express this statement symbolically. 

18. How many hours will be required to make a journey of 4 
miles at the rate of 12 miles an hour ? 

14. A man travels at the rate of miles an hour, and is out 
for p hours ; how far has he travelled ? 

15. If I can walk x miles in m days, what is my rate per hour } 

10, Find three consecutive numbers of which the middle one 
is 2W. 

’17. Write down the product of three consecutive odd numbers 
of which the middle one is 24r+i, and find the product of the even 
numbers just before and just after ar+i. 

18. A man is x years old i what will be his age a years hence, 
and what was his age a years back ? 

10. How old is a man who in x years hence will be thrice as 
old as bis eon aged 5 years now ? 

20. In 7 years hence a boy will be x >ears old ; what is- tjhe 
piiesent age of his father, who is twice as old as the son ? ^ 

21. If A can do a work wlnx hours, how much work does be 
do per hc^r f If B can do the same work in y hours, what is the 
rate of work per hour of A and B together ? 

2ft. How long will it take a mao to walk m miles, if he walks 
at the rate of n miles In hours ? 



SlMl»Ltt j^ROBLSMS^ 


28. A iu)4 B to play a gan^« having tasj^ctively 
and A loses but afterwards sains half of what B baa at 
tfte beginning of the secorAl chance* Find the iponey* of each at 
last. , * 

24. A bag contains in sovereigns, shillings and pmct* If ^ 
the numbers of tlse sovereigns and shillings be respectively y and^ 
z, dnd the number of the pence. 


CHAPTER XIL 

Simple Pkoblems. 

• 71. Solution of equational problems involving one 
» unknown quantity. The method of procedure is as follows t 

Dmote the unknown quantity by a symbol x, and fxprtss in 
algebraical languay^e ike conditions of ike question^ solve ike 
resulting, simple equation, 

Bac. 1. Four times a number, diminished by 2$, equals 63 \ 
dnd it. 

Let X denote the number required. 

Then, four times of it««4;ir. 

.% four times the number, difhinished by 25-i4x-25 ; 
by the question, the last results 63. 

4jr- 25-63. Now solve this equation. 
Transposing, 4jr-*63 + 25-88 ; * 

dividing both sides by 4, ;r— 22, required number. Ans. 

N.B. ■frerify the solution thus ; 4x22- 25:^63. 

1B»X* 2. A and B begin to play a game with equal sums of 
money. After A has won Rs. 4 from B, he finds that he hat then 
f of what B then has. What sum had each at first ? 

Let denote the required sum in rupees. 

/ A wins Rs. 4, and B of course loses the same amount ; there- 
fore after the play A*s money in rupees— 2r'f4i 

and B*s „ «;r-*4. 

Since after the play A’s money — f Of B’s, 

by the questioiS|.;r+4.-|(;r*^4). 
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To «0lV€ U of fractiona by miiUi^iyiogr eae:h siije by 7, 

Thtis*, , 7*^+28«9(xo-4)-*gr-36 5 

transposing, yr - 9;r » - 36 28 ; 

t\e,^ ^ -ar»-64; 

* changing the sign, zjr«64 ; *• •* 

dividing both sides by 2, x—jj. 

/, the sum iequired“Rs 32, Arts, 

Aftet the play A’s money =Rs. 3211- Rs. 4=Hs 36, and B’^ 
motley seRs. 3a -Rs. 4 = Rs. 28, and 36*5? of a8. 

EXAMPLES 38 . 

h Four times a number increased by 7 Is 51 ; find it 

2. What number multiplied by 12, and then diminished by 14, 
gives 82 as remainder ? ^ 

8* If 5 be added to a number, and the sum be multiplied bv 
16, the product is 144 ; find n ^ 

4 * What number is greater than two-thirds of itself by 60 ? 

8. What number is less than 35 by two-fifths of itself ^ 

6. When a number is divided by 5, and the quotient is in- 
creased by 7, the result is 23 ; find the number, 

7 -, The quotient of a number j^y 12, being diminished by n, 
gives g as remainder ; find it 

8. What number is as much above 17 as under 25 ? 

9. certain number be increased by 5, the sum multiplied 
by 5, and the product diminished by 5, the result is 70 ; find the 
number. 

10 . Find a number such that if it be diminished by S, the 
remainder divided by 6, and the quotient muUiplicd by 79 the 
result is 84. 

IL What number should be subtracted from 17 in order that 
the remainder may be'less than two-thirds of the same by 3 ? 

12 My annual income is Rs, 40 ; by what sum should it 
ini^rease in order that the new income may be six limes the 
inct^ase ? 

13 A person spends | of his income, and has Rs;, 100 left . 
what is his income f 

14, Half of an income goes to pay the butcher’s bill, and one- 
third to meet the other expenses ; if the remainder be Rs, 80, 
udiat is ^e whole income ? 
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1$. A m<n be(]uetthed tW6-thirds of his prap«ny to his tidfe, 
and one-fourt*h to his jon rif he has still property worth 
what is the value of the whole propet ty ? • 

16 . After Cutting off one-third of a. log of wood, and then dne* 
fourth of the remainder, I find that the log still measures t yards ; 
determine its ori^nal length 

17 . I give away two-fifths of a stock of rice, hnd then two* 

thirds of the remainder ; if 20 maunds are now left, what vms the 
whole stock ? • 

18 . A jmaft spends V2, and then borrows as much as he has* 

left ; he afgain spends £2, and again borrows as much as he has 
left ; he finally spends £2, and has nothing left. How much had 
he at first ? . 

* 19 . A and B begin to play a ganje with equal sums of money 
After A has won Rs. 10 from B he finds be has five-fourths of 
what B then has ; what sum had each at first ? 

20. A and B have equal sums of money ; B gives A £$9 and 
then takes one-third of A*s money ; after these exchanges, they 
have again equal sums j what sum had each at first ? 

, 21 . How much water should be added to 32 seers of milk at 
3 rts. gp per seer, in order to reduce the price of the mixture to 
3 as per seer ? 

22. Assam lea is worth Re. i. 9 as, per lb-, and Ceylon tea 
Rs. 2 per Jt». ; what quantity of Assam tea should be mixed with 
12 tt>s. of Ceylon tea, in order that I may neither -gain nor loBe by 
selling off the mixtuie at Re 1. 14 af per It) ? 

23 A man buys a certain number of oxen at Rs 45 per head, 
and immediately two of them die ; he then finds that he should 
charge Rs. 5 more than he paid per head, in order^o clear his 
outlay. How many oxen did he buy ? 

. 24 . A has Rs. 150, and B Rs 210 ; what sum should A give 

away to®, in order that A may then have just half as much as B ? 

85 . A spendthrift ran through one-third of his fortune in 3 
months, one-fourth in two months more, and five-sixths of what 
was left in 7 months more ; at the close of the year he had only 
£yS left. What was the original amount of his fortune ? 

86. • I Iny out on business a certain sum of money, and gain 

successively half and one third of it. If I have at last £itOf what 
was the outlay ? * 

87 . i bought a certain number of mangoes at 3 pice apiece, 
and then half as many at 4 pice apiece, and gained 5 pice by 
selling the whole at 3} pice apiece. How many did 1 buy at first ? 

88. A zemindar lets out twd-fiftba of his estate, and has in bis 
own hands 80 btgbas more than a half ; how large is the estate ? 
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When more than one unknown quantity m 
denoite due of the unknowns by ;r«.and tmn express the rest in 
terms of it . r ^ 

Ss;« Xp Find two numbers whose sum is Boo, and difference 6o, 
Let denote the smaller number* 

Sinco the difference of the numbers is 6o, thjp larger number « 4 r+ 6 o. 
Since the sum bf the two numbers is Boo, 4 r 4 -(x 4 - 6 o)nBoo, 

** *>., ?4r+6o-*8oo. 

Now solve the last equation. 

Transposing, 2^** 800-60 ■•740 ; 
dividing both sides by 2, 2: ••370 ; 

jr + 6o*370 + fo«^43p. 

A the required numbers are 370 and 43 o» (Verify). 

HiL 2. Divide 80 into two parts, so that 10 times the smallef 
may exceed 200 by as much as 7 times the greater falls short of 

450. 

Let X be the smaller part. 

Since the two parts together make up 80, the larger part«»8o«-x. 
By the problem, 10 times the smaller part -200 
—450-7 times the greater. 
ior-2oo«45o-7{8o-;r)«45o-56o+7^ ; 
transposing! lox - 72: » 450 - 5604- 200 - 90 ; 

^ 3 *^ “ 9 ^ 5 

dividing by 3, * 

80 -2: -so 

the required parts are ■;o and 50. (Verify). 

Blc, 3, ^ Divide j(^Sg between A, B and O, so that G may have 
;£jo more than A, and j£t2 less than B 
Let C’s share be 

Since A has less than C, A's share -/(x^io). 

Since B has £12 more than Ot B’s share — j£(2r4-i2)« 

A the total sum-;£y + j£(2r- !o)4';£(2r4'l2)«;£(32r + 2). 

Now, by the question, this — ;£89* 

^ + 2-89; 

tcansposing, 32: *» 89 - 2 « 87 ; 

dividing by 3, jr— 29. 

/, 2:^10 — 19, and 2 r 4 'i 2 - 4 i- 
the shares of A, B and O are respectively /to, £m and 

N. A The student is advised to work out the problem by represent 
ing Awsbotiey by x. 

lAi 
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Sjc. toilbs at $s* 6^. par Ki ; 

1 spend /4. 2t.«on them, and get a8 lb#, in Ml » ixmeh of each 
do I boy? t ^ • 

Let X denote the quantity of tea In lbs. * * ^ 

Then, since the total quantity boogSt is 28 lbs«, the quantity of 
cofifee in lbs. ** 38 -%x, * 

The cost of jr lbs. ftf tea at 2s* 6 d per Ib.-a’fx shilUngs* 

« The cost of (28.-4:) lbs. of coffee at 3^. 6 dl per lb.*** 
shillings. « 

.*• ^e (btal cost^n shilling3<«|4:+| (28-4:) 

-| 2 r 4 * 08 «-} 4 r 

« 98 -x 

By the question, the total cost«ij4. 2r.«82^, 

• /. 98-4rs»&2 ; 

transposing, -4:— 82-98 =» - 16 ; 
changing the sign, 4:««i6. 

,% 28-r«i2. 

T". the quantity of tea required*** |6J^. 

„ „ „ coffee „ — 12 lbs . 

EXAMPLES 87 . 

1 , Divide 60 into two parts such that their difference will be 

equal to thrice the less. . a. 

2. Divide 88 into two parts such that one part wHI exceed the 
other by I 3 . 

^ 3 Find two numbers such that their sum is 50, and 
difference 20* • 

4 . Find twd consecutive numbers such that their sum is 91. 

6. The difference of two numbers is 30, and five times the 
greater equ^ nine times the less ; find the numbers. 

6* The sum of two numbers is 98, and the greater exceeds 
twice the less by 14 : find the numbers. 

7 . ^ ^pivide 32 into two parts such that twice the greater added 
to thripe the less may be 76. 

5, Divide 45 into two parts such that fourth of one part 

may be equal to a fifth of the other. ^ 

0, A third of one number is a fifth of another, and their 
difference is 40 ; find them. 

10 . Divide 93 into two parts such that 14 times one part may 
be equal tor 17 times the other. 
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ll* Divide iRs 200 between A and B that B may have 
Rs. 30 more thab A. ' 

^ lA Divide £a!^ among A, B and^ C, so that A may have 
tWtce aa much aa B, and B thrice as mnoh t\4 0 . 

W. A has £6 more than B, B has £S moie than C, and they 
have ;^58 between them.' How much has each ?*“ * 

A has Hs. 10 more than B* B h'as Rs. 6 less than O, and 
they h,ave Rs 178 between them. How much has each ? 

15 . A, B and have a certain sum among them* A has 
one^haif of the whole, B one-third of the* whole, ^and 0 
How much has each ? 

16 . A has £20 less than B, O has as much as A and B 
together, and they have ^£164 between them. How much has each ? 

17 . Divide ;£i 40 among 4 men and 6 children so that each' 
man may have twice as much as each child. 

18 . Divide i^i66 among 8 men and? 10 children so that each 
man may have ips less than thiice as much as each child. 

19 . Divide £1200 among 60 boys and 80 girls so that a boy’s 
share may be thrice as much again as a girl’s 

80 . Divide a purse Worth Rs 271 among 10 men, 12 women 
and 20 girls, so that each man may get twice as much as a woman, 
and each woman Rs. 4 more than each girl 

21 . Divide Rs. 952 among 32 men, 40 women and 60 girls so 
^ tha# a woman may get Rs 8 les^ than a man, and Rs. 6 more 
than a girl. 

28 A subscription of ;£i75 was raned by A, B and C. A 
subscribed as much as C and ;£io more, and B subscribed as 
much as A' and ^£30 more. Find the contribution of each 

23 Three brothers divide a legacy of ;£36o in such a way 
that the middle bi other gets ^£40 more than the eldest, and ;£4o 
less than the youngest ; find the share of each 

24 . A man gave away Rs. 29 to a batch of old men and 

women, 24 in all j if each man leceived Re. i. 4 and edch. 

Avoman Re. i. 2 as,^ how many of each sex were there ? 

25 . A sum of money is divided between A, B and O ui such 
a way that A and B have Rs. 80 between them, B and C Ss 100 
between them, and C and A Rs 90 between them ; find the share 
of each. 

sS. A and B have, Rs. 100 between them. A gives B as 
much as the latter had originally, and then fihds that B*$ purse is 
now four limes his own. How much had each at first ? 

27 * ^ A father’s age is thrice that of his son $ in 8 years the 
father will be twice as old as the son ; how old are they ? 
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tS. A fatbei‘ is older than his son by «o years ; in lo years 
hence the father will be tyrice as old as the sow ; bow old ate 
they now ? • * ^ ‘ • 

99 , *Tbe sum of* the ages of a father and his son is 4s 
and 9 years hence the father’s age will be thrice as great as that 
of the soi^ ; find tjieir present ages. • 

90 . The sum of the*ages of a father and his son is 46 year^» 
and 7 years back the father’s age was thrice as great as that Of 
the son ; find their respective ages. , * 

SI. I^spend a certain sum on oranges at 2 a penny ; *had they 
been offered at 3 a penny, I would have got 8 more for the same 
sum. How many oranges do 1 buy, and what sum do 1 spend ? 

82 . I buy two kinds of tea for ;^35» one at ir. per ®)i and 
^the other at ir, 6d per Ib ; if the total quantity bought be 520 lbs , 
how much of each kind was iheie ? • 

33 . I buy some hens and geese, 65 in all, the hens at is, W 
per head, and the geese^at 2s. per head ; if the total price paid be 
9^1 how many hens are bought ? 

84 . * I sell 45 lbs. of coffee, some at is 3d per lb, and the rest 
at is gd per lb , and realise £3 Hs gd by the sale ; what quan- 
tities have been sold at the different rates f 

85 . I bought 25 yards of cloth for Rs. 223 8as ; for a part I 
paid Rs. 8 8as. a yard, and for the rest Rs. 9. Sas, a yard ; how 
many yards weie theie at each price ? 

38 . A can copy 40 pages ^of a manuscript pei day, and B 6a 
pages per day ; how long should each work in older to finish 320 
pages in 7 days ? 

37 A milkman buys a certain quantity of milk at 3 as pei 
seer, and then adds water so as to make up a mixture 20 seers f 
he next sells ’the mixture at 2 as. gp. per seer, gaining 
altogether ; what quantity of water was added ? 

8B. A.contractor agreed to finish a work in a fixed tim^, 
during which he was to be paid 8a5 per day ; the work was, how- 
ever, finished in 40 days, and the man was fined 4 as, for each day 
by which be exceeded the appointed time. If be received only 
Rs. 8, in what time was he to finish the work, and how much 
did he exceed it ? 

89* Two sums of money are together equal to / 54 . and 
there are as many pounds in the one as shillingsTn the ether ; 
find the sums ? 

40, A sum of Rs 63. 4 as, was paid in rupees and two^anna 
pieces ; the total number of coins being 100 ; how many of each 
kind were used ? 



76 


AIGKBRA. 


MISCELLANEOUS EXAMPLES L , 

% Add togcrtber j.'e*- 3 **+ 7 ^~ 3 *f+ 4 '- 9a^+7**~6ar-S, 
-9:r^-6r*, 13-*- 5jr* 

3 -^*r 4 - 5 r*. 

At Simplify - 2[^ - 3{ iT- 4(fl?- e ) }]• 

^ Sulitnict the expression 1 3;r® - ujk* -f 9 ar* - 7 ^* + 5 ^ ^ 9 

from tl*e expression 6ar® -- 7x^ -jir*+ 13. ; 

IS* Multiply 4 by XX*— 5J»*-j|-4X‘-6* 

0* Reduce to the simplest form 

< 20* - a* + 3<i - 4)(2tf* + a* 4 - 3« + 4) + (2<i* + «• - 3a + 4)(2«* + «* -H 3 « “ 4 )- 

y* Divide 2e*- 16a* -23^1*+ 32a-* 16 by «*-" 5 «+ 4 * 

8. For what value of /is 2/+3«»3(/- 1)- 5 ? 

0 . S ol ve 4^ + 3 (x - 1 ) « 9 (;ir - 2) - 5 ( 4 r - 3 )- 
10 . A certain number being multiplitid by 3»^the^ product 
increased by 5, and the sum divided by 7, the result is 5 ; find the 
number. 

IL Find the value of being given 

that jr«i,yd- - x<«2, w«o. 

12 . Add together ^ 

(#f- l)jr* + *fMr*+(;'-#>'2r*-«r-2, wx*-(r*- w)x* + ^iw4««)Lr+ f, 
(«»-/»+ i)x*-(2i«-#*)jr®4-(in + «)x*-r(i«-2w)x+ 1. 

18 . Simplify 2X’ -y - 3{ jr - 2/ - ^(ix ^y) 4 * ^{x ^y ) }. 

14. Subtract (<2* - d*){x* +^*) from (a* + - (ii* - 

15 . Find^ the expression whose quotient by i - 2a + 3a* -40* is 

the expression i + « + + 3^^. 

16 . Find the continued product of a: -a, x-d and ar-t, and 
thence deduce (jir-2)* 

17 . Divide x* - 1 6^1* by ar* - 2ax + 2«* 

18 . Resolve into factors 'iq\ and 1 2fl* + <1^ - 20^*. 

16. For what value of.y wiD 2^/+ i 4 - 2 ( 2 y 4 ' 3 )»» 4 (^ 4 - 5 ) ? 

^ 20 . A mkn buys 35 seers of milk at 301. per seer ; how much 
water should he mix with it in order to reduce the price fo 
per seer ? 

^ a. 'FI.. ,1. .f ^ 

given that ««» 3 ,#'* 4 i and^*»6 

22 Add together («- 

< n* - n 4 - 1 )o* + (n* + « + 2)0^ -f ( n* - n 4- 1 >^. 
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2B* Takp from 

2C Simplify 

2$« Simplify (n-f 0 (^+ 2 >(«-i» 3 )-(^- i)(^— a^-3). 

’^/SS. Multiply jr*+y byjr^y^ and divide the Poduct by 4r*f y. 

at. Find the coefficient of *■ in the product of 
and :r*+Jlf(ii+^) , ** 

alL Resolve into elementary factors 9(rt+^)*^ i 6 , 4 r*- 34 ;r+« 88 ^ 
e«-n^and 5;'*-38y + 2i. 

29 . Solv^ I -2{jr-a3(x-^4))«o, and 4(1 -2;r)+6(i +;r)»*t3. 

30 . There are two men, one of 35, and the' other of 25 ; when 
was the first twice as old as the second ? 

81 . Evaluate the expression 4* — 

• A y $ 

when Ji •■4,^«3, -2, 

32 Add together 2 ;r®~i;r*y 4 - 

try® + ^* + Jr*, Jr* + -y* . 

23 . ^ Simplify 

34 . Find the product of x* 4 -y*+ 1 -ti^-x-y and r-fy+i. 

33 The product of two expressions is 
rind one of them is n*+a^+^* ; find the other. 

36 . What must be subtracted from that the* 

remainder may be (a + ^ + O* ? 

37. I f r* + gr + ^ be exactl>» divisible by r + 3, find a. 

38 . Resolve into elementary factors 

(1) (a*+2W-(2fl®+^*)*; (2) 

39 Shew that «*-«(«- i)(n- 2) + 3a(a- i) 4 *ni. * 

40 . A man paid a bill of £$0 in sovereigns and crowns, using 
in all 125 coins. How many coins of each sort did he use ? 

41 . Evaluate when OT + 2 =«o. 

• w* - <v/{ I - w*)’ 

42 f From (a:+^~2r)r*+(2a+^-(r)r*+(i^4-3c-is)r+^4*r-‘*2<r 
take (n+d4-^r*+{rt+^-^r>r* + (i^4'r-«)i‘-K2(^4*tf"t«). 

48 . On dividing an expression by 3a*-4tf^4-h*, the quotient is 
and the remainder i7<s^* , find the expression. 

44 . Shew that 2r* ^ (e + 6 ^ + 4^)^* 4- ( i 2 ^r + 2m + 3 a^)x -♦ 6 t^m 0^ 
hemg given that 2r«*a. 

43 . Write down at once the product isty^ 4 ^)( 6 xy*- 5a#). 

40« Divide I 3n( 1 - a 4- n* ^ a*®) - « 4 - o* ^ 

4*2<^U ^ a^) by (i -«Xi 4 -i»^). 
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47. FAct0ri^(O 5 oj^^ 57'-28, <a) i25«*-'aQ#*-* 12, 

(3j (5jr»-4)2-.(2:r*.-3)«. 

iS, S^lvc^i ) 3 <f -f S) - i 2^ « 2 ar - iB, (l) 1 95 •" 3 (^ -- 5 ) **“ Si^ ^ 5 * 6 ). 

What iUnmber is that from which 'if t 6 .be subtracted, 
threfe^s^venths of the remainder shall be 33 ? * 

40. A cod^s tail weighed 20 maunds^ its head as much as its 
tail and one^third of its body, and its boely as much as the head 
and tjil together. Find the weight of the fish. | 

61, find the value of 

wheiijr-* -3, -4. , ^ 

$6. Simplify 2<2- 3[^-c~4{«-^-5(«-^))] 

63. Subtiact the sum of (»* + «)2r> + (w«- 1)*:+ r and 

(«4‘0jr* + (m+ i)^* + («+ i)jr+« fiom that of (»« + «- ij«r®+ wx® 4- 
Ar+i and + i 

64. If fl-»22r-5y46jr, ^ = 2 a- 4 sy + fir, and t^«2^4j'465', find 

2443 ^ — 5 ^ in terms of A, xr. ^ 

66, Multiply 2r*4>^4l by ;r4j'- I. 

66. Find the expression which, when multipljed by 2: -^4 2a, 

gives AT* 4 a(4^ - a)x - - 2ft)(3a2 4 

67. Shew that 

(-*’+5)(>' + S)“5('^+ i)0' + i)4 5{^-i)(y-i)-Cr-«»)(y5)»»^o. 

68. Find the expression which, when divided byjr®-2.ir*43;r- 5, 
gives a quotient 4^^424:2-3^- 5, and a remainder 74:*- dr 4 13. 

69. Resolve into simple factorsr 

vO 214;*- 174: -30, (2) 34:»-274r, (3) 44r*44^- 2244:'*. 

60. If 4 : is the cost in pence ot y lbs. of tea, hpw many shillings 
will be rieiq?iired to buy r ounces ? 

eL When end the value of 

82. Simplify 2a-[6^4y.4^“- 3^^)- i5<^4{2a-(6^-5tf-4^}]. 

63. Find the snmofa4:*-^4r*4r4:^-a5r4^, Ar*»-ar*4Ar®4nhr-tf 
and <^’-^*4a4r*4^ir4^, and subtract the resulting sum from 
<a4^4f)(4r*-jr*44:*44r4 l)- 

64. Multiply 4a* 4 20^44-* -84:4 4^ 4 4 by 2(a- i)-*4r, 

86. Divide I3a4r*4 Ja*4 124r*- |a®4 :*- by |«4r-*'5«*^46r*. 

66, Find the coefficient of 4r* in the product of 

I -ar- 34:* 44:* -4:* and 1 **3r4 4X*'^ 54:*4dr*— 4?®. 

87. Simplify {2(£»-^)p4(4»4A)*^(ad*'^)*-(a--’»^)*. 

Ml Divide (<2 4^)(a*^^«)4 3tf^(ii-^)-- 54^481 by 

Wk Shew that4?*»4f(4r-i)(4r-2)43r(4r-i)44f. 
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* 70. How* old h a .man who a years ago was twice as fi^d es 
his son, now^jfed ^ years ? 

71^ When ^^64, and%y«» 1*2, find rbe valoe of the nxpresrimi 

72. A^d together (;r - j )(^ + 3), 2( *^2 4*5r)( J2 (ar+ l)ir ^2). 

78^ To what must die sum of 2n*- 3^^+2Ar, 
and be added in order that the total may be ♦equal 

to <r®4-^ + t’‘+^tf+rn+«^ ? ^ 

74. Fipd the contiaued product of 

• a^d a b b'* ^ ^ 

2*~3’ 2“*’3’ 4 “*"9^ 16^81* 

75 Divide ^^“64:^ by - 32r4'4 

• 76. Shew that ^ 

(a + 24 r)(^ + 2jr) - 4(^2 -^x^b+x) + 6ab + (^r - 22r)(^ - 2x) - 4(0 - jrX^ - jr). 

77. Determine the Coefficient of 4:" in the pioduct 4r*-*jt*+i 
and x^ + (;« - w)4r* -(/>*- r4- w)4r -wi + «. 

7 %. * Resolve into then elemental y factors (i) 214: 4 * 234*^ -202*, 
(2) (i3a2 - 5^*)® - 0 2n® + 4/^®)*, (3) (n/ - mf )® - (Z^*— 

70 What value would you give to x so as to make the expies- 
sion 54r-[44r-{3r42-(4r- i j}]- {64r- 3(24:- i)} equal too? 

80. liow much sugar at 4^ per lb. must be mixed with ao lbs. 
at sj/f. per lb., so that the mixture may be ivorth 5^f. per lb ? 

81. If 4 — 4, 3, and xr~2? find the value of the expression 

^{X + jT + z) 
yzfzx~^^ 2(y+4r-‘4r)* 

8 8. Add together 34:® - 54:®/ + 2>'*, 84;*^ - 3y® + 24:y®, 5^®— 44f® 

- 24r®*-6u9^44y®, and subtract the sum ftom x^-^xy^ 

84. Simplify the expression 

{a®3® - abxy +x^y^){ab ^xy) + -f abxy 4‘4r^X<®^ 

84. Multiply + by )w*-jw«4*w®. 

85. Divide the expression 

4 r®(y-rS' 42 ) + 2 r{y + J8’)(y + ;P4-a)-^r*’-2 by ^4.a4y4*24r^- 1 . 
’ 85r Simplify Completely the following expreasioo : 

(34r - yf - (24r» -y^){y-¥y) - (y - 3^^)® - (24r* -y) 

87. Assoming A^a^^bc^ and prove 

that 4-n^S+^C. 

86. Resolve into factors (i)4f®--4:-306, {2) 3S*:*-i05ir4^58| 
<3) 34'2ar-2ar®, (4) 3(/+m)*-a(/®-i»®)-/(/4-w). 
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94. an algebiaka! expression 6i4iich exoise4s 
as mtioh as it falls short of 

90« 1 i^de Iiom Howrah to HudMn jr hours at the rate of 
miles per boury and after stopping at the latter place for y hours, 
ride hatk at the rate of A miles^per hour past Howrah to a place 
distant c miles from it if the whole time spent be z hoursp 6nd 

the relation between jt, y and s* ^ 

* 

91. If /«3, m^ 4 i «=■ 5, r-»6i find the value of 

4* «*) <^±«K^r) 


99 Simplify completely the expression 
when a and j/»>o 

93 . Multiply av®-!- Ar*+r;r+if by /Ar®+w;r® + iMr + r, and thence 
deduce the product of y^ 4 r iar®*f 7.r-2 and 3^:® + 13.^*- lyjr + d. 


94 


One of two expressions is .and their product is 

4 3 


^ ^ ~ , find the other > 

^ 12 9 8 4 3 

9$. Find the divisor when (4:1:* 4* y.vy + Sy®)* is the dividend, 
the quotient, and y*(9r 4- 1 \y)^ the remainder 
96. Simplify ( i - 2jr ^x*)( 1 4- xr 4 jr*)( t + 2 x* 4*.r^)( 1 4* 4*x®) 

and 4- i)(<i^^*4* i ) - («*^* 4- 0*^*+ 1 )ia^ - 1 4 1 ). 


97 Simplify completely (o4*^4'r)(;^4*^4-r) + (^-f r-n)(^+r-/; 

+(r4-a-^)(f'4'^--y) + (tf 

98 Find the factors of (t) 49a®- 154^^4' 121^, (2) ^* + 1*^ 4-5^, 

(3) + + (4) 

99. U’ a be greater than 36 , 5nd an expression which exceeds 
^ ^-2^ by as much as 0-2^ exceeds ^ 

100. The number of months in the age of a man on his birth- 
day in 1850 was exactly half tlie numbci denoting the year m which 
he was born, in what year was he born ? 

101. Divide (r* by - Jy. 

102 Find the factors of jx® 4- 6x® - 1 tgx 

103. Divide J by (t 4^4?)® to four terms. 

104. Multiply jr'+fa+^J^r 4*3 by x*-3jr+n4-2 
109. Show that 

4* ^)® 4“(rjr 4*/#)® + (^ - a)® 4^ («?!x (a® 4* ^ 4* <:• 4* <^)(4r* 4* 1 h 


106. If 2jr43y«*7, aud;g^« 2 , show that {24r.-3y)»«f f* 
lO't. For what value of a is jii^4*9=»(e4 1)^ ? 

108* Solve sr - (24- - 1 )i»<4r 4- 1)* *- (x^ I )®. 
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Si 

. 100^ The ‘side of a square court^yard is 4t ft. ; if tbe le<i»gth 
were increas<^ by i ft , and the breadth diminished by a ft , ftad 
the change in its area . ^ 

110 . A man buys some apples for 12 nr.«*and gams 2 by 
'"-Rolling at S p. apiece m but 3, which b.ecome rotten : how many 
did he buy ? 

GH!\PTER XI I L 

IMPORIANI FORMULiE. 

7 3. Tb.e sludent should prove by actual multiplication, and 
then commit to memory the following very useful identities. 

(<r^ + 6)^- a* + 2a6 /A 
(f/ - 20^1 + b*. 

4-b+<')**<^*+?>* + c*+2<ib + 2bf +2«a ... 

jc + a){x + b) + (a + ifjx + ah 

U* + <^)(j5 --b;— u?* + - b)Jo--ah 

r - ce)( J5 + 6) ** Jt * + ( - a + b)jr - «b . 
jr - fi)(x - b) - (rt + 6)x + ab ^... 

^r + ci)(x + b)(JC + r) f 

« x’ + (f? + b + r)x* -f (ab + bd + ccr )x + a be 
f f 4 - b)* “ a* 4- 3€f b(a + b) + b* = + 3ce*b + sob* + b*. 
a -b)*«ft®-3«b(rr -b)-b^**a^-3a*b+3ab®-b®. 

{/< + b + c/ = (C + b* + o* + 3(« + b}(b + c)(c + a) 

^ #e* + b* (a + b) (a* - ab 4- b*; 

- b**(a b)(a* 4- ab +b‘}. 

f^*+b® + f^-bc-ca-ab«jt(a-bp4-(b-c)34-(c-< 

<1^* -h b* 4 - c®*- 3€^r - (a 4* b 4- r )(a* 4 - b* 4- c* - be - ca - 

• -i(a+b4r){(a-b)»4-(b-e)*4-(e-.<i)»}. XVI. 

(rr + b)(b + 4- ee) - +<?) + b\e + a) + c*(a + b) 4- aabe 

»=» a( b* + e*) 4 b(c* 4* a*) 4* €{a} + b») 4 atllbe 
«be(b4-e)4-e«(c+a)+ab(a+b)42abe XVIl. 
(b^r)+(e-a)+(a-b)«0. ... ... ... XVllI. 

a(b-e)+b(e‘-a)4e(a-b)«0. ... ... ... XIX. 

^i®(b*-e)4-b*{e-a)4-e'(«^--b)«s -(a-*bXb*-e){e-<s) 

•• bo(b - c) 4- ert(e - a) 4 «b(a - b). XX. 

^/*4a«b*4b^«(<i^-€ib4b*)(a*4etb4b»). ... ... XXI. 


I. 

11, 

111 . 

IV. 

V. 
VI. 

VII 

VlII. 


aJb) 


IX. 

X.j 

XI 

xni.) 

xivJ 

XV. 
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74. Tbe formutse I, 11 and II 1, can be brobght under a 
greneta! rule : « 

The Sfuei^e of the sum of any nuntbor of quantities^ the sum 
tf their squares^ twice the sum of iheprodskts of every ipo of the 
quantities {yvith their proper signs). 

Thus, since r>, sum of e and-i^ 

liote that this result can be deduced from formula I bv* 
changing into - 3. , 

N.B. By ‘sum’ in the above formula, we mean 'algebraic sum’ ; thus 
the sum of a and - ^ is a - 

The following forms should also be noted : 

These can be easily proved bv 
and {a - b)^ ** (a + / expansion . 

Formula 111 can be deduced from 1. 

Let ; then 

/. + ... ... by I, 

»(n + + + putting a-¥b{ox X, 

»(a*-l-2a^+^*)4-2(a^+^^)+4* ... by I, 

^a^Arb'^'h(^-^2ab'^2bc’¥2ca. re-arranging terms. 

N.B. In practice we go on thus: {(a + ^) + fp =(a + d)» +2r(aH z') 

-fr« 

Similarly, («-h3+t:+d0®*s*a*+^*-l-^^*-l-^f*-l-twice the sumTof the 
products of every two of b^ d, 

• ^ ^ 4 - + 2 ift: 2 a</+ + 2 ^^ 4 * </, 

(n+^ - +^* + ( - c)® 4 ( -- dr)*+ 4- 2a( - ^) + aa( < j0 

4- 23( -r) + 2^( 4- 2( - cX - 

=»«®4-^®4-^4-^4 2<i^ — 2a!(->' lad - zbc^ 2bd 4- ica. 

N.B. Note carefully the mode of formation of the terms, which ^ 
indicated more conveniently in the Chapter on Invofuiion. , » • . 

Mx*h Find (1639)* 

•*(1600 4- 40-1)^ 

•? 1600^ 4 - 40 * 4 '(-*l)* 4 “ 2 X 1600x404* 2 X l 6 o 0 {- 1)4-3 X40(- J> 
« 2560000 4* 1600 4* 1 4- 1 28000 - 3200 - 80 >*2686521. 
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Sat, aT Expand (ir- 3)^ +4S')*. 

(2:r- 3^+4ir)*-(2^)*4-H3y)*+X4«')*+2(2X^^^ 3y)+2(22r)(4jr) 

* * «w4Jf*+9K*+i6a®--n2;^4*x6iK*’-*24|^-S'. 

. • 

Sx. 3.* If 2x««+^ + f, simplify 

Expanding* the given expression ^ 

• + (j* -*• 2 as + a^) 4- (i* — 2 ^ j + 3*) 4- (j* - 2cs 4- c^i ^ 

^ «4j*-2tfi-«2^j-2a4-<2‘'*4-^®4-^®, re-arranging term?, 

' «4i^-2r(tf +3 + r)4-<i*^+^4’r* 

«4j“-25X2r4-<i®+^*4-r*, putting 2 ^ for <24*^4-^ 

* 4 j* - 45* 4- 4- 4- 


EXAMPLES 88. 


Write down the squares of 
0 1. 4:r4 5y ; 74r4-8j. 

3. x^y^z ; x-y-^z. 

6. <24'^ •• r— ^^4'^. 

7. 2jr-3)'4-5fi'4-w. 

9. 0*4' ^*4-^1*^ 4-0^* * 

ll« ;r*4-y*4-2ar + 2^7. 

13. .r*4-2y*4-3«*4-4n^, 

15. S-r-Jy + is'. 

17. /a!*4*^*4(3*-<2^-^r-r<t 
19. r^4- ?J*;^*4->'*--^alr**-2a*j*4-n^ 


2. zx^yy; 6<r-8^. 

4. — flT ; 

0. <it"“b""C’^d^t* 

8. zr-4y-5s'-«/. 

• 10. + 

12* A*4'y*— 2«r-2^. 

14. .r*-2y*-3<i*-4ar, 

16, i<i*.ar*+|^»y-3a5A'V 

15. rt*-d*4-r*-«^ 4*^r— f«. 


Simplify • 

30, (<24*^ + ^4<f)*4-(a4*^*“<rf-//)*4(« — ^ — 

8L (x 4-y 4- -r)* - jr(y + jr -^x) --y{s 4-,r -y) -* ?<4r 4-y - ^}. 

33. . (2a )*.4- (tf 4 2^)* 5(a 4 3)^ 4 2«A 
2 5, j(irV 4 ^ V 4 rV)* -- a\3^ 4 ^*)* - + <»*)* - 4 3^fi. 

* I 

Shew that 

2C (x -y)*+ (» -*)(a- y) -O'- «)’+(*' 

»(0-x)*+(y-g)(y-s). 

28. («»+8*K«*+«**)-('W+«rf)*+W-8f)*-(»rf+«f)*+(«f-^^*. 



AliGBBttA. 


20. + * 

* t 

If ^ prove that r 

27. (f - ff)* + (^ - ^)> + ( j - V)« - j* « 4* ^* + 

28, 

29. |f(j - 2a - ^)* + K-r - 2^ - ^)* 4- i(^ - 2^-* a)* 

«a* 4* ra 

If 2i=*tf 4’^4*^'i prove that 

50. ( J - a)* 4- (r - ^)* 4* (r - a)is - ^) « - ( j *• a)(r - ^). 

51. (j-*a)*4'(r-^)(.s-^)4-aj«*<i*4-^i^. 

32. (^-^)*4-(j-r)*4-2j(j-a)~A24-(r-a)*- 2(^-^X'^ 

78. Formula IV. i|2-63«(a+8X«t-"*^)- 
Xxi^itycA^y ike differ enc€ of the squares of two quantities’^ the 
ptoduci of the sum and dijfference of those quantities. 

Ex. 1, Factorize 2a4- 1. 

a*-^- 2 a 4- 1 «<a*- 2 a+ re-arranging terms, 

»(a- 1)3-3* 

— {(a- i)4-3H(«-0“'^f ••• Formula IV. 

= (a4-3- i)'a-3- i ), re-arranging terms. 

Ex. ^ . Prove that (;*: ^y? - (x ^ ^xy, 

- C*^ ~y)* "• { +j»') + C*^ ->') H +^') -{^-y}) 

* =^2XK2y 

— jy . Note this result. 

Ex, 3. Prove the following idcnti^ : 

{a^k)Hc ^^cd{a - 3)* « (a - 3)*(^:4- dp 4- e^ab{fi-^ d)\ 

V Afd*>^{c-¥df-{c-dp^ Ex. 2 , 
we easily get C^+3;*(f'-ii)*-h4^i(a-3)* 

- u + ^ )>(<: - df)* 4- (« - 6)*(<; + «0» - (a - V - d)* 
-(» -^V+rf)H {(«+*>» - 
-(a-^)*(<•+rf)*^•4a^(^«-/#)*. E*< *• 
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Sx 4. Factorize 4:* 4- 40^ and 

4?*4^i^4r*+tf*ip»{4?* + 3fl*4r*+/i*j---«lr*» addiog and subtracting aV^, 

... ^ ... JF'ormtila 1* 
»{(x*‘t‘a^)'^ax}{{x^^a'^)^ax} ^ormnla IV. 

— (zf*4<Mr4-a*)(4r*-£!ur + a*), rg-arrangtng terms. 
4'*+4a^*»(4‘*+4a*4r*+4d^)-4«*4r*, adding and taking 4<atV* 

«(jr*4- 2n*)*-(244r)* " ^ 

ss { (r* + 20*) + 2ax } { (4r® + 2<j*) - 2ax} Formula IV, 

• ^ (4r* "4 204- 4- *“ + 2g*), re-arranging. 

- r 6 a® — (z:*)® - ( 4 ^*)* 

«ta(4r*-4a*)(2:* + 4/2*) a*« ••• Formula IV. 

• Now break up 4r* -44* and jit* + 44^ separately into factors 

4^*~4a^=(4r*;*-(2a*)*=r4r®-2tf*)(4r*4 2<i*). Formula IV. 

Ji4 + 44* =» (jr* + 24jr 4- 24^)(4r® - 2^z.r 4- 2^*) , already found . 

4r® - 1 64® — [ x^ ~ 2a®)(jr® 4- 2<?^)(4r® 4 2gy ->- 2a*)(x^ - 2ar 4- 2a® ). 

N.B. Note that an expression of the form ^a* can be factorized. 

Ex. 6. Find the value of i688x 1712. 

i688-»i7oo~ 12, and 1712** 17004 12. 

/. 1688 X i7i2*-(i7oo- 12X17004* 12) 

^1700® -12* 

=*2890000- 144 
**2889856. A ns. 


EXAMPLES 39. 

2. — y® ; 

^ 4 . 256-a* ; I 


Factorize 

X. 

3. fl*- 16 ; 2r®-8i®. 

6, i6ji:*-8ia* ; 2a* 

7. o®4.^®4*24^-<;*. 

9. (a+^)^-‘(3^c)^. 

XL 36-(5i«^'f6f'A 
13. 4 «®^ 9 (^- 4 ^)*. 

la (i4«4-®)»-44-». 

17. ^^- 44 ^^- 1 - 441 ^. 


0. - 62 sac* ; -*• 

8. a®+^®-2^*J- 1. 

10 . 

12. 25-(i4-.r®)*. - • 

14. 25(ar®4yV-i6(ya4;^*)^- 

13, («>4*^®)8-4^^. 

15. 
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10 . 

21. (34Wr4-2^)®-(2<M: + 3i^)*j 

23. 

26. + 

27. 35-y-/r* + 2y£-. , 

30. 44I®-H9^-4-12«^. 

3L 2^0>*-r*)“36^®-6ogf. 

38. ^^4>4r®-9y*-^*-4<*.r-6^j/. 

86 . 

37. 2(6j/>+t:)-^i^-^+^+ r. 

39. <1* + 4^* ; jir* + 64 ; 48/*® - 3. 
Find the value of 

41. 169x171.1 
43. 1675x1645. 


20 . ( 6 a^ ^ 5 ^*)* - <^V- 

22 > lax^fy)^^{ay^kc}K ' 

24. i-I^y+y-jr®. 

28. l-d®-^2<*^+^i?3*. 

2 5. 2 ^ 1 ^ — a*^* - I . 

30. ^^4-9^*- i6f^-6?^j7. 

32. + if*. ^ 

34. ar*-2.i^+>'*-2Jr + 2j/+I 
36. 

38. (a*.r*-i)»-(fl»-r*)* 

40 :r*4-324 ; I+a•+i*^ 

42. 511 x 489 . 

44. I7^9>^i75i- 


78. Formulae, V— IX, relate to the product of binomial fac- 
tors having the same first term. They can be brought under a 
general rule, which we break up here into 3 parts : 

(1) T/ie higkist power of x is the product of the first ter fns j 
diminishing its index continuously hy unity ^ obtain the successor 
lower powers of x until the index is reduced to unity. 

( 2 ) The cihejfficients of the different powers of x in the several 
terms in order^ bey^inning with the ^highest power, are : 

{a) Unity; 

(b) sum of the 2nd terms of the binomials ; 

U) sum of the products of every two of the 2 nd terms ; 

{d) sum of the products of every three of the 2nd terms ; . 
and so on. 

( 3 ) The last term is the product of all the 2 nd terms. 

N.B. Here sum = algebraic sum* 

Let us find {x ^a){x -¥b). 

By part ( 1 ) of the rule, the highest power of 
the next lower power is jt, and no more. ' 

By part { 2 ) of the rule, the cocf, of ;r*— i, 

and that of -a+d. 

By part ( 3 ), the last term «*(-«) x^« 

Hence the result«ar*+(-ir+^)*‘-d^, i.e.,x^~^[a^i)x[^ab. 
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Next leti»U8 find (x + a)(r- li)(x - c)(^'¥d). 

The powers of x are • The co-efficients are 

, •«. f I, 

and .tr ^)( -V) + <i( - b)d + «( - ( - ^)( -^ 

The last term - «( - i)( - r)//— adcd • 

Hence, simplifying t|}e co^efficients, we have the result * 

+ (abc- add - acd+bcdjx-k-adcd. Ans. 

Ex. 1 . Find by formula (r + 3)(,;ir + 2)(4r- 5). 

• The eYpression«-r* + (34*2-5),;*:* + {3X2 + 3(-s) + 2(-5))jr 

->-3X2(-5) 

1^- 30 , simplifying. 

its 2. Find by formula (2;r + 7X22: • 3X22:*- i). 

Put j/ for 2 x ; then the given expression 
*(y+7)(y- sXy-i) 

-/ + (7-3-Oy* + {7(-3) + 7(-i)+(-3)(-»)>y + 7(-3)(-t) 
"•y*+ 3>'*-2iy + 2i, simplifying, 

=»(2.r)®+3(2.*^)*“ 25^2Jr) + 2i, replacing >' by 2;i:, 

« 8a®4-i2y®- soy 4-21. . ^ 

Ex. 8. Divide jr(i +;'®)(i +2^*)+>'(i + 2 f^)(i +^*)+i?(i +y®)(r +jK*) 
+4^5^ by C. U. 1878. 

ri+y)(i+ar®)«=i®+iO'*+a®) + yV, &c. Formula V, • 

/. dividend=y(j +/+y*+^*jr*)+j'(i+^*+jr*+,yV®) 

+ »(i +y®+y® 4 -^y) 4 - 4 ^ 5 ' 

* «^*(>'+ys*+«r4*y*s)+,y(i +>*4‘2r*+^*^*+4>'jBr) 
4-jr+a'+>/®s'+y»®, arranging according to the powers of jr, 
-^*0/ + y +>'«'(>' + j?) } + &:c. 

-:r®(y + z){ I +/y) + jr( 1 +y + jr* + + 4yz) + (y + i 'PysrX 

• The dlytsor arranged — ;r(>' + y) + 1 +yz. Now divide : 
y (y -f S') \y "(y 4* y)( 1 +ys') i + s* + 4 ^^-) 4 - 6cc./x(i 4-yz) 

4- 1 4‘j/s^j r®(j^4>gXt4-yg)4-,r(i4-2j^a4-yg®) \ 

yy 4-Jff*+23/y)4-(y4-aXl 
jr)*ahfy 4-JBrXi 

The required quotient -hy -f y 4>^jg * 
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ALGEBRA. 


EXAMPLES 40 . 

Write dovn at once the following products : 


L (4:-2)(^-3). 

3. (»+6Xx+7). 

6. («+4#)(a— lod). 

7 . (2r+5)(22r+9). 

8 . (2a+s)(2a-io). 

U. (lUr+pyXlljr- I3j>). 

18 . (*' + iXj*’+2X'*^+3). 
15 (y+ii)(y-2)(y-7). 
17 . (.x-d)\x + 2»). 

19 . {42r-i)(42r-7Xjir + 2). 


2. (2r-4Xar+li). 

4 . + 

e. 

8. (2j'+ii)(2j^-9). 

10 . 

19. (7a + i5^)(7« + i6^). 
14. (;i:-4X^ + 5)(4r + 6) 

10. (r - a){x + 2a)(.t - 4a). 
18 . (iJp- 9)(2ir + 5)(2^r + 4). 

20. (3^-’2)(5;r+5)(;r-i) 


21 . Simplify (i +a)(i +^) — (l --a)(i -2^) + 3(2 -a)(2 

22. Di vi de (a* 4* + 7^*) - (a- + -f 3^*) 

by 3a*+i 

Divide the expiession (i +a*)(i 

+ (i 4 -a*)(i I -c^) by i 

If + show that 

+ s{s - a)(j‘ - i:) - (5 - a)(^ d){s - r) « 


23 


24. 


77. Formulae X and X! can be put under a , singly rule : 

Cube of ike sum of two quantities [Sum* algebraic sum] 

of their cubes + 3 times their product x their sum 
Thus ^ 

«a* - iab{a - re-arranging terms, 

- 3 a *3 + 3a^ ® - 



IMPORTAKT rORMUti®, 


89 


Formula^XlI can be deduced from Formula. X thus : 

+ putting^ for ^ + 

y)+^\ * Formula X 

«p» ei* + 3 o(<5 + c){a + ^ + r) + (^ + o®, restoring + r, 

*^ + 3fl(3 + 0 (^+^+^) + {^®+3M^+r)+^*} 

« + r* + 3/1(3 + rX<* + ^ + 0 + 3^ A ^ + ^)» 
re-arranging tei ms, * 

^ •■n®-l-{* + c® + 3(3 + /:){d'(/i + 34'r)+3rf * 

=« n* + 3" + z:® -»- 3(3 + /:){ n(/r + 3) + 4- 3/: ) 
=/«®+3®+t*-f-3(3+/:){a(o + 3) + /^a + 3)} 

«tf®+3* + r® 4 - 3 ( 3 +/:)(r-l*«)(o+ 3 ), as usually put, 

» a® + 3® + ^* + 3a®(3 -P / ) + «) + 3^(^* + 3) 

+ 6/i3/:, as will be seen from Formula XVlI. 

Notice that (/? 4*3 -tf can be obtained from the above result 
by^anging t, into - c ; thus 

4 3 - z:)® ••a* +3® -b ( - ^■)® 4- 3 (/i + 3)(3 - c){ - /:4- a) 

- a® 4- 3® - 4 3(« + 3)(3 - .’)(« - l). 

Ea:. 1. Simplify the expression 

( 3 i? - 3)® - 3 ( 3<2 - 3)®(/i - 3) 4 3 ( 3 ^ - 3)(a® - 2 /j 3 4 3*) - (o - 3)®. 

The given expn. -(3<7 - 3)® -;3(3a - 3)*(tf - 3 ) 43 ( 3 /? - 3)(<:? -3)® - (a -3)® 
*»;i®-3^®y4 3.rf* — y®, putting,!'* foi 3«-3,^for «-3, 
=:^®-3Arj/Cr~y)-y® 

=(ar-;/)® ^ 

«{(3a-3)--(fl-3)}*, restoring the values of a* and 
• (2/r)*, simplifying, 

• —S/?® 

Bx. 2. Expand ( 2 ;r- 3 y 4 4 ^)® 

[xr - 3 y 4 4 ^')® - ( 2 :r - 3 ^)® 4 3 ( 2 :r - 3 y) ^z{ { 2 X - 3^) + 4^^ ) + (4*^)® 

« ( 2 jr ~ 3 y)® 4 1 2 ;?( 2 .r - 3 y)® 4 A^b\ 2 X - 3 /) + 64 JC® 
-<(2;r)®-3(2;r)(3y)(2a:-3y)-(3y)»f 

4 1 2 s{ { 2 xf - 242jr 3y 4(3y)* \ 4 48jr*(24r - 3y) 4 ^ 4 xj® 

- (8ar® - 36 ;r^ 4 54^y* - 27>'*) 4 t 2 z{ 4 X^ - 1 2Xf 4 9y® ) 

4 485^®(xr - 3 y) 4 64 ^* 

»&ir*-36;r^4482r*0 4 54^®’- I44jryar496!rc* 

- 27>'* 4 1 ^ 1 44yg[^ 4 64s®. A ns> 
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AlORBIU. 


EXAMPLES 4 L 
Expand . * * ♦ 

L 2. ( 3 « 4 - 26 )*: 

4 . (6«-5^)». 5 . {sab^ 2 )\ 6. j; 2 <t^ + 0 ®,* 

7. 8. {jab-^cd}^. * 8. (tf+^+2/:)®. 

10. ( 2 a^b^cf. 11. (3^-^ +£'>*. 12> (ar-^ + ^2^)*. 

• • 

Simplify 

1 $. (2a- b)^ 4- 9£i(2tf - bXa + ^) + (/? + 3/*. 

14 . + 

15. (2« - - 3(2a - 3 )(tf + ^)(« - 2b) — (a — 2hf^ 

16 . («+^ + c)*+ (a- ^ + f)* + (« +3 - ^)* + (^4* «)*. 

17 . Divide (A'+;' 4 -; 8 ’)*-;r*-y'-£* by jr+>'. 

18 . Divide ( 24 r 4 -^- 5 ')*— by^'-r. 

19 . If and then will 

20. If 2 /t + 33«*7, and ab^2^ find the value of ba® + 27^*. 

o 

78 . Note that Formula XIV can be deduced from XI 1 1 by 
replacing ^by-^. Also observe that a^^ab-k-b* and a^+ab-^b'^ 
cannot be factorized. [Apply the usual method.] 

We can deduce XIII from X thus : 

+ + + ; ... Formula X 

transposing, <1® + ^— (tf+^)*-3^r^(«+^) 

^{a+b){(a-^b)^-yib) 

•»(a+b){(a^ + 2 ab 4 * - 3d^ } 

^ (a-¥b)(a^^ab-^b*)f simplifying. 

Similarly deduce XIV from XI. 

Ex. 1 . Factorize 64X® 4-12 5>*. 

The given expression^ (42: )*4-(5y)P 

«( 4 ^ + Sy)<( 4 ^)*-" 4 ^xs^ 4 -( 5 y)®} Xlli. 
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Bx, 2. .Resolve into elementary factors 4 4- 

The given hxprcssion*‘&t*^+y®+( 3 ;ir +>')*, re-arranging termSt 
= { (aa?)* 4(2^ +J')* 

« (2;r +y)( (zr)*- (rjr Jy +/ \ 4 (zr 4>')® ^ 

«(2j*r4y){(4-3^*- 2iy4y*J 4{Zt4^)*> 

* ( 2x 4>') { (4^* - zry 4y®) 4 4X» 4 4 y * J 

-(Zr4y)(8a-*42ty42y) 
-(2jr4y).2.(44r*4^4y*) * 

* = 2(2r4y)(4.y^4jry4y^). 

It can be easily seen that 44r®44r^4y* cannot be resolved, as it 
cannot be expressed as the differenie of two squares, for 

4*r*4.ry 4y =4^+-^:^ + tV/ + A/) - (2■*•4ly)•4^^jy*. 

Ex. 3. Factorize (<z.^4i^)®-(n4'4^y-2)^-8. 

lye.have the given expression 

{ {ax^dyf - 2^} - (^4r4<5y- 2)* 

= (nr 4 ^ - 2 ){ (<rjr 4 4 2(<aur 4 ^y) 4 2® f - (tfX 4 ^ - 2)* 

** (nr 4 - 2){ (nr 4 )• 4 2(tfr 4 ) 4 4 (<Mr 4 - a)* ) . 

Now simplify the quantity within the crotofiets { } ; this 
= (nr 4^y)H 2 (nr 43y) 4 4 - (nr + ^y - 2)* 

« (nr 4^y)® 4 2(nr 4^y) 4<4 - { (nr 4<^)* - 2 x 2(nr 4^) 44 } 
-■6(nr4^y)i removing the brackets and simplifying, 
the given expression ** (nr 4 ^y—2)6(nr 4 ^y) 
» 6(nr4^v*-2)(nr4^). 

Otherwise thus : Expand (nr4^y-2)»; the given expression 
-» (nr 4 ^)* - { (nr 4 ^y)* - 3 4 ^)(nr 4 /^y - 2> - 2* } - 8 

»6(nr4^y)(nr 4^y-2), lemoving { \ and simplifying 

Ex. 4 . Shew that (nr 4^y 4^af)*4(Ar4o'+«a)* Is exactly 
divisible by (n4^)r4(^4^)y4(^4«)a. 

. Denofewg ax^-by^^cz by A, and hx-^rcy^az by B, we have 
(nr 4^y 4 ra)® 4 (^r 4 ^y 4 *•« A* 4 B*» (A 4 B)(A* — AB 4 B*) ; ^ 
evidently the right side is divisible by A4B, and 

A4B«(<tr4^4ar)4(^r40'4aa)-w(n46)r4(54c)y4(^4n)a, 

Hence (nr4^y4^a)*4(Jr4o^4nflr)< is divisible by 
(n 4 b)z 4(^4 c)y 4(^4 n5)a, 
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ALGEBRA* 


1 . 

4. 

7. 

10, 

14 

U. 

le. 

18. 


8L 

28. 

25. 

27. 

29. 


30. 


31. 

32. 


EXAMPLES 49. 

Resolve into elementary fectors ‘ • 

64 ^ 7 * 4 ^ 175 . 2 . 

yV + Ss® 5. 

(3r*+2)’-27:r*. 8. Cr*+ 3 )*+ 64 r*. 

(2jr»+3)*-343.r*, iL 

tr* + 3<wf®+ 3«*A‘+<7*)-^*. 13. 

jr* + 3 jir“ + 33 r - 26 IS. 

8iaf*+i+{2^+i). 17. 

a®+st2^®, 19. a«-9«* + 8. 


t 8. 

6. 64 -( 7 ^ -4;')*. 
9« .r*(3r-l»5)* + 2i6. 

7i6(jr*-- 1)*- I 25 r*. 

4- 3dMr* + - 7 ^ 7 *. 

20 . 64 ^* 4 - 64 . 


Write down the quotient of 

(tf 4 - 3 )*- 27 ^ by «-23. 22. 27 ^* 4 -^* by 3 ^* 4 -/^ 

( 4 : - yf 4- 8 /* by x 4-> 24 - 64 ^^ by ab - 2 c 

4- by c^'^ah-\‘ 26. a® 4* 2 c^b^ 4- by (a 4- b)‘'^ 

(.r? -^)(4r 4-y) by x^ -y*. 28 (8^7* - b^)(a 4- 2 b) by 2 a^ + 3« * » 

The product of two quantities is (44r4* 5>')*4*(54^ 4-4y)"» and o 
of them is x+y ; find the other. 

The product of two quantities is ( 54 ^ 4 - 6 ^)* — ( 4 : ~ 8 y)*, and 
one of them is 24:4-4^4- 3 ^^ ; find the other. 

Show that (64:*4- 54:4-4)®4-(24r*4-94r4' f)® is divisible by 4*^+5i 
and by 24:4-1. # 

Show that 4- a® 4- ^*4- 1 is divisible by 7i^4-tf 4-^4- 1, and 

find the quotient. 


79. Formulae XV and XVI. 

By expansion i{(<7-*^)®4-(^-0*+(^"'^)®} 
«i{(«®-2rt^4-^®)4-(^*-2^r4-7:®)4'(f®-2r«4*a®)}» Form. IL 
ai^{ 2 a® 4 - 2^*4 2 ^- 2 ^r- 2 fi»- 2 a^}, collecting like terms, 
»|x 2 x( 4 !® 4 -^* 4 -r®-<^ 7 r-C 7 i — * 

«= <* ® 4- 4- , 

” .* 

Now, <7® 4 ^ 4- g® - 2itbc « 4- b 4- 7:)(<g® 4-^ 4- c® bc-^ eg - ab) ^ on 

multiplying out the right side ; 

/, by substitution for we have also 

<»»4^4r»-3«^f-(«434^)i{(77-#)»4(^-7:)®4(ir-7i)®} 
^ Ua^b’¥c){(a^b)*Mb--cf-^(c^d)% 



, IMPORTANt FORMULA. 


93 


We can factorize directly thus : 

+3). Formula X. 

/. < 1 ® -f 3® « (d + 3)*^- 3a3(<i + b\ 1>y transppsitioi}* 

A*dding - ^Abc to both* sides, we have 
-f - yxbc =*{(/?+ 3)® + r* ) - 3 ^ 3(<i 4* - ^abc 

(a-f 3 -t ^){ /r((2+3) + c*} 3+^) 

«»• (iZ + ^ + r){ (^l + ^)® - r(a + ^) + - 3i*3 ^ 

•■(<2 4-3 + c){a^ + 3® + c® “ 3<r- - a3), reducing* 

Ex. Factorize*<2®--3* + c® + 3a3c. 

< aiv en expn, «« < 2 * + ( - 3 )® + <^ - 3 a( - 3)^* 

, — {<2 + (-3) + f){a®+(-3)® + £®“(-3)r-rfl-<*(-3)> 

■c(<t-3 + 0(fl®+3® + c®+^3g->g<z+a3). 


N.B. Note that this result is obtained by changing 3 into -3 in the 
formula for a * 4 3 ‘ +^® - 

2. Factorize Jr®+y + 3 rj/- 1 . 

The expn. ■■;r®+y® + (— 1)®«- 34ry(- 1) 

=-{^+y+(-i)H^®+y“+(“0®--»'y‘-^(-i)“y(-i)} 


= (ar +y - I )(jir® -ary +y +ar + 1 ), 


Ex. 3 . Factorize S^r*- 1 8:ty- 27^®- K 
The given e\pn.«*8;r®- 277®- lo- i8ry, re-arranging, 

«(2;r)® + ( - 3y)* + (- 1)®- 3 X 2.r( - 3y)( - 1) 

= (2;r - 3y - 1 ){ (2;r)*+ ( - 3y)* + ( - l)® 

-2ar(-3y)-(-3j^)(-i)-(-l)2;r} 

•i,.(:x-3y- i)(4i:* + 9y*+i+d5ty-3y+zr) 

• “ ( XV - 3y ~ 1 )f 4^* + 6ry + 97® + 2jr - 3y + 1 ).aT ranging 


Ex. 4 . ’Simplify (*452r + (-548)®+3X*452>^'S48. 

Representing *452 by x and •548 by y, we have the given 
expression 

-jz«+y+3zy 

' »a;®+j^® + 3a:y-i + i 

«(x*+y®+(-i)®-3^y(-i)} + i 

-{r +y -- i)la?® +y* + ( - X )® - ary - 1 ) -*4 - 1 ) ) -4^ * • 
Now, X’¥y*^ 1 »«*452 + *S48’- i«a*i — I «?o. 

givene3Cpn,«ox(4r®-47'+y*+^+y+i)+i-i. Ans^ 
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AhonmK, 


Sj: 5. If shew that (aj4*3<i{)®4*(«^+3^)*+(2j + 3(rf ' 

3(*J 4- 3^)<aj+3^)«- 

Denoting 4F+ 3a rby^, 2^ + 3^ by j', an& 2^+3^: by i:, we have 
the ist> member 2* -3«>'je' ^ 

^ + y +^){(^-y)*+0' - ffi + (s' - ^)* f 

Now, ar+y+jE- «(2j+3a)+(2^4-33J+(2r+3t) 

=6j+3(a + 5+f) 

«6(a+3 + r)4'3(a+3 + ^:), [•.* s^a + 3-h^] 
=gra+3+<r). 

Also (^-y)* = U2r + 3«)-(2J'*-3^)}*'={3(^»-“^)}^~9(tf-<5A 
(y— r)*— 9(3- c)*, similarly, ^ 

and (r-:r)*«9(r-a)*. 

x*4‘y®+r*-3A7-8^-Jx9(a+3 + <r) x9{(3-f)^+(t -a)* + (a-3^-f 
«8ixJ(a+3 + r){(3xr)* + (r-a)*+(a-3)S} 
«8l(^l^+3* + t*- 3^136). j4ns , 

' EXAMPLES 48 

Fa ctorize 

1. a* + 3® - ^* + 3a3r. 3. a®-3*-r - 3(f3c 

8 . a^+y*-3ry+l. 4. 4r®-^® + 3;i74' i. 

5 jr® -y® - 32 ry - 1 . 6. jir*+,8y®4-27^’ - ' 8 ;ryr. 

7. - 27 y® - 64 ^® - yz^ry^', 8 .*^ i - a® + 83® + 6a3 

9* a« +3« - + 3a»3®t>. 10. a®(3* + 1 ) - (3a*3 - i ) 

11. a*3® + 3*£® + ^a® - 3a®3*r". 1 2. a3*(a®3 + 3r) + l - 3*c®. 

IS. a®- 8- 93 ( 33 * 4* 2a). 14. a®+ 4 a®-i. 

15, .r« + 32jt«-64. la a®(i-83») + 4«*3V23c*+3) 

17. Shew that (o4-3)® + (3+r)®+(r+a)® -3(a + 3X34-^)(f+a) " 

■*2(o"+3* + c®--3a3r) 

IS. Shew that a®+3®+^^-3a3(r«i(a-3)® + (3-r)*+(i’— a)*, being 
given that a-H3 + ^'»-2, 

19. Shew that (j+a)®+(r+3)*+(r4*«r)*-3(j+a)(j+3)(j4-4 

j«4(^+3*4-^*-^3a3^), if j-a4-3+r 
30 SWew that (^+a)® + (a:4*3)®+(*'-f ^)®-3(jr4-a)(Ar4*3)(^+^) is 
exactly divisible by a^4*3®+^*-^3r-^or-a3. 

3t* Find the quotient of a®+2c^3®-^9aW(^4*6a3<r^43®-c® 

hy (4 +3)*-^ If*. 
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@3. show 

2S. Find tbo*value of 03i8)*+(782)*+3X782x*2i8. 

24. Find the value of (2’f)*+fr6)*-^(4 l)*4-750X76x*4i. 

• * 

' 80. Formula XVII is easily obtained by multiplying out the 

factors on the left* It can also be established by mautpulatmg 
the right-h*and expression.thus : 

^ a\^+c)'^d\c+a) + c\a-^d)-¥2adr , 

multiplying out parfly, 

=* a\^ 4* c>+ (j^c + ^ •) + £ 1 ^* + + 2 a^Ct re-arranging, 

4* 4- ^c{h 4- ^') 4- 4* t)® 

. «(iJ4-r)|<i*4‘^r4-<!i(^4-r)} 

^{b’^e){a^‘{‘ac-^dc ¥ab\^ re-arrangmg within the crotchets, 

^ ^{d+c){a{a-^c)’¥b{c-k'a)\ 

w 4" c){c 4- a)(a 4- b) 

EXAMPLES 44 

I Show that the expiession («4-^4*4*-‘«® 

- 3 { bc{b 4- f ) + rn (c + n) 4- ab(a 4- > 4- 6 o^^-. 

a. Show that a( 34 ' 0 * 4 *^(r 4 *<*)^ 4 '^(<i+^)*- 4 o^^ is divisible bv 
a^b, ^ 4 -t and 

3. Show that ^’r*(^’ 4 -^*) 4 -r*^i*(^* 4 -n’) 4 ' 0 *^(n^ 4 -^} 4 - 2 a®^V can 
be expiessed as the product* of |ix factors. 

4 Show that (dc4- ca + ab){a 4 - 6 4- c) •• (o 4* b){b 4 - c)(c^a) 4- abi . 
Factonze 

5. aib^ 4 * r®) 4- 6 (c* 4 - a^) - c{a^ 4- b^) -- 2 abc 
6 4- c^) -• b{c^ 4- a®) - c(o* 4- b^) 4- 2 abc, 

’ 7 . 4- c*(a* - b^) - 4^(^* + 1 *) 4* 

B. .r*( 2 ;/ if- ar} 4 - 4 y*(£r ^x) 4* 4- 2 >) 4- ^xye* 

9. + 3 a) 4- 4 -x) 4 * 9 a V 4->') 4- 6*ya. 

10- 2xy{x 4- 2y) 4- 6 ye( 2 y 4 - 3 a) 4- 3ajir(35* 4* a*) 4 - 1 2Xyz. 

* 8 i# Formula XVI II is at once apparent by addition. 

As to XIX, a{b^c)+ b{c^ a)^c(a-‘b) 

^ab^ 0 c-\‘bc-ah'\rae--bc^ multiplying out* 

, 4- re-arranging, 
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AtCBBKA. 


Ex. 1. Shew that (J^4■^l)(^-f)+(Jr+i)(^-a)+{;»f+^)(«-^)•o. 
By maltiplication, the 1eft*hand side ^ • 

■=ar{ (3 - r) + (f- «) + (a - #) } + { - «r) + - «) + f } 

a^;irxo+o»»o, Ans ' 

^EXAMPLES 4g. 

Shew that 

2. \b^c)(b--€)‘\-{C'¥a){C’-a)^(a^b){a^b)=^o. 

3. {mx + na)lb - ^) + (;/«: + nb){c - <*) + (mx -f nc)(a - o. 

4. {x^ - - «*) + {x'^ - 4«)(a* - «o 

6. (;«r+^4-rX^-0 + (jr + ^+t/)(r-<*) + (a:+«4-^)(<2-3)«o. 

7. (iwr + - rs-) + (^y + p){cs - /wr) + (rr +/>X<*^ - « o 

8. (<2+^ — rX^+r)+(^ + 1 — 

82 Formula XX is veiy important. It can be easily obtaineu 
by multiplying out the factors a’-b^b-^c and i - a. 

Otherwise thus: Since 
the expression aHb- c)'^b\c-a)^cHa-~b) 

« a\b - + b\€ - «) - 6* { (^ - r) + (r - } 

-aV-r)+i&*(r-a)-r2(^-r)-rV- «) 

« a\b - r) - “ < ) + - «) - Ar- «;, re-arranging, 
a= -(^-rX6®-et®) + (r-tf)(^*-r*), grouping suitably, 

« ’-{b-‘c){C"-a){c-Va)-¥ic^a){b-c){b-\-L) . 

» -(^-irXr-tf){r+<?*-(^-f r)} 

Also, 5r(6-r) + rd(r-fl)4-a^(/i-^) 

==M^ -* c) +/ii(r- «) (^ - r) + (r- 1®)} 

» bc{b - <^) + ia(r — ~ ab{b r) - a) 

=* 6r(^ - r) - ^ i*) + - «) - - aX re-arran^g , 

grouping suitably, 

^b(Jb^c)kL^a)^a(C’^a){b^c\ V r-6« -(^-r), 

-«) 
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The same formula can be otherwise put thus : 

- a *) + - e)(c^ aXa ^ d), 

N.B. From the above method af work the student will lesrn how to 
factorize expressions su£h as a^{6 - a) +r^((i - b), 

Ez. L Factorize the following expression : 

(x^ 4- ntjir + a^)(b - r) + (jr* -HAr + b^){c - ^r) + (or* + + (^){a - ^). 

and so on ; • 

hence collecting into respective groups terms containing ;i:^and 
the Mt group (A - ^r) + (rr- «) + (a - A) } =o ; 
the and group-;r{rt(6-^)+A(^’-a) + ^(a-A)}=o ; 
the given expn.«<*^'A-r)+32(r‘-fl)4-r*(a-A) 

* - - by formula. 

Ex. 2. Shew that the expression a*(A - r) + A*(^- <*) + c\a - A) 

• — - (A - r)(c- o)(a - A>(a + A + r>. 

a-A= -(A-tf)« -(A-^r+^:-«), 

we have - r ) + SHc - a) + - A) 

-■ a*(A - ^) + A^(^ - a) - ^(A — r* ^ a) 

•«a*(A - ir) + - a) - t*(A - <r) - a) 

-• (A - - ^) + (6 - fl)(A» - 

«-(A-^)(^-a>H(<r-dt)(A»-r^), V « » - s 

=» - (A - c)(^: - a)(c^ ^ca+ 4- (r - ^r)(A - c){b^ + A^r+ ^«) 

= -(A-^)(£--n){t£^ + ^«+a*)-'(A*+Atf-+^^)} 

— -(A-t^)(f:-<3!)fra+fl®-A*-Ar:), simplifying, ^ 

— -(A-^)j[<:-a){a*-A* + (tff-Ar)} 

« - ( A - &)(« 4* A) + - A) > 

•- (6 ^ ^)((; - a){a - A)(a + A + r). ^ ffs. 

* EXAMPLES 49. 

Factorize 

1. «(i*-TC*)+i(<S-a»)+f(«*-3*). 

а. a\i* - a + 6*(f* - «*) + ^*(«* - 

б. Mi® - «’)+»(<?—«*) 

a. rt(i'-c»)+i(«'-a*) +<;(«>-«»). 
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algebra. 


7, 

8 . 

9 * 
10 . 
11 . 
12 . 
— 13, 


14. 


15 . 

10 . 

17. 

18. 

19. 

20 . 


(r* - - c) + (.r* - ^*)(^ - a) + (jr* - * * 

[mx + na){P - c^) + {nix + nb){c^ - «*) + {mi + nc){(!^ - b% 
(a+i)*(^-r) + (^+^)®(<:-^) + (<r+i)*(a-#). ^ 

(^-i)(^- 0(^-0 + (^-- \ta-\^{c-a^’¥{a-\){b-\)(a-^h). 
l)(«*+/i4'i)(^“^) + (^ - •X^* + ^ + 

• +(^- iX^*+^+ 0 (^-^) 

Shew that • » 

(/J - iT) + - tf) + r*(« - - (^) + b{d^ - d5*) + ) f 

= - £®) + r<i( - a*) + fz 

^ -{b- r)(c -a)(a^ b){a^ + ^* 4* ^* + 4- ab) 

a\b^ - - fl*) + - ( 5 ») = - { - c^) + b\c^ - a^) 

+ }•— {b - r)(t - a){a - ^ )(^c + + <*^) 
a{b - 0^ + ^(^ - fl)* + - bf ^{b-c){t^ a){a - b){a + ^ + ^). ^ 

x\y - I - y V - 1 )’ + (;»r ’-yf « (^r - i )(>/ - I )(y -.1 )(ar +JK + O') \ 

mnbc{mb - nc) + nlca{ni - /a) + lmab{la - w*^) ‘ 

~ ^{mb--nc){nc--la){la-^mb), 

(ihc{2b - 3^’) 4* zca{^c - «) 4- - 2 (^) — - (2-^ ~ 3^)( S*' - «)(« - 3^). 

83. Formula XXI. c 

a^ + aH'^ 4- ^ + 2a^^ - 

« {a*- + 2 / 7 ®^® 4* b*) - re-giouping, 

«(fl* + 32)S_(^^)3 

«(rt-*-a<J4-^-X«®4«^4"^®)» re-arra'nging terms. 

Ex. 1. Factorize rt* 4- 4- 16 . 
a*4-4«®4-x6 — a^ + 8 «®- 4 a *+ »0 

= («* + 8 a* 4 - 16 ) - 4 a*, re-grouping, 

-(a* + 4)*-(2^)* 

— (a* 4 * 4 - 2 tf + 4 4- 2 a) 

-(a*-2a4-4X<** + 2a + 4) Ans. 

*Bx. 2 Factoiize immediately from formula i 6 i^r* 4 . 3 ^ 4 r® 4 - 8 i. 
The expn.*»( 2 Jr)* 4 -( 2 . 3 J")*. 3*4- 3 ^ ie, of the form a*4-a*5*4-i^. 

;. ieur*4-36^* + 8l*{(22r)*-2;r.34-3*}{(2;r)*4-2x,3 + 3 *} 

« ( 44r* - 6r 4* 9X4^* 4- 6r 4- 9). A ns . 
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Ss:. 3. .Resolve into factors ;rS+;irV+/* 

+;rV* +yi — (;t* + y® ; - x^jf^ 

•■• (A) 

Similariy,;r*+y+4rV=(^*--^»y'+yX^*+-*;F"*"y) ••* Art. 83. 

/. by (A), thegivcnexpn.«(.ar2-jr^+y)(;ir®+jir^+y)(;ir^-;i:V+y)‘ ' 

» *• 

EXAMPLES 47. 

Factorize • • 

X. a*+4® + i. 2. a* + 4^*3® + 1 6(5*. 3. i6r* + 4ir®y +y. 

4. a* + 9ii® + 8i. 6. a* + 9^z“6* + 8i3*. 6. i6Lr* + 36 r*y + 8xy. 

7 . A'* + 25.z'V + 62£y*. 8. i6jr* + 1002:^ + 625^. 

• 9 . (2r+y)* + (2:+y)2+i. 10. 2 56(^-3)*+ l 6 (tf-^)®+ 1 . 

11. a«4-^i*^*+38. ^ 12. + «* + !. 

13. 256/*®+ i6a*+ 1. 14. .r® + 8i2r*y + 6s6iy®, 

Divjde (without actual operation) 

! 5. + + by ^ 2ab - ac bCi 

10. (tf- i)* + (rt- i)*+ I by <i®-3a+3. 

17. (JT - y)* + (.^ - +y by jr® +y . 

18. x^^ + 4x^Y + ^ 6y^* by 2 :” - ixY + 4>'®* 

10. Find the value of .t:*+jr®+ j, when ( 2 :+ i)®— 2 :. 

20. Shew that 2 **+ 2 :*y®+y-o, when ( 2 r+j/)®- 2 ry or 32 :^. 

84. Uaeful hint. Judicious breaking up of terin»and their 
subsequent are the aitifices that are of the greatest 

service in attempting algebraic factorization. The following 
.examples will illustrate their importance. 

Eh. 1 . Resolve into factors 2 r®- 32 : + 2 , 

2 r® - 32 r + 2 = 2 r* - r - 2 r + 2 

» 2 r( 2 r®-i)- 2 ( 2 r-i) 

« 2 :(r+ i)( 2 r-i)- 2 ( 2 :-l) 

»( 2 r-l){ 2 r( 2 r+i)- 2 } 

B-( 2 r-i)( 2 :®+ 2 r- 2 ) • 

=»( 2 r- i)( 2 r® - 2 r+ 22 r- 2 ) 

• (2: - i){2r(2: - 1)+ 2(2: - 1)} 
-( 2 r-i)( 2 r-l)( 2 r+ 2 ) 

'«( 2 r-i)®( 2 r+ 2 ), -4/7J. 
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Otherwise thus : 

+ 18+ which >softJ>eform;r*+>^+;?*-3;^5' ; 

.'l^the given expn. *-(4:+ 1 + - i -^).,.Formula XVI 

"‘( 4 r + 2)(x*-2^+l)i simpliffing, * 

Eit« 2. Factorize t* + 5^ + 2jr*- 20^-24. ' 

The given expn. «=;r* + 5^® + dr® - 4^® - 2or - 24 
■•r*{r® + sr + 6) - 4(r* +5^ + 6) 

=(r*- 4 )(jr 2 + Sr + 6) , 

-(r-2)(r + 2Xr* + 2;r+3r + 6) 

= (.r-2)(r+2){r(r + 2) + 3(r+2)} 

*= (r - 2)(r 4- 2){(r + 2)(r + 3) f 
— (r - 2)(r + 2)*(r +3). A ns. 

Ex. 3. Factorize (a® — - 2<.®(a* 4 

It is easy to see that + 

the given expn. = { (^i® + ^®)® — 2r*(a® + 3 ®) + - 4a®^® 

-(ii®+^®-r*)®-(2a^)® ^ 

= (a + ^ + ^)(« 4 - r)(a - ^ 4 r)(« -d-c), A ns. 

EXAMPLES 48 . 

Factorize 


L 

r®-7r46. 

2 . 

r®- 7 r- 6 . 

3. r*-i 2 r 4 i 6 . 

4. 

r®- 13 ^ 4 12 . 

6. 

r®- 19^430 

6 . r®-(a*4<5-)^4i7/^®. 

7. 

2JrS-‘3r®4i. 

8. 

3r®-7'^«^* + 4- 

9. ;i:*-3r®44- 

10 . 

r® 4 ^* 44 ^ 44 . 

11 . 

- 2 r* 4r - 2 , 

. 12 . 2j:®4r®42r43. 

13. 

>^43y®-6^-8. 

14. 

r^ 4 r*-r- i. 

15. r* -r®-iair® 44 r 4 24 . 


16. r* - 3 r® - a®r ® 4 3 «*. 17. r® — 4r*4 5 r® — 20 . ' 

18. r®-r®-8r®48. 10. r 8 -r*- 9 r 49 .' 

20. a^-^a\a^b)^-‘ab{a’-b)\ 21. (i -r*)®- 2 y*(i 4r®)4/. 

22. (r 4>)^ - 2 (r® 4 y)(r 4y)® 4 2 (r® 

23. (a4i)*-2(a4i)®(o®4l)42(^i®^l)®. 

24. , («4^X-2(a4W^**^*+0 + (t-«‘^T* 

25. (ac 4 bd)^ -- 2 {ac^r bd)\a^b'^ 4 (^d^) 4 («®^® - 

26. (a43)*4(a42)®-i, and (r- i)* 4 (r- 2 )®- 1 . 

2? . (^* 4 4 2 «®)® 4 ii*(r 4 2 ( 2 )® - 5 ^* 4 2 ^z*(r 4 ). 

28, (r 4 1 )\y -0*4 4><^ - 0® - - 0®- 
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CHAPTER XIV, 

« 

HARDER*W0RK with FORMULjE. • 

[To %e omitted at the fitst rea^ng\ 

85. Artifloos. We now propose to illustrate some artifices 
by examples. No hard* and fast rule can be given for the selec- 
tion of the proper formulre and artifice in any particular exampl e^ 
Constant practice will lead to the right choice. It is, however, 
of the utmost importance to examine at the outset the forift of the 
given expres^on or identity, which generally goes a great way * 
towards removing the difficulty in the selection of the proper 
method. 


Ez. 1. Prove the following identity : 

(;»: + 2^ - zf -H (2.r + zf - -y-¥z){ 2 y - z) 

= ( 3 + S’)* + (’ 2 >' - - 2 (jr + 2 y - i&)( 2 Lr + S') . 

It is readily seen thaf 

(4r + 2y-2') + (2.r-^ + 2')-3.r+^=*(3a:-y+s') + (2;/-5) ; 
squaring, (4r + 2y - r)* + { 2 x + zf + + 2 ;/ - zX2x - y + a) 

= ( 3 ^ ->* + ^)^ + (aj' - z)^ + 2 ( 34 - -j+sr)( 2 >' - s) ; 
by transposition, (ji: + 2j/-jB')* + (2.r-^ + j8')®-2(3r-y+j8’)(2y-5r) 

“ ( 3 ^ - y + /r)* + ( 2 y - r )2 - 2 (.ir + 2 j/ - a)( 2 .r 

N.B. If the ordinary method of expansion and multiplication be 
attempted, the work becomes very tedious. 

Ex. 2 . If 4r+y + JBr— o, prove that .^2 + ;/* + ^:*= -2(.*7+^£' + jr.r). 

Given .r+y + 2r=o ; ^ 

squaring, :r® +/*+*’* + 2J"y + 2^£r + 2r.f**o ; 

'transposing, -2(xy+yz + zx), 

N.B. This result deserves attention, as it leads to other important ones. 

Ex. 3 . Prove that 2(a^h)(a-c) + 2 ^ 3 ^c)( 3 ^a)+ 2 (c^aXc^h) 
is the sum of three squares. B. U. 1884. 

Since (rt- 5 ) +(^-^)-t-(^-tf)=c, we can, in Ex. 2, replace x by 
y by h-c, and ar by r-a. We shall then have 

(a-hf + (h^ey-h(e-aX 

« - 2(^1 - h)(h - - 2(^ - cXc- a) - 2 (c- aXa - 3 ) • 

»2{ -f«-^)}(^-c) + 2{ -(h^e)}(c-a)^2{ 

= 2(h - aXh - ^) + 2(c - hX^-a) + 2(a - ^)(fl - h) ; 

that is, 2(a-^)(<*-c)+2(^-c)(^-tf) + 2(f-tf)(^-^) is equal to tl!^ 
sum of the squares, (a {b-cX and {c^a)K Am* 
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Ex. 4. Shew that 

•^ 6 :ty}S! is divisible by x+y-\‘Z> , • 

Breaking tip into 2 xyz+ 2 xyz 4 - 2 xyz^ the first given expn. 
« ix(y^-hs^ -jr*) + 2rji;j8'} + {y(z^'\rX^~-y^)-\^ 2 Xyz } • 

+ + } (A) 

The quantity within the first pair of bfaces 
^ + r* - JT® + 2 yz) -^{ (y -f jbt)® - :t* } s=4r(y + £' - x){y + r 4* 4r) 

Similar expressions for the other quantities in (A) may be written 
down b/ comparison ; since jr+y+fi' is a common factor of these, 
the whole expn.“(;r+>4-r){jr(y4*ir-.r)+j/(a'4-jr-j/)4-£'(^'Kl'‘"^)} 

=“ (.r +> + je-Xzry + 2 yz + 2zx -jr* - y* - r*), simplifying. 
/. jr+y + 5^ divides + -a:®) + &C exactly, 

and the quotient «2.ry + 2yr + 22'r-.r*-y®-ff®. A ns. 

Ex 6. Shew that ^jr*~ 3r)*-8(;r®-6;r* + gjir®-2) is an exact 
square, and resolve the whole expression yito factors M. U.^ 1878 
The given expn. ^(x''~3JtX-8(;r^«-6ir'* + giar®) + i6 
- - 3;r)* - 8(jir* - 3^ )® + 1 6 

mmy*^ 8y® 4 4*, pu^ting y for r* - 3^, 

«{(y42)(y-2)}® 

»(y4-2)*(y~2)® 

= (r’ - 32:4 2)®(;r* - 3;r - 7)®, restonng.Jt* - 32^ 
Now, jr®-3.r42«(-r- i)*(jr + 2), by Ex. 1, Art. 84 
and similarly jr’*-3,r-2««(;t + i)®(;ir-2). [Work out] 

.*. the given expression «{(.i - i)*(.r + 2))®{(r4- 

= (;r - I )\x 4 2)®(;r 4 1 )^(x -k2)K A ns. 

Ex. 0. Resolve jr^-a^ry- 3y®4^45y-2 into factors, 

First method : To express the given expression as the 
difference of Udb squares^ begin by arranging it in descending 
powers of some lettei. 

The given expression x^ -^(2y- 1) 3y*4 5/ - 2, as arranged, 
*[;r®-:r(2y-0 + {K2>'-0}*]-t{K2r-0)* + 3L>'“-5y+2], Art. 63, 

»t-*:-{«2y-i)>i®-[(y-J)®43y®-5y + 2] 

-^{;r-(y-i)>®-(4y®-6;/4 2). simplifying, 

-(.r~/4j)®-(2y-t)* 

«f«f;r-^4i4(2^-|)}{^-^4i-(2y-|)K Formula IV, Art. 75> 
a*(r+y- i)(.*’-3y42), simplifying, Ans. 
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• 

Second method : We propose a method of inspection^ We 
first resolve thp part of the second degree in x and y of the given 
expression. • * • 

- 2xy^ 3y^‘^{x-¥y){x - 3^^), by ’the ulual method. 

* /. the given exptession*=(jr+^){jr-i^3y)+(jr + 5;/)-a (A) 

We now a^opt a method similar to the one given in Art. 641 
page 56. Taking ns the ist term, :r+5y as the and 

term, and -a as the last term of the given expression, and observ- 
ing that the product, ist teim x last term, is negative, we^iavd'’^'^’* 
to break up 2 {x ^ ^y) into factors, such that their difference 
«the 2nd terra, viz., jr 4 - cy. 

It is readily seen that 2(;ir-l->') — (4r-3y)=;r-l-5^. 

Hence proceed thus : By (A), we have 
the given expn. = (jr + y){x - yy) -I- 2(jir + >^) - (;r - 3^) - 2 

-(jr+y-i)(,r-3y-t-2). 

N.B. We might have^ conveniently bioken up a. + by examining 
•(A) twice in the following manner. Pulling y=^o in (A;, the expn* 

-=jc- 'I A -2, to factorize which x must be put as 2 x-x^ see Rule, Art. 64. 
Putting the expn. = - 3;^® 4 5V-2, to factorize which 5^ must be 

put as 27 + 3^. Hence in our actual faclorizaiion we must evidently 
put X + 5y = 2Z‘ - -t 2y ^ 3^ = 2(.r 4 ^) - (» - $>'), as we have done above. 

Ex. 7. Factorize 4- 3yr. 

The given expn. *-(x* -2'y-2y®) + 3yir-£:*, re-arranging, 

= ( 4 r - 2y)(;r ^y) -H 2 ^yz - (A) 

We now regard {x ~-2y){x^y) as the ist term, as the 2nd, 
and — as the last term of the given expression. We have to 
bieak up zHx -~2y)[x-\‘y) into two factors, such that their difference 
may be 3jxr. • 

Now, js’(jr-hj')-j2r(2r-2y) = 3^2', by subtraction ; 

by (A), the given expn. — (.;r- 2)') +-sr(2r+;/) -2y)-2'‘-* 

— 4- y}(:r - 2y + r; - 2 ^( 2 : - 2y -t- r) 

. —{x-^-y- z){x - 2 y+ z). Ans. 

N.B. The student is advised to attempt the above example otherwise 
by the method of the difference of two squares. 

The breaking up of 3^5, upon which depends the success of the 
rnelhod we have used, should be carefully noted. The answer may be 
guessed out very readily from beginning Putting 2=^0 in (A), the 
given expression -( a:- 2;')(t+^) ; putting x-o in the same expression, 
it=: 4-3y«-5“=:(-2^4-s)0'“8). Therefore we readily infer^that 
the entire cxpression = (.x;-2>'4s)(jr+^-s:). Now verify the lest result 
hy mental multiplication. 

The method of inspection here explained will be found to be very 
convenient in all examples of the above type where factorization is at all 
possible* 
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Ex. 8. Factorize the expression, 6r*+ + being 
given that it is exactly divisible by 2Ar4-i, and thence break up 
7812 into its prime factors. ‘ • 

Divide 6r* + 17^^* + 1 iji: + 2 by 3^: + 1 ; or paoceed thus 
6a:® + 1 7^ + 1 + 2 « (3^ + 1 )2;ir* + (34: + I ) 5;r + 2(3^ + 1 ) 
='(3^+*)(22:*+S*; + 2)- ' 

Now, 2Ar*+5a: + 2 — (2r + i)(r + 2), by the usual method. 

/, *6a:^4-l7j:®+iw: + 2 = (3;tr+ i)(2jr4- i)(a: + 2). 

Putting 10 in the last result, we have. 

the left 8166—6 x io* + 17 x io®+ ii x 10 + 2 
«=6ooo4* 1700+ 110 + 2 
= 7812; 

and the right side — (3X io+i)(2X io + i)(io + 2) 

= 31 X 21 X 12 
= 3* X7X3X3X2* 

-2*X3®X7X3I. 

78i2 = 2®X3®x7X3I. Ans. 

Ex. 9. Show that ^ + 6(y + s’)2r2+i2(y + 2 r)* 2 r + 8(y + JDr)» 

=4(2j' + 3r + 62')y®+(jt + 6y + 2£:)(ji: + 2F)®. M. U. 1881. 

A® + 6(y+jB')2:®+ i2(y+xr)®jr+8(y+5’)® 

+ 3^2.2(y + jc) + 3{ 2(>' + 5')}24:+ { 2 (y +S') }* 

»;ir® + 3<7x'-* + 3rtlr+fl®, if^^z/J'+s’), 

— (2: + a)* Formula Xi Art. 73, 

-{.r + 2(y + r)P, V a^2{y^z), 

« { 2*y + (-a: + 2 z) f®, re-ananging, 

“ + 3'(2y)®(^ + 2z) + ^aoix + 2zf + (2: + 2zf 

— { 8y® + 1 2y^{x + 22-) } + { 6y(a: + 2zf + (.r + 22 ')® \ 

« 4y®{ 2y + six + zs-) } + (ar -h 2z)\6y ’¥x^2z) 

" 4(2;' + 3^ + 6j8')y® + (.r + 6^ + 2z)ix + 2s')*, re-arranging. 

Ex. 10. Resolve into factors (92r® + 2)* + 12. 

By expansion, the given expression 
= 814:^ + 362:®+ 16 
. — (8i4r* + 724r*+i6)-362:* 

*:;s(94r®+4)®-(64;)® 

— (94:* + 62:+4)(9x*-6r+4). Art. 7$* Ans. 

N.B. It will be seen that 8 iJic* + 36 ;r® +l 6 =( 34 :)* + 2 ®, ( 34 :)^ + 2 *, 
i,e , is of the form A* + a®^® +3*, which suggests our method. 



HARDER WORK WITlf FORMULA. 


lOS , 


The following examples show that the method of subsiiiuti&n 
IS a powerful .algebraical method of simplification. To use it 
successfully, however, r^uires careftll examination of the form of 
the given expression |ind of the relation betweeA its terms. 

Ex. 11 . Shew that 

(20 + A f)* - 3(# - 5)(2n + A + + 2 ^ + (a 4- + 0® * (<* •" ^)“* 

Put Jf for 2« + A+r5 and y for n+2^4-r ; 

« then 2<i+^+r-(n + 2^+r)=tf-A. ^ ^ 

/. by substitution, the left member of the proposed identity 

—P‘~yf Formula XI, Art. 73. 

V x-y^a-b. 

Ex. 12 . Find the value of 

•(a 4 -^:-A)* + (^r+^-r )*+(3 + ^-^r)*+24«^r. B. U. 1859. 

* By formula, (.ir+>'+jEr)®-jr* + y«+;?® + 3 (:r+yX>'+^K^+^)* (A). 
If x — I therf will jr+y + £'«-a + ^ + r, 

h .r+^-2n, 

F+jr«2r. 

+^)(y + +^) = 3 X Sabc>=^ 24 abc, 

/. by substitution, the right side of (A) -the given expression, 
and the left side — (a+^ + ^‘)* ^ 

the requirec# value — (a + ^ + ^)*- Ans 

Ex. 13 . Shew that 

(.r* + (y2 - zx)^ + (s^-xy)* - -ys){y^ - zx){e* 

— (jr* +)^ + - 2xysf, 

Put and z^-^xy^c. Then 

(jr* + (y* - zx'f + (5* -xyf - 3(.;ir* -yz){y^ - zx){z^ -^xy) 

— + — 30^4’ 

(A). 

Now, a-b^{x^ ^yz) - (y* - zx) — jr* -y* + z{x - y) 

-(jr->^)(.r+y+a); • 

similarly, ^ -r=(y-sr)(;r+j/+a), C'-a*»{z^x){^-\ry‘^z)* 

- J(r +y + (X -^)2 + (y ^ + (ar - 

- (jr + y + +y* + «* -/F - jsx 

Also o+A+rs=.r*+y* + ;r*-j'sr-r.r-jry. 

the right side of (A)-{(2:+y+;r)(jr*+y*+a*-j/s^-F4r-.9')}* 

» +a* - y^yz)\ Hence the identity. 


. By addition. 

j 
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Otheiwise thug ; By expansion, we have 
( 4 r« 

. — (ar* r +y V) - (yV -1’^® - rV + ar*^;er) 

««ar*+ar)/*+arjs®- 3 ar 2 jj 8 r • 

« jir(ar* 4 -/,+ £® - 

Multiplying both sides by we have 

fa :^ — ^jet)® - (ar® - j'js’)( y® - 2 a:)(^® - a-j/) — (ar* -ary-8')(ar® + y® + ) > 
similply we obtain, 

(y® — - (ar® ~>'jer)(y* - -Mr)( js® - j^) * (y* - arys'Xar'* + y* * 4 ^® *» 

(0® —ary)® - (ar^ -y£')(y® — 2’a')(^* - ary) -(£:*- aryj?)(a'’* 4 -y® + * ® - Sarys'). 

Adding np the last three identities, we obtain the proposed 
identity. 

£z. 14 . Prove that <2* + ^® + ^®=3a^^, if <2 4 *^ + ^=o. 

+ P + iabc= {a\-b-^ c){a* + - &c ), by formula 

*«ox(^i*+ 3 ®+&c.?»-o, if ii + ^ + r-o ; 

transposing, a® + •+■ ^ 

Otherwise thus : 

Given a^b-¥c*^o ; 
transposing. a + b^ -c ; 

cubing, i?® 4 - + sab{a + ^) *= ~ ^:* ; 
transposii^g, <7® + ^* + r® = - + b) 

= - 3 aK-fh •/ « + 

= 3abc, 

N B. The above example should be caiefully studied and remem 
bered. Wer^add below some of its consequences. 

Bx. 16 . Resolve into factors (ar-y)® + (y-g)® + (2i-ar)®, C.U.1866. 
Put ar-y■•^^,y-a’*=^, r-*ar*=£; 

Then <7 + <^ + f«ar-y+y-ir+g--ars=o 
proceeding as in the last Ex., we get 
a® + ^® + f®«3a(^^ ; 

\x - y)* + (y - g-)* + {z -ar)» « 3(ar -y)(y - z){z -ar).‘ A ns. 

N.B. Many identities can be immediately deduced from Ex. 14. 
For instance, 1 - 20) 4 (r + a - 2d) + (a + 3 - 2r ) = o, identically ; 

.V(d + f-Ba)'* 4 (f H-a-2d)" f (<* +^-2f)'‘ 

= 3(d + f 2 a){c + ff 2d)(g + d - 2r) .. 

Again, a(d-f) f-d(r«a) +c(a(-d)=;o, Formula XIX, Art. 73 ; 
a^{b-^cY +b^{c-aY +c^(at-d)^ = 3gdr(d-g)(g~a)(g-d). 
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16. Ffvctorise 

It is readily seen that the given expression results from the 
substitution of and c®.fdr b and c respectively in the 
light-hand side of Formula XX^ Art. 73. Wd therefore employ 
the method of Art. 82P Substituting for 

the given expn,»<i*( 3 ® + r®) + 

- { a\h^ + - b\b^ -h r®) > - { h\a^ - b^) - r*(4*® - 3®) \ 

- (a® - + c®){ (^* -I- /^®) - (^® - r®) } 

- b^{b^ + r®)(r® -H <»*), si mplify ing, 
b){a‘k'b){b^+c^)(c^-{-a^). A ns* 

Ex. 17 . Show that 

' (,i - a){x - + (jr - - r)(^ - r) -h (:r - r)(jr - rt)(r - a) 

^-{a-bXb’-c){c--'a). 

Put 4:--^ = A, .t -& = F, 4r-r~C ; 
then by bubti action, C-B«/ 5 -r, A-C«r-^. 

by substitution! the left side of thejpioposecl identity 
« AB(B - A) + BC(C - B) -h CA( A - C) 

=* -(B-A)(C-B)(A-C), Formula XX, Ait. 73. 

--{a-b){b-c){^^a)* 

Otherwise thus : Multiplying out, 

(v -a){X’-b}{a--b)=^{A^ -x{a’^b) + ab\{a-b) 

=x\a>-b)--x(n^-b^)^ab{a-‘ b). 

We now at once obtain the following results : 

{x - a){x - b){a ~ b) ^x'^{a - b) -x(a^ - b^) -hab(a-b)f * 

(x - ^)(;r - r)(^ *- r) ^x\b - r) - ;r( 3 ® - <.®} - r), 

{x - r)(;r - o)(r - a) =^xHc - «:) - ^i®) -h r<i(r - a). 

Adding up these identities, and observing that on the right 
side the co-efficients of x^ taken together a — o, 
and similarly the sum of the co-efficients of :r«o, we get ultint^ttely, 
{x - n)(x ^)(a - ^) + &c . ab{a — bc{b - r) -f ca{c - a) 

» ^{a-b){b-c)(c-a), by foimula. 

N.B, Compare the two processes given above. But what led us to 
the first process ? Let us begin with ab[a-~b)+bc{b-~c)+ca{c’^a). |Iere 
each term is the continued product of two quantities and their difference^ ; 

the first t^rm is the product of at, b and {a^b)* Now let us examine 
(v-a)(.;r-^)(fl-^)-t-&c. Observe that Hence here also 

each term is the continued product of two quantities and their difierence, 
and this foot has suggested the transformation in the first method. 
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Bx* 18. If prove that a(j-tf)(jr-^)(j-<r) 

If wc put s^b^Yi and then 

SimiIarlyj^+JBr«»«, and z-\’X^b. 
by substitution, + 

— 2xyz + (y + z)yc + (z +x)zx + (x ^y)xy 

^ =(y+je'X5'+jr)(;r+^) Formula XVII, Art. 73t 

f^abc, by substitution. 

Otherwise thus : Applying Formulae VIII and iX 
2 {s - a){s - b)(s -c) *= - 2(^1 4- r).f* + 2(a^ ^<*)j - 2abc^ 

a(s-b)(s-c) — + +^^:, 

b(s^cXs--a) = + 

- a)(s - = rj* - (fa + bc)s + abc ; 

adding up, 2(r-a)(j-^)(j-f) + a(^-^)(j-f) + &c. 

» 2 J* - (a 4* ^ abc 
= 2i® - 2J X j® + a^f, putting aj for a+^ + t, 
— a^f. 


80. DiffereBce of two squares. We propose here to 
show how an expression given as the product of some others may 
be transformed into the difference of i>vo squares. 

Evidently^ 4Jty«*(.r4-j')*-(a'-y)^ See Ex. 2, Page 84. 

Dividing both sides by 4, ji'y=— ■ 

Hence the following mnemonic rule : 

Product of two quantities ^{halfsum)*- {half di^erence)^ 

Bx. 1. Express (2jr‘®4*4.ar-3X2.«^-^*+ 0 as the difference of 
two squares. 

We know that ” (”T^) * *^®*^I*cally, (A) 

Put a«2ar" + 4jr-3, and 3-2.r®-dr® + i, then will 

““=^{{2.r®+4a:-3) + (2Jir®-6r®+i)}“2.r®-3;r»+2;r- i, 

f ^ 

(z** + - 3) - (z*^ - 6r» + 1) } - 3*:*+ aa: - 2. 

/. by substitution, (A) becomes 

3)(3^® - 6r® + 1 ) «*(2ar®-^34r®«f a;r-:>i)®>^(3r®-f2.r*-»2)®. 
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^ • 

Ex. 2. Express {x + yt){x + )(jt + + 9«) as the difference 
of two squares.. C. U. 1887 . 

We shall first multiply up two of the factors a§ well as the 
other twq. » ^ 

First Solution : The given expression 

*. = {(■*• 1 + 5«) ){ (^ + + 9«) } 

— (*■’ + Sax + 1 5 a*)(r* + 1 6 »ar+ 63 a*) 

— AB, [ A - jr * + Sax + 1 s«*, B = J:* + 1 Sax +B 3 arr~ 

•• • ■ • 

-■ (-r* 4 - 1 tax + 39 ^r*)* - ( - *“ 24 ^*)* 

» (jr* -f 1 2<i;r + 39 «*)* - (4ax + 24a*)^. A ns. 

• * 

Second Solution : Re-arranging factors, 

the giv^ expression •• { {x^ ^){x + 9«) } { (^ + 5tf)(^ + 7«) } 

« (:ir* + 1 tax 4 - 27a^)(x^^ I tax + 35 ^ 12 ) 

. ~AB, suppose, 

-(r3 + I 2 <i;r 4" 31 ^)*- ( - 4«V 

— (;r*4- i 2 iM: 4 ' 3 itf*)^-( 4 a*)** [Note this.} 

N. li. It is evident that by combining the factors in fither ways, we 
bhall get other solutions. For instance, we can put the given expression 
= i(^+3<*)(-^^ + 7«)M(^ + S«)(-^ f9«)f. or = (A' + 3a){(jp4-5a)(jr + 7a)(A+9«)f, 

\'c. It will be seen, however, that the second solution given above is the 
simplest, and is the one that is usually adopted. In this case we generally 
begin by putting the given expression as 

{greateii x least factor) x {product of others). 

. EXAMPLES 49. 

Prove thit 

L ( 2 ;r 4 -^)'-* 4- 0^ 4- tsf « 4 (:r +/ 4- £■)* - ( 4 -^^ 4- ty)(y 4- ts). 

2 . (2.i:4-«)^4-(;r + a3)(5jr4-2^+2^)=(fl+^)®4*(3.2r4‘3)(3r+2n4-3^). 

8 . («-^)* 4 -(^ + a4-^4-c=*«o. 

4. 2 dc(a - ^) + 2 ca{d - rrX^ - «) + tab{c- a){c - d) 

as the sum of three squares^. 

6. «* + ^*4-<^-»2«^^* + 2W4'2r*«*«»J(a*+^*4-4r*)*, if «4-^4‘r»o. 
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7. 4- +^* - J'*) + + y* - r*) + 60* 

(jr* +>* + r2^(;ir 4 + ;Er)(y + ;? - 4r)(ar 4- jt- - y)(4r -- £•). 

3, - Tar)* - 1 3(jr* - Tar - 3) — ibe product of six factors. 

9* ( 4^* - 3ar)* - ( yix ^ - 4* 1 8a* - 1 ) is aP* perfect square. Re* 

solve the same expression into factors. 

Resolve into factors * 

10. (;r*4-3^)*-8(a*4-3r)-20. 11. ar* 4- 4^® 4- liar* 4- 8a- 4- 3. 

’^l2r a-*4-2ar*-T^*-8^4-i2. 18. ar*4-a'y-6ar4-^- T. * 

14. ar*-4j'*+ 5a‘4*2y4-6. 16. 2a,v4-3y*4“^4(a:4-y- 1) 

16, a:* 4 - 4 ary + 3y4-6ar4“ ioy4-8. 17. ar*4-2a>»4ar(r— 

18. 2^4-4 4- 3^:4- 3^*. 19. 2<2*4-a^'-^*4-tf<r4-/^r, 

20. ar*4-ary(i -a)-^*y*4-3>'(i 4-a)-^*. 

21. i)xy {b ■k-d)x acy^ ad)y -^-bd, 

22 . 24ar*4-58ar*4-37ar4-6, being given that 2ar4-3 is a factor, and ‘ 

thence factorize 30176. • 

23. Resolve into their simplest factois . 

( 1 ) a\b^L)^b\C‘¥a)^c\a’-b). 

(2) 

(3) a^\a^ + b^) 4- bh^b^ - c^) - 6?a*(c* + 

(4) 6^b\b^ - (^) 4- 4 c*) - ^ V(4® 4- 

24* Factorize as far as possible : 

( 1 ) h\a - c) 4* <r®(<z - 4- c) 4- 2/?^r. 

(2) - ii®) 4- 3®4®(^* — +4®a®(t® 4- <^) — 

(3) (a® - 4- - ^V) 4- «*^*c*. 

26* Prove that (x 4-;' - ^)* 4- (ar 4 «f 4- 6ar® - 6;r(y - r)* 

= (2a -* < + (2a" - 2a 4- cf 4- 6r(2a - c)(2r - 2a 4- c). 

26. Show that (^*-c*)®4-(^:*-a*)*4-(a®~^®)® is divisible by the 
sum and difference ofiany two of the quantities a, b and 6. 

27. Show that (a-^)®(/:4- 1)®4-(^ -'^:)®(a4- i)®4-(c*a)*(A.+ 1)® can be 

expressed as the product of six algebraical factors. 

28. Resolve into factors <^{pz - cy)^ 4 ^(ar - az')* 4- ^{ay - hx'f, 

29. Factorize (ar*42)*4-i2 and (a*4-2a4-3)*+ 12. 

80., Factorize (a:+y)®-(ar-yy‘-6(ar*-y)-8. 

31. Ifa-4-2y-3sr-*a, fir4-2r-3y*^,>'4-23'-3r-<;, find the value 
of 0*4*^® 4* £* - yibc. 

32 z){x ^w\b^ -x){y - w\ c- (ar -;y)(r - w\ find the 

value of <^4-^ 4^* - ^ahc. 
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Sd* Factorize 27^ - + - 2zf - (ar - 2>^ 4 - Bf, 

34. Prove that 

(,r ^2yf + (y “* +’>' ** -=') 

36. Show’ihat 26ar*'#(jr 4- y)®-(:*r-)/)*»6;i:(4af* -)/•). 

36 Factorize 7 + + • 

37. Simplify (jr-j^)’(^+>i-2z')*+(jj/-2')*(y+z'-2Jr)* 

+ (£-x)^£ -f jr - 5 y)». ^ 

38. Prove that (r+^)*(^-^) + (jr+W^"“«)+(jr+r)®(ii-^) ^ 

. • • ~ -(< 2 -^)(^-^)(^r-tf)(<i+^ + r+ 3 ;r) 

38. Resolve into factors (jr-2a)’*(^ — 

+ (;tr-20^(<z-^). 

40. S impl 1 fy (^ + c)H^ - r) + (z: + a)\c --a) + (« + ^ b), 

^ 41 If ^ + ^4-fc~o, show that + +^)4-3^r^^=*o. 

42 If s-a-hb + c, showjthat 

(r - )* + ( f - ^)* + (r - - 8 j® - 3f j + ez)(r + ^)(r 4- r). 
43. If + show that 

r* - (j - 2 ^)® - ( j - 2^)® - (j - 2 ^)* ~ 24abc, 

44 Given that prove that 

45 If j - J{<i + ^ + c)i prove that s(s - <z)(r - ^) + 1(5 - ^)(j - c) 

4 *r( r — — <2) « (j — <?)( j — f) + abc 

40 If 2r=«tf 4-^ + ^, prove that 

(r - a)®( J - ^ ) + (j - ®(r - f) + (j - ^•)*(r - n:) + 4- ^*<r+ — s\ 

47. Show that:r(y4'jr)(y*+jr*“^^)+y(s'+.r)(r*4-;i*-;/*) ^ 

+ s{x4-y){£^ +y - a®) =* 2xyz {x +)/ + a), 
48 Show that 2{(a + ^)®-(^+^)® + (^ + <if)®-W+«)*} is exactly 

• divisible by 3{(<* + ^)*-(^ + 0*+(^+<^)^“-(^+«)®>. 

Express aS the diffeience of two squares : 

49. (2r4-i)(ji:+2X2r + 3)(-®^+4)- - a^)(x 4r ^){x 4r iia) 

61. (;r4‘i)(;r+io)(.r-i)Ct+6). 68. •r(^®-tf®X;r + 2ni)-24a^ 

. Show that 

63. ;r(.ar - a){x + - 3«) • 1 - (tir + 3«*)(4r® - ax ^ 8«*). 

64. {X 4- 1 )(.Jr + 2)(x + 3)(x + 8) -- 3(4^ + 1 1 )* 

-(x*-x- 9 )(‘^* 4 -i 5 x+ 35 ). 

66. (z*-i)(r-7)(x+5)(x+ii)4-72o*(^* + 4^-I7X^*+4^-^S)- 

66. (x + I)(x + i)(x + 6)(x + 8) +(2x + 9)»-(x* + qx + 1 5)®. 
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67. (x + 2 ){x - ^)(x + 8X^ - lo) + I44(J*^ - 1 )* « (x* - 2i* + 28)^ 

68 . Express as the sum of two squares : 

(0 + y ) ; (iVj 2(tf*+ ^2)2 + 

59. Show that twice the sum of the squares of three quantities- 

diminished by twice'the product of every two is equal to the 
sum of three squares. 

60. Reduce to the sum of three squares : 2(:i'*-.f£'+r*-;r-£'+ 1). 


CHAPTER XV. 

Highest Common Factor. 

87. DeflnitionB. Each of the letters occurring in a term is 

called a dimension of the term, and the total number of letters 
involved is called its degree and denotes the number of its 
dimensions. Thus the product is said to be of 
dimensions^ or of the fourth degree ; and is of e/gh/ 

dimensions, or of the eighth degree x.r xx x:r, and 

Thus the degree of a term is the sum of the indices 
of the powers of the several letters in it. 

A numerical coefficient is not counted. Thus the degree of 
gx*yh or — 4+2+1— 7, 

We sometimes speak of the digtenSions cf a term with respect 
to any one of the letters it involves. I'hus gz*yh, which is of 
seven dimensions, is said to be of four dimensions in x^ of two 
dimensions iny, and of one dimension in z. 

The degree of an expression with respect to any parti- 
cular letter involved is the index of the highest power of that 
letter occurring in it. Thus the expression ai®+^;r® + Gr*+//.r +r 
is of the fifth degree in x. 

A compound expression is said to be homogeneous when all 
its terms are of the same dimensions. Thus 4jr®-3.r^jy+7ar*^* 
— is a homogeneous expression of five dimensions. 

The highest common factor of two or more expressions 
is the expression of highest dimensions which divides each of them 
without a remainder.* It is written in brief as H. C.TF. It is also* 
ca\]fid the highest common divisor (briefly H C. D*)i and the 
greatest common measure (briefly G* C. M.). 

88. H. C. F. of simple Expressions. The H. C. F. of 
simple expressions is easily found by inspection. 
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£z. 1 . Find the H. C F. of jr* and 

Evidently is the hgheU power of x which divides each 
ofjr® and xP without a remainder. Hence Jt® is ’the required 
H. C. Yr'Ans. 9 

Ex. 2. Find the H. C. F. of arV, and aPx^K 

x^ is the highest power* of x which is common to all the given 
expressions, and therefore divides them exactly. Similarly yjjw 
the highest power of y which IS a common factor. Hence s 

evidently the H. C. F. sought. Note here that a is coihmon to 
ax^y^ and airy*, but not to ix^y^ as well. 

Ex. 3 . Find the H. C F. ot 36iry5®, 42x^y^s'^ and 30:^5:*. 

The G. C. M. of 36, 42 and 30** 6. 

• The H. C. F. of x^yz'^t x^yh^ and x^s^=^xyz^. 

Hence evidently the required H. C. F. is 6 xyzK Ans* 

• 

89 . Hule. The rule for finding the H. C. F. of two or moie 
simple expressions can thus be generally put : 

Take the product of 

(1) The G C. M of the numerical coefficients^ if any ; 

(2) The highest power of each common letter which divide^ 
exactly each of the given expt esstons^ 


EXAlvfpLES 60. 


Find the H. C. F. of 

1. x^ and xV ; xV and xy^ ; x^y^ and xy. » 

2. and and \ o^b^c^ and a*^d^. 

* 3. 2alrV® and 4a*xy ; ^a*b*c^ and Sa^(^d ; and ^IWn^ 

4. and - r2aVy ; — qr*/® and 6x*z^; iox*y*z^ and I5a*fy. 

6. 2\a^lfu^d^ and ^^cflPc^d^ ; i44a*^®xV and 1 

e. aW, abc^ and ; a^b*(Py and 

7. xy^sr®, x^y^z^ and cdxyz ; t^nPn^ and 

8. 6a®iJlry, 4a®x® and 8a*^lr* ; s<^*b*x^ and ^efib^x^K 

9* yxyx®, 5jr®F*x® and x^yh^ ; i2X’®>^y and • 

10 . t 2 a^^dp^^f^, and bocdlPdp^q^i^^ 

11. 24a®^Vxy, 4oa®^lr®5'*, 32a*3*x* and 

12. xy V, x®y*x®, 2 x^y*z^ and 

18. 4a^b*l^m% 8aW*nPx^, loa®^®/*w®F®and 
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14* 2 Sa*dc*df and 

15. 6/*jwV, 42 A^^/ii»^and 2oa*4*/*iii«. 

00. H. C. F. of compound expreasIconB. Tbd^« C F.. 

of sucli compound expressions as can be readily resolv^ into 
factors is found in a manner analogous to the one shown in the 
case of simple expressions. « 

‘ iix. 1. Find the H. C. F. of and 2a® - 20 ^. 

and 2a® - 2ai «* 2(a - b)a ; 

H. C. F.- 2 (a-^). Ans. 

Ex. 2. Find the H. C. F. of 4 r*- 9 jir®+ 2 jr, 3J:*-4^®-4^ and 

2;ir*-3Ar®-2jr®. 

We easily find 4Jt®-4^®+2Ar— jr( 4 Jir^- 9 r + 2 )»jr(:r- 2 )( 4 Jr- 1 ), 

3^1:* - 4^< - 4x^x{ix^ - 4^: - 4) =:r(ir - 2)(3r + 2), 

and 2.r* - 3;^® - 2^® ^x\2x^ -yc^2) - 2){^7x + 1 ) ; 

/, H. C. F.— 4r(;r-2). Ans^ 

Ex. 8. Find the H. C. F. of Z{x^^‘f){x-y)\ i2(4:*-/)(;C-y)® 
and i 6 (x*-y^y* 

B{x^ +/)(r - j^)® - 2 ®(;r + y)(ji'* -4^ +>'*)(^ -“/)® ; 
i2(jir*-;^*)(jf-;/)®*=2*X3(;r®+^®)(;ir+y)(^-j')* ; (Workout.) 

1 6(;r® - y®)* = 2*(^ + y)^(x * 

/, H. C. F. « 2 ®(;ir +y)Cr - 7 )®« 4 (jr +/)(;*:-' y)*. Afis. 

N.B. Here notice that in finding the H. C. F. (Jf-y)® should be 
taken, and not simply x-y or (t ~y)*, for (x -yY is the highest power of 
x^y which is eo?nmoH to the gi/en expressions and therefore divides each 
of them exactly. 

EXAMPLES 61. 

Find the H. C. F. of 

1. a® - d* and a® — a3 ; (a - ^)® and — ab, 

2. a* - a^® and a* - ; a® + a^ and a® + b". 

5.* .!r®+i and (x 4 -if ; a*+;r® and (a+jr)®. 

4 . jr* - y^ and Jr*ar® - ; 9.r* - 4y® and dr* 4jry. 

5. oi® - a®^ and M + a&tr* ; a® 3 ® - a®^®^® and o®^ - a^®. 

6. 5a* - I oa 3 and 3 ar - ^ - 1 6 x*y and ;r* - 84 :®jb*, 

8<a^4-;»:® and 4a® -4r® ; 9Jr + 6y and i&r®-'^®. 
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* 

8, and 4rt* + 2a3-2^* • and 

8 . 5c?’ -*241*^3 and S<i^-^Utf4'6 ; 9^*-4^* and 9ci’-X5ii^-“l43*» , 
10, JC*-z**nnd2r*-4jr+4 5 «V--i anda^jr*+n. 

11 x*+*^’and undnt* ^ 

12. jr*- Jury -3j^|nd 2y“+3^+2r»; y+y--i2 andy^-a^^-j. 

13. 2ri+8y® and2r*4'4*y4*4y* 5 3^3-26* and 9ci*- i2ci^4-4<^. 

14. 8(aV-^V)and i2(cilr*+2a&ry4-^V*J ; i-2r^and i-jr« 

16. 9(jr*+y*)’and i 2 (x*^y *) ; 6(y’‘-y)and 7y(y®-3y+2); • 

18. 2(a^3 c?^’ and - ad*) ; ga^ -f 6cii* and (£8ci*4' 1 2ci^)** 

17. 4(a* + ^) and 1 1 (ci* - - 20^*) ; (a* + tf)* and 2(a^ + ci^). 

18. 1 6(ci* “ ^)’ and 8(<i* - 3*)* ; 24(<i* - 3*) and 40(11* + aV *f 3*). 

18. 22r* - &iry + 8y* and (x - lyf ; (xyg^-yz*)^ and {xh ^xs^)\ 

. 20. X V j^ixy -y*)* ; x* - 49X® and x* +x* ^ 42x^. 

21. (x*y~5 ;^)®, x®- 8 x®*^I 5 x* ; 3X* -7x»-2cu:’, 2X^-Qr®+4X*, 

22. 3x*y* - 8**^ + 4 ry* and 2x^ - 6x V. 

28. wx® + (w+i)r+i and 2<x*-(«-i)x-«}. 

24. 6fl’3 - 9a*3® + 3a3* and 4ci*3 + 20*3* - 6o3*, 

25. 1 2o?x* - 36 o* 3 x* + 27o3*r* and 640*3* - 2 1 6o*3*. 

26. 42o*x - 7o*x* - 70V and 28o®x* + 42o*x* - 28ax®. 

27. 48 «®x* - 40o*x® - 48o*x* and 6oo*x* - io2o*x*+ i8o*x*. 

28. (y-i)*(y + 2) and (y*-*4)(y^- 1) ;y®-i and y*-y*+y*. 

20. (ox 4- 3y) + (3x 4- ay) and (ax - 3y) + (3x - ay). 

30. i+x+x*+x* and i +2X4’X*+2X* ; i-x®and i4-x+x*, 

31. x*- 7X+6 andx*-x*4-x-i ; i-/®and i+/*4*/*. 

32. 36r*-i3x*+i and 36x*-6at*+25x*-i ; i -x® and i-x®. 

33. o’— o3, o*-3* and o*-2o3+3* ; i -o*, 1 4-0® and 1 -o*. 

34. o®-3*, o*3-o3* and o*4“o3-23* ; /*4-i«*, /*-w* and 

85. w*-i, (w-i)*, (w*-i)(w 4-3) and w*4-w-2. 

36. o®- 4 o 3 *» o* + 40*3 4* 40*3 *, o*4*8o 3* and i23»-3o*3. 

37. x*-5?r4-4,x*-6x4-8,x*-i6x and 2a:*-2x-24. 

38. 0*3* - d* - 3* 4- 1 , (o 4- 1 )*(3 4- 1 )* and 0*3® + o* 4- 3* + 1 . 

30. ( 2 (^+ 4 (^)(a^+ 2 a-S)t (2o*-4o){o®-ao*-8o) and 

(a*-4o)(o*4.2o-8), 

40. 27(/*»?^ - 6/«c® 4- Sw®), 33(/*^ 4^»** + 3^^) and 

36(/*«« - + 2/w®), 
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4L and i 6 a*+ 4 «^+i. 

42. jr*-(A-d)ur^A^,a;*-(A+3)4r+A3 at\(l 

43. (y*-«*)^ (y-Jp)*(y*+>^) (y*+j^«r-2«r>)(y»-a^)0^4h^). 

44. A*+3*-^*+2«d and 

46. < 1 *-^, < 2 *-f and 4 A*r+ 8 |i*&^+ 4 ^®i. 

46. a*4^’*+3«^a4-^)-i, a'‘+^+ 3 a^- I and «*-^*-* j + 2 ^. 

9L When two given expressions cannpt be teadily resoheJ 
into factors^ the mode of finding their H. C. F. is similar to the 
one used in Arithmetic. 

Buie. 1 . Arrange the two given expressions according to 
descending or ascending powers of some common letter, 

2 . Divide the expression of the highest degree in that letter by 
the other ; if the expressions are of the same degree^ take for divisci 
that whose highest term has the smaller co-effident, 

3 . Make the remainder a new divisoi and continue the process 
until there is no remainder. The last divisor is the H, C, F, 

£x. h Find the H, C. F. of 

2jr*-gir® + I2;r— 4 and 2r*- I3;r® + 3xr^ — 33^4- 11. 
2;r''-9jr®+ i2^-4\2Lar^-c’3.»® + 32A^- 35Jir + 1 l/Jtr - 2 
^ pr*+i2jr*-4^ \ 

- 4;r®4-2ar*-3ijr4-ii 

- 4;r^4-l&r^-"24r+ 8 

zr*- 7 ;r+ 3 

2;r*-7.r+3\2;rS-9iar®+lz«'-4/^*** i 

^ ^Ir ^ 

-zr*+ 9^-4 
- 2 ;r* 4 - 7 £ “ j 

zr-i\2r*-7x + 3/:r-3 
^ t^^x 

- 6 ;r +3 
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The above work may be shown in short thus : 

2jr*-i3;r®^^32;r*-35;r4-n 

|, 3^ * 1 g-v*** 9-y*V 1 - 4X 

* jh2ar*-3ir^ II 

-2jf8+ 7jr«^3' - 4x^4* i8;^-24j r4> *$ 

1 * *•*■".*1 ' " ' 7-F+ 3 

' j 2Jtr* - X 

H, C. I . - 6^4- 3 


T 

2: 


-2 


JT 



Spooial Rule : Af any sia^e of ike work the dzvi{iend or the 
tiivisor may be multiplied or divided by a quaniiiy which has no 
fdi tor in common with ihe other. 


, This rule should be added to the fbre-going ones. 


* Ex, 2. Find the H. C F. of 2x^ —(a-¥2)x^+a{a'¥ and 

3r^ +.r*(a — 3) + a{a - i )x 

Multiply the latter expression by 2, which is no factor of the 
tirst, and then begin by taking the product as the dividend. 

3.t* -^x^a - 3) + «(« - 1 y - d^ 

I Multi ply Jby 2 

2r'’’~(<2 + 2)A** + i*(a + i)T~o*\6.t’ + 2,a- 3Vr* + 2«(a- vx^ 7 a^f 3 

5 ar*-a(a 4 - 5 >r + ^ 

Since o is no factor of the divTsor, reiect it from the remainder ; 
since 5 is no factor of the latter, multiply the divisor by 5 for the 
next dividend, 

2^*-(n: + 2)r2 + a(€r+ i)r- a** 

Multiply by 5 ; 5 

5-r*-(<2+ 5)Lr4-a\iar®--(5a4- io)r*+<*(5<i-h 5)r- 5a*/2Jr 
^ ior*-( 2 a 4 » iQ\ar^-l-2 a.r ^ 

- 3<Mr* + a(5a + - 5«* 

Multiply again by 5 ; 5 

- x5a4r*4*<*(2Stf + i5;jr- 25<**(- 3a 

22 «*r - 22 fl*- 22 <a*(;r- I). 

Reiect 22ff*, which has no common factor with + 

.r-*i ) sar>~(a+5)ar + a( 5r-<» 


’-ax^a 



alosb&a. 


Tli0 above work may be put tfius : 


. 

3jr».j;(«-3)**+B(«-lVe-a* 3 

sa* - {a +a)A* +tf(fl^+l)A -«* 

6 a® +( 2 «iitr 6 )A® a)A'- 2 a® 

5 

6 x» -( 3 «+ 6 >»* +<»(3«+3)*r3?’ 

A iar»-(5«+io)A»+o(^+5)A-5g® 

d\^ax^ + sJa + a* 

lOA* - (2tf + IO)A® 4 ^a^ 

5 A»-(a+ 5 )A+a < 

- 3 aA* + fl( 5 a + 3 )a - 50 * 

S»*-3» , _ *. _1 

* 5 

-.flA+O »- 

‘ . 1 

14 -iStfA® +fl( 25 a + i 5 jA* 25 a® 

-oA+a 1 

-l 5 «A*+g (30 + i5)jr~ 3 a® 
22a®j22a®A — 22 a® 

II, CF. =A-i. 

A-I 



N. B. We begin by multiplying one of the given expressions by 2, 
in order that its first term may be an exact n^dtipTe of that of the other. 

Sometimes it is more convenient to arrange the terms in 
ascending order of some quantity. 

Bx. S. Find the H. C. F. of 7^^* - ioa;r* +3a‘*^® aqd 

8jc*-i3a.jr® 4-5a*j:® ~3a®jf + 3a*. B. U* 1884. 

-i3ojr'*+8;c® 4a* - 4aV + 3a*A* -I0flwr®+7A^ 

3a* 3g®jr® 3 

3a;r 3a®j: + 2a®Jir® - +8;r® rtia* - lai’jf -t -30tfA® +21 r* 4 

3a®Ar-«6a®jr® + yix^ i2g*~ i2a®Ar - S2gy^ + 32 Jf* 

8 a® ‘"8 a«A» - leoA-* f8A* - i ia^y® +2aax® - 

• 8a«.r«j^i6^®J;;^8A^ g®-2ax + ^ 

H. C. F. =<*• - + A®. Ant, 


Ex. 4. Find the H. C. F. of 

4r*-A‘*+d*;-9 and t* + 2 a:*- S*'*-'6 a- + 9 , 

-3} -9+62:- ^r^+A-^lp-dr -5A* + 2jr*+ - I 

[ ■"9"l-32 r +32f^ 9-6r +f * _ - ^ 

x\ yc -4r*4“S^ - 2x^\ - + z a^ 4 - 2 j H * ^ 

-.;r* H. C* F *« 3 - 2 r- 4 ?*t 

N. B* Work the above sum by arranging the expressions in descend 
ing powers of 
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It 9 

Bx. & nnd the H- C. F. of 

5 ^*- 2^). 

H. C F, of and ; * 

/* the H. C. F. sought «»2a^*x H, C. F. of the other factors. 


/, H. C. F. sought = 23 ) Ans. 

EXAMPLES 62 . 

Find the H. C. F. of 

L 2jr*-5;r+i and 2jr*-6T4-4 ; 2;r* + 3r-2 and 6iar*-5x-f i. 

2. izr*-jr-6 and i&r®-94r- 14 ; 24ar»-6jr-45 and 

2&r*-h25r-i5. 

8. x^-^i and:r*-4A:*+5,;^*-39r4-7o and x*- 52*- 70. 

4 . ;ir*- i9Jt’^+ll9^-245 ancf 3ar*-38A + 119. 

6. 2X^ + &rV + and Sjt* + - 24 ;'*. 

6* i2Jr^ + 4j:®-3;r*-.t and 8;r’-4;c*-2;r+ 1. > 

7. jr®-3elr-2a* and 

8. 2dlr 4- - qax^ and 6 e^x - i 4 * 1 402^^ - 

9 . ;i:* 4. .• lo,r and A^ + 2 jr®- 3 ^ 4 - 20 . 

10. 2 X* - i6r* + 422r® - 362: and 3^:* - j 6r* 4- 2 ix, 

11. 7;r*- I2;r®4-S2rand 22:*-hA:’'-&r 4- 5. 

12. jr*-3«^-i02'*+24xand 2 ax^^ loax^+Sax. 

18. 2 Jr* - 2x^ 4- i6xy^ - 1 6 y® and - ^ry - 24 ^*, 

14 * 52:* 4- 2Ar*-* 1 52: -6 and -7-^+4.ir® + 2i4r- 12. 

18 . i 8 y®- 47 ^*-S *^+25 2zt»-57ar>-5jr+2S, (Better aftange 

in ascending powers ofx), 

W* iS 4 :*- 32 X^ 4 - 34 ry* 4 - 2 >*and i^ir’- 3 X.rV'f 
17 . 2 ;r* 4 - 3 ar*- 2 ;r^- 4 !r -5 and;r« 4 - 2 X*- 4 f*^ 22 :-- 3 . 



ii» 4 -a» 3 - 5 tf 6 »- 23 » i 
o*"- 4^*3+ 4^3* 4** — 4*3*— 63® 

40*3- J4*3*-63» ' 3 1^*3-44*3*4-43® * 

40*3- 1 64*3* 4- 163® tf®- 41*3+43*4 

li3*| llo3*-223® 4*- 24^ 

, - 203+4^ -23 

- 2 03 +43® 
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18 . 6Lr* + 33Jr*4‘36^r-27 and 3ijr*4‘33a:*- I9;r^ 3. 

19 . — 4jr*-29La:*-a6r4' 16 and 3r*- iijr* -83*^—794: -f 48. 

20. 2^*-74:«-5dr*- 534' + 32 and 44:*- £54?*- 1164:*- to9.r4-66. 

21. 4 ^* - 334^*4- 77-»^*- 424 : and 644-47;r*4‘ 9^®~264:*-S4:. 

22. 94:* 4 2 14 r* — 264:® - 1324:- 84 and dr* + 224:"- 124:*- 1234:— 105. 

28 . 18^*4194:^- 133^*“ 134:49 and 244:* 4 3dr»‘- 1814:*- 124:4 ii. 

24 . 48^*^^ — 4oa*3^ — 48^^® and 604**^* - x 4 1 8a*^. 

2o.‘' o*- Iia4 10 and a* — ga*48 ; a® — 6«4 »> and 2^® — 3a4 1. 

26 . 4 :®-iair® 44 r *4 124:4 8 and 4 :*-* 34*®- 2^-4 124 :?- 8 . 

27 . 44®- I5,r®4 X34:®-4:- I and 6r*-74:*46r* — 6 r* 4 1. ' 

28 . 44:^^^244:^4524:® -484:* 4 164:® and 6r^- 304:® 4 48,4*®- 244:*. 

29 . 24 :* 4 94r®y - 26r^® 4 1 4xy^ — 3^* and ^xy — 1 74:*^* 4 1 6ry® - 67*. 

30 . 24:®-34:*-39r®- 5 r -39 and 34 :® 44:* -634* - 754 -- 18. 

31 . dr® -94:* 4 1 94:*- 1 24 *- 4 194:- 15 and 44:*- 2r ® 4 144®- 54:425. 

32 . dr® 4 264:* 4 1 54:®— 164.'®— I or and ‘‘ 

304‘®4 1364* 4 954*- 73^*- 634:- 5. 

33 . 4:* 4 44^® 4 1 6y* and 2 oj® - i cxry* 4 1 74- V — 24 :®y* + 4:*7 44:®, 

34. 44 ® 4 d4*^ - 74 ^* 4 84 :y — 294 ^* - 367 ® and 

54:® 4 74 V — 94*y* 4 1 14V — 38tj^ — 407®. 

36 . 24 ® -4- 3 and 4^® 44 ® 44^ 4 2r’’ 4 24^ 4 2 r® 44 ® 44 - 4 1 . 

36 . a®^® - — 8 and a®^® - ra*^® -12. 

3 7 . «4* — («* - ^®)4* — a{a^ 4 ^®|4 4 and rt4® — 2a*4* 4 (<»’’ 4 ^)4 — cid®. 

38 . w® 4:*4 w(«- i)4®4(>w- //)4- t and 

< f«*4® — /«^«4 i)4*4(«4w)4- I. 

39 . < 34 * 4^(1 — <*) 4 ® 4 (^:-^) 4 - 3 f and r 4 * 4 (« — ^^:) 4 ® 4 ^(r — a )4 — 

40. 4* - (w 4 2 ) 4 :® 4 (y« 4 1 )*r® — w(2w 4 1 )4 4 and 

4* - 2 < w 4 I >r* 4 (w/ 4 I )( 3 w 4 1 )r » - 2 w( 3 w 4 I )4 4 3 f/i® . 
4 L (fl® 42 <z).r* 42 (rt* 4 a 4 X) 44 «®~i and 

(if*4 3rt()4*4(2a®4 5 « + 3)4 4«®42<i4 t. 

42 . (2^1*43^4 i) 4*4(3<*®42«4 i)44«*4tf- 2 and 

(3a*4 5a42)4®4(5<J*42<a- i)442<i®-tf -- r. 

L 

92. H. O. F. of more than two polynomials. 

Let At By Cy 8 zc. denote the polynomials. Find the H, C. F. of 
any two, A and B ; let it be -Y. Then find the H. C. F. of and 
C ; let it be V Now find the H. C, F. of Y and 27 , and so on. 
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Bx. Find the H. C, F* a£jr*-e3ar-n6o, 

and Jr* + 7;ir’*- 43:®- 52^:4- -^8. B. U 18^1. 

First find the H. C F of r^ — 2jr*- 191^ + 20 and 

jir»42jr*-232r-6o 

t 

H. C. F.« 3 r*- 4 r -20 

Now find the H C F. ofjir*-4r-2oandjr*+7Jir»-4r*- 523r + 48. 
. ? I t*- A-20j 3r* + 73r*- 43r®- 5ar+ 48 ) x* 

_ J xl^AX I _ J I 

— iX — 20 I +164.*— 524. ^84 

- 5.r- 20 I Sjt® - S4r®- ificur The final H. C. F. 

244:* 4 1084 - 4 48 24 «» 2 r 44 

344'* ~ 244: -480 I 
, , rjji 1324- 4528 1 

I 44 

EXAMPLES 53 
Find the H. C F of 

1 8 t.® + 7 i^- 46 , !i*’- 39 r+ 4 '’ and 9 ^’“ 22 r + 8 

^ 2. gjr'’-4r-2, 31*- iar‘-'-7X-4 and 6j:*+a®-i. 

2. 3**+ lai’+yf — 2, 31*+ 13**+ i7tr+6 and x*+gx'* — Hx—36, 

4 , 4.t«-9a:*+6*'-i, 6 *^- 7 a’+i and lor'- i7r*+8r- i 

6 2t*— 3r- 39, 2 A^~ 9 x*+ IOC — 3 and at*— 2 i 4 r- 18. 

6 2jr»+’3F*-3T-2, 52:*-14A'*+7^+3 and 3 »*+ 23 r’- 7 Ar + 2. 

7. ;r*-iS4r*-iar+24, 2r*-x*-i92:*-iiJf+30, 

j'* 4 - 2 ;r»-i 3 Jir»-i 4 a -+24 and :r« + Sar*-i32r*-S3a^+6o 

8. 2 r* 4 - 5 «’'- 25 **- 9 xe- 72 > yc* ^ - ^ ojc* - loox - 1 ,%, 

• 5*'*-9**-5ex*+4&r and 7 Ar*- 4 **- 87 A*- 3 dr 

0 . 6 a®“ 23 a*^+ 29 «^- 12 ^. > 5 '»*-~ 35 ‘**^+ 34 «^*- 24 i* , 

and io«*-37a*6+4S‘***“>8i* 

10. - 1 5ar*y 4 - 8 s»ry - 32 5 *y+ 274V ->«</» 

.r*- t3r*r+S3^y- 83 fF*+ 42 /. ar*- i 2 jtV+ 49 »y- 7 «*/ + 40 )'* 

and jr»- 1 5a:^+6SJt4)»»- 103^+ 547*. 


t 4r®-24r®- 194:420 

4r*4 24:*-234: — 60 

^ 4r*-4**-204r 

4r*-24:*- 194:420 

M L4r»+4r4 20 

4i44:* - 44: “ 80 

, -4r*44:4 20 

0 
« 

1 

1 

tn 



Atom A. 


ia» 

OS. £very common factor of A and B t$ a 

factor of the sum or difference of an^ multiples of them* 

Let C be a common factor of A and and let A 

To prove that C is also a factor of mA±»B. 

A^pCf tnA^mpCi\ • 

V B^gC, nB^nqC* / 

,% mA±nB^mpC±ngC^{mp±ng)C, 

C is also a factor of inA±nB* « , 

Cor. L Any common factor of A and B is also a factor of 
A-^B And A ^B. «—4). 

Cor. S. Any common factor of A and B is also a factor of 
A --pB And A ‘^pB, {m^i^n^p), 

94. Proof of the rule for fLndikg the H. O. P. of any 
two compound expresaious. 

Let and ^ be the two expressions arranged in descending' 
or ascending powers of some common letter ; also let the highest 
power of that letter in A be not less than the highest power of the 
same in B, 

Let p be the quotient and C the remainder, when A is divided 
by B) A ip 

We shall first show that the H*. C F. of 
A and B is the same as that of B and C. C 

Froihathe division work, we have A^pB^Cy (i) 

and therefore, by transposition. A”^pB\C*^* [t) 

Now, every common factor of A and B is also a factor ot 
A-^pB or C Cor.'j, Art* 93. 

Since the same is a factor of By *.*//yp* 

therefore, every common factor of A and B is also a common 
/acior of B and C. 

Conversely, every common factor of B and C is also a common 
facior of A and B ; for, every common factor of B and C Is also 
a fiactor oi pB^-C qx A> 

It now follows that the common factors of A and B are iden- 
tically the same as those of B and C. 

Therefore* the highnl common factor of A {dividing anS B 
(divisor) is the same as that of B (divisor) and C (remainder). 
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9 

Now divide B by C, and let the B} A (p 
remainder be -D. 

Divide C by Z?, and tuppose there 
is no retpainder. ^ 

* Then will D be the H* C. F. of 4 and B. 

For, by what has already been proved, 

H.C.F. 0(4 (divd.), B (divn)«H.CF. of B (divr.), C(rem ) ; 
H.C.F. of B (divd.), C (divr,)* HX.F. of C (divr.X Z? (rem.) ; 

and H. C. F. of C and Z>«Z> evidently, for D di%ides C 
exactly, and no quantity higher than D will divide D, 

A He C. F.ofyi and^-Z?. 

At any stage of the orocess, the dividend may be multiplied 
by a quantity which has no factor; in common with the corres* 
pbnding divisor. 

For, take C and B. If m and C have no common factors, 
those of C and B are evtdLently the same as those of C and mB ; 
therefore, the highest common factor of C and mB is also the 
same as that of C and B^ and therefore of 4 and B^ 

For a like reason, at any stage of the work a factor may be 
rejected out of the divisor, if it has no factor in common with 
the dividend. 

9®, Paotors of H. C. F. The H. C. F. of any two ex- 
pressions contains all their common factors, and none else. 

According to the last article, D is the H, C. F. of 4 and B 
Let A!' be any common factor of 4 and B. 

Then also is A' a factor of 4 ^pB or C. Art. 93, Cor. 2. 

Since AT is a factor of Z?, Hyp. # 

AT is a common factor of B and C ; 

AT is a factor of or Z? ; Art. 93, Cor. 2. 

any common factor of 4 and B is a factor of their H.C F. 

Also, D cannot contain a factor which is not in 4 and 5, for 
then it will not divide them exactly. 

Hence D contains all the common factors of 4 and B^ and 
none else. 

' 96. Proof of the rule for hndiiig the H* 0« F. of 
more than two expreBsions, Ay By C, etc* 

Let ffx ^ H. C. F. of and B. Since contains all the 
common factors of A and By and none else, the common factors 
of Ay B and C are identically the same as those of and C 
Ihetefore the H. C. F. of 4^ B and C is the same as that of 
/fi and C. 


PB * 

. C)B{q 

fS 

/>) C(r 
rD 


4 
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l.et this H, C. F. be denoted by Then contains all the 
^ ammon iactors of //, and C\ and therefore o( At and and 
none else. Therefore the cdmmon factot^ of and D are iden- 
tically the ^me as those of C and D Hence the H. C. F. 
of At Bt C and Z> is the same as that of /f^ i nd A and so on. 

Otherwise thus : Let be the H. C. F. of A and A and A* 
that of A and C t hen will 1/^ be the H. C. F. of At B and C 
if not* let be the H. C F. of At B and C 
"Then is a common factor of A and B ; 


/. * {7 is a factor of H,... Art. 95 

And G „ „ „ of C ; Hyp. 


6? is a common factor of Hj and C. 

/, is a factor of Ha* the H. C. F. of H^ and C. 

Now, H, is the H. C. F. of H, and C. Hyp. 

/. Ha is a factor of Hj. 

Again, H^ is a factor of A and of being their H. C. F. 

Ha is also a common factor of A and S ; 

also, Ha is a factor of C, being the H. C. F. of Hj and C. 

/. Ha is a common factor of At B and C. 

Now, it has been already shown that (7 Is a factor of Ha. 

G cannot be a common factor of At B and C, higher than 
Ha, which is also a common factor. 

Blit this is absurd, since G is by hypothesis the highest com- 
mon factor of At B and C. G is not their H. C. F. 

In like manner, no expression other than Ha is the H. C. F. 
Hence H, is the H. C F. of At B and 6\ 

The proof can be extended to four o’* more expressions. 

c 

97 . Nomenclature. An objection is urged against the use 
in Algebra of the term, Greatest Common Measure, which ought, 
to be restricted to Arithmetical quantities : for, the Highest Com- 
mon Factor is not always the Gieatest Common Measure, as can 
be easily shown thus : 

.r*-4A:+ 0(^-3). 

and jr*-&r 4 *i 5 -(-^^ 3 X^~ 5 ) ; 

/, the H. C. F. of jr*-4Jir + 3 and .r*-ar + 1 5»i;r-3, 

Now put -i* « 13 ; then 

" 3-169-4x13+ 3-120, 

t5«i69-8xi3+i5- 80. 

Now, 40 is the Greatest Common Measure of 120 and 80, 
whereas 10 is the numerical value of a-- 3, which is the algebraical 
Highest , Common Factor. Thus the numerical values of the 
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algebraical Highest Common Factor and Arithmetical Greatest 
Common Measare are not^tbe $ame here. 

Bx* 1 . Find the common fiaictor of the first degree in x of 
54:^84 and jr*j- 372: -4-210 ; (2) and 4f*+2;r®-3. 

The Common factor must be a factor 

of ;r*4-5r-84-(4r*-374r + 2io), Art 93, Cor i 
of 42jr-294, or '42 (4r-7). 

V evidently no factor of 42 can be a common factor, reject 
/. the factor sought « ;ir- 7 » Ans» 

N.B« It is assumed here at first that there is a factor of the required 
kind; otherwise we must examine by actual division if :ir~7 is really a 
factor of any one of the given expressions. 

(2) The common factor in this case is a factor 
of 3(;r* +x^ - 2) - 2(jr* + 2jr* - 3), 

’ z.£» of z\ or jr*(r — i ). 

Since .r is evidently nc.t a common factor, 
the factor sought 

£x. 2 * Find the numerical value of <2 for which ax*^ 5 x+j 
and 2£i4:*-&r + 3 may have a common factor in x. 

The common factor must be a factor 


Art 93 ‘ 
Ans. 


of 2ar®-8ji 4'3-(«ir*-5x + 3), Art. 93, Cor. 1 
ue, of ax'^ - 34r, or x{ax-- 3) 

X is no common factot,the (actor sought must be included in — 3 
Again, the same is a factor of 2<?Ar*«r8jr4-3~ 2(a:r®- 52r+3)f.r.of 2X~ 3 
Comparing a.r — 3 and 24: - 3, n « 2. Ans, 

Otherwise thus ; 

If the expressions have a common factor, they must have a 
H. C. F., in which the common factor must be included. First 
find the H. C. F. 


ax\ 




2 


2djr*- ias: + 6 
2<i2r* - lax 


{ 3 a- io>r4-6 
2 


^6<i-20>r+ 12 

(5<i-»2o)4 r-9<» -H30 
9<i- 18 


2 ax^’- &r-P3| 
2 ax^-~ tor 4- 6 
22:- i 


Since there must be a H. C. F. in 
X, this must be 2;i: - 3, and therefore 
the remainder, 9a*-i8| should be 
zero. We then liave 
9£r’-i8*»o. 

/. 9«^*8, by transposition ; 
on dividing by 9, Ans. 
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Bx. 8. Find the condition that j^+a)e-¥i and x*^ex+d may 
have a common factor in 4^. ^ ^ 

The common factor must be a factor 
of (»* + «r + #) - (r* + cr + Art. 93, Cor.. I. 

*>., of (a-c)x+d-}i, or ' 

/. is the factor sought. 

7* a-^c 

Again, the common factor must be a factor of , 

^ (jr* + ^ + /f) - + AT + ^) 

of (5-rf)4r* + (^f-tfrf>r, or{^-rf)r(4r+^^^~y 

Since x cannot be a common factor of the given expressions, 
hC“" 4 ld 

this factor must be2:4- ^ 

. ‘ h-d 

Now we have seen that the same is ar-h - 

/, comparing the two forms, we find the required condition# 
be -•ad b — d 
b — d ^ a^c 

multiplying both sides by {b'-d){a-c\ {be- ad){a c)«^{fi- df* 
EXAMPLES- 64 . 

1 . Find the common factor of the first degree in 2: of 2:*- 152: 
-4 and ^-12.^- 16. 

2 . Siiew that the H. C. F. of {a‘¥b)x^ — {yi-b)xAr%{a — b) and 
{a-b)3c^-{30-^b)x^-2{a'¥b) is the same as that of 2:* -5^ + 2 and 

and thence find it. 

For what value of a will the following expressions have a com- 
mon factor of the form jr-ftf, and what is that factor ? 

3 . 4ar*+^-l and 5a4r*+&r + i. 4 . .r®-ar + 2 and 2r*- 1. 

6. .r*4-2r-^i and J»r* 4 -;r- 2 £f. 6. jr>- 7 r 4 - 3 « and^:*- i2jr+8«. 

7 . tf(a+2):r®+(iiA-4)^+8 

and + 

" JB, Find the condition that 2:* 4-/2: 4 -^ and may have 

^ a common factor of the form Jr 4 -n. 

9 . If2:<4*fltr+ftand,r®4-^2r4-€t have a common factot|A 4 5 4 - 1 « 0# 
Shew that 2!^4-yr4-i and2r*4‘/f2r*4-y2r4-i ha^ a common 
factor of the form 2r + o, when (/f - 1)* ’-f (/ - 1) + 1 "O. 
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CHAPTER XVL 

Lowest* Common ^juLttPL% 

08 . DefLnitionj The Iioweet or Least Common 
Multiple of two or more algebraical eacprefsions is the exprmion 
of lowest dimensions which is divistble by each of them without 
remainder. • 

Abbreviation. The letters L. C. M, stand for the wonls 
lowest common multiple.^ • 

N.B. The term Arar/ here is sometimes objected lo« 0(^-1)^ and 
{a -1)® have 1)* for the lowest common multiple. 

Now let tfa»4, and ;r = 3- Then tf(^- i)*s=4X2*ssi6, and(jc-i)*=sS, 
and the least common multiple of 16 and 8:r 16 ; but the algebraical lowest 
^common multiple, 0(x- 1)® ^4 x a® =32. Thus the aljgebraical lowest 
‘common multiple and the arithmetical least common multiple do not agree. 
This is due to the fact that w^at is algebraically of lowest dimensions is 
not necessarily least numerically. Thus jc'* 2 is algebraically higher 
than x-¥ 2 . but numerically, when jr=i, the former, being equal to a, is 
uss than the latter, which is equal to 3. 

As the term least generally refers to numerical value, it is urged that it 
belongs properly to Arithmetic and not to Algebra. 

Ifj however, we take least to mean least in dimensions^ we may retain it. 


99. The lowest common multiple of simple expressions or of 
compound expressions whose factors are easily found out, can be 
readily obtained by inspection. 

Sule. ne Z. C. M. is the product of 

(i) the L. €• M» of the numerical etheffleients \ 

, (2) the highest power in which each factor appears in the given 
expressions^ 


£z. 1. Find the L. C. M. of and 

The L. C. M. of 8, 34 and i6«48. 

The highest power of that of y^y\ and that of 
*/, the L. C. M. sought ••48x®j/*jr^ ^ 

N.B. The s%n of- 24 is immaterial in finding the L» C M. • 

Can 48 jr®j'a or be the L. C» M*? 

Be. S. Find the L, C. M. of 3 i«*- and 
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Factorl$iQg each of the given expressions, we have 
20^ - 4^ * (?n + ^X« - 4^). 

70^- 5^®*“(2a + ^)(3«— 5^)* 

The h ighest powei^.of 2n + ^ — 2a + ^, 

„ „ » 1, a-4^-(«“4^)*s 

«• « »» jj 3^ ““ 5^ “ 3® "" 

»> ** II II « ^ ^ 

/. L. C. M.=«(2a+3Xa-4W3«-5^)- 


EXAMPLES 55. 


and 

6a2^t*^and 80*3^:*. 
4a¥® and . 

48/y^* 6q^^V. 

JrV and 24y*xL 
50^ and i 


Find the L« C. M. of 
1 . and x*y. 2 . 

3* 90 *^ and 4. 

5 . and 6 a*^V. 6 . 

7. 2 Sa^^^c* and 3 o 3 Vj:®, . 6 . 

9. and loy^s*. 10. 

IL xy\x*ys and xys^, 12. 

13. 7 a*&r*, 210 ®^:*, 3 Sa*;r^ and 42 a^rjr^;^. 

14. 4 <iy, 3 ^^i I a^x^y^ and 24 a’;r^®. 

16. 4 Jr®)^, i3**‘V» 39«*^.)'» 52 a* 4 r®/ and 26 arV- 

16. 25 a*^‘^, yob'^c^d^ 48 ^^d^a, yzd^a\ and ifiabcd)^. 

17. a*/«, gah^f^, i 2 bt^m\ 24 a*^/®, and 

18. and 

19. Hxyz)\ ixy^, i^yx\ and {jry^. 

aO. (id^bc^d)^ and (a^<r)« 


21, a®— and 22. a*— and (a-f ^)®. 

28, a* - ab and b^ - a^. 2 i. <wX<* -* •^) and d^x^ 

25. 4 :^ and x^^^xK 26. jr®-y and xj'(jr*4*2y -f^) 

27, a*-^^a«+^»ando®+a^+^*. 

2B. ga^- It 6a®+3«, 3a* -a* and I2a'^-4a^ 

29, 1 2ab(a?) - 3“)®, t^abi^c^b - a^) and 36a^(a® - a*^). 

30, «( I + jr 4-.*'®), 6a* - 6a*jr* and 2a - 2 ax^. 

3L yd^x^(a-x)\ 2ialr*(a*-x*;* and I2alr*(a4-^)*. 

62* an<J 



towissT uvLnu^hE, 


m 

aiu 315(41*4- w ^nd 45^.^ -^*)- 

M* jt^y-ojry^ 23r*(b^jr)*‘, 73y{ii-x)* and 24(x*^ •* Anf) 

S6. 33r®-^|W, 3r*-27-t and jr»-3ir + 9 . 

B7- d*^4a-f 3 and «*-5^i4-6 dB. 4 and n*-4n4*4. 

3B, and • 40 and 2n^4-4-i« 

^ 41 &3r*-6!r+i and &ir*+2X- I 

4B^ 8^ + 7 j 9^-46;^* and 8a*~394:>^ + 40^- • 

43 25 ^*+* 5 -r-^ and 25 r^ 4 *iot -8 44, and a* + 

45. a«(aiV - 3y ), 3^(<**;r*+^yy and a3(a^x^ ^ aSty 
• 46.y;<f - 53:4-6, r*- 73 : 4* 12 and 3 * - 53 - 4- 4 . 

47,/ lo^*, <i^4-2/i^ - 30® anciV-8n^-f 15K 
,43. /l2tf*-5fl-2, i2a®-'J!rv-i and 93® - 9^4- 2 
43dv^3ttf®3r* — yi(^x^ 4* 4SaT4 " — 4'S£<’*r® and 1 
^ 50. ^ — 1 ja^b 4- 4nA®, n3* — 8a®^^ + 1 6tf'^ and 4a®(^ - 9<i^* 4- 2^. 

51. i2a*^n*4-iJ*), 24<2A®{«* — and 4-a!®3®4-^*). 

^ 52 rtd* - <*(a 4-^/ and {a — i:)*r - ^®r. 

/r 58. 9ar*-4>^, 43:® ^ 36^®, 33:® — 71 1 ' -oH and 6;^® - 73:^- 33:*, 

54 25 (a®^^ - 5 n^® 4- 6 ^®J, 45 (rt*^* - 4 ^?*^* 4* 3 ^ 1 ^*), y2{a^b^ - 3 a*^ 4- 

55. l txy\€? - 3n3r® f 23 ® , 60 r®/( «i- + a t - 23-*) and 2 517 ^( 3 ® - a®>®. 

58 ( 3 * - 23 r)( 3 * 4 - 3 - 2 ), (3® - 4 ){ti - 1 /, ( 3 * + 3 )( a:* 4 * 33 4 - 3 ) 

and (3*- 334- 2 )( 3 ® 4- 33 4-2). 

100. Ik C. M. of two exprefisions not fairly 

faotoriaed. 

• Let H ^denotef the H. C. F of two expressions A and B* 
Let and B^bH, ^ 

Since H is the H. C F. of aH and bff^ a and h have no 
common factor. 

the L. C. M. of and B obviously, by Rule, Art. ^ 

ii 

But mH’^A, mhI by supposition ; 

.*. tlte 1 .. C. M. ot A «nd B^tAB'i-ff’. ^ 

jHonoe tho rala : I^vUk the ^rwimet ef tke two w^rttehwf 
hf their C Bl v or, which is the seme tBvHk either ef 





ISO 

Mi the pf iki 

pt0ikn4 amt the other expression ^ 

*** 

Ittl. Since L. C. M of two expressions-*** *^*^ 

* £1 C. jr* 

I»..Oe Hs xH. C. F,-« Product of the two exproBSioue. 

Bx. Find the L C. M of 

a* + ^a^ - ad^ - 3^” and a* + 6 d^ + 1 1 ah* + 6 ^*. 

Ftm find the H. C. F 

fl<i^ + 3a*^-*a^*-33* «®+6fl*A+ + * 

3^ 1 

— S - a**^ - 40^* - 3^* 3^) 3a^i& + 1 + 96* H. C. F. 

— a^h ■* 4 4»h ^ — ^ a® + 4«^ + =» a* + 4^ + 3S*. 

The quotienti («* + 3a*d — — 3^*) -r (a® + A^h + 3^*) ; 

/, L. C. M, — («® + 6a*3 + Utf^+6^*)(a-^). .•...Rule, Art 100. 
» a* + Sa*^ + - 5af^* - 6^* 

lost. Buie for the Ii C M. of three exproBslonB A, 

B and O : ^rst find the L, C. .If. of A and & ; next find the 
L,C*M of the L C M jmt found and <' Thj last L C. M,i$ 
me L^C^M of Ay B and C 

For, let L denote the L C. M of A and B ; then L contains 
all the factors of A and B, raised each to the highest power it has 
in any of them, and none else. 

Shice the L. C M. of L and C contains all the factors of L 
and C in the same manner, it also contains all the factors of A, 
B and C, each raised to the highest power it has in any of them, 
and is therefore the L. C. M. of A, B and C. 

The above rule may be extended to any number of expressicms. 

£x. Find the L. C. M. of 

i 4*4<*+4«’‘“' *h<»* and 1 +3a-8a*- 
First find the L CM. of i ’f4a+8a*+8a* and 1 4*4^*^ 40^*" ifiw*, 
^ Their H. C. F. *»• i + 2ii4-4<i*. 

A^ain, (1 44i*4-8<»®4‘8^)4-(! + rii4-4a^*>**i+2iis 
the Im C. M. ol 1 4* 44r4'SB^4*8B^ and 1 

*« ( 1 4- anK r + 4B 4* 40* - 1 

' ^ 1 4-6114- - 164^- 3»o^* 



tOWESr OOMVOM WVLTm.B> yjf 

* 

* Mext find the t M of this expresssoit and 1 
Their H, C F,-i+4a + Sd*4-8£^, • 

and (i -hias- S«* - i 6 a*) 4 »(i + 4« + i - 2«, 

A the L. C. M.lought«»(i+ 6 n+r 2 tf* + 8 tf*-i 6 i^-* 3 i<#X***"^y 

• ^ «i+4«-i6i2*-32a*+644i^. Ans* 

The L* C. M. in the present case miy, however, be easily found 
out by factorisation. 

1 4 - 4 <a+ 8 a*+ 8 n*»^ I +8 i*)4-(4-« + 8a^), re-arranging termSy « 
i +( 2 n)*i 4 - 4 n(t + 2^i) 

^ «(i ^2a){i “2^i + 4a*; + 4i2(i + 2a) 

*=*(!+ 2a)( I — 20*+ 4<!i*+4<^) 

— (i 4 - 2 £*)(i + 2 a 4 “ 4 o*) 

J 4- 4i!i + 4^^ - 1 6a* » ( i^+ 2a}^ - (4^?®)® 

( I + 2^? + 4a^)( i 4 - 2<« - 4a*) ( A), 

I 4- 2a - 8a* ^ i6a* - ( I 4- 2a i - 8a*(i 4- 2a) 

^(l4-2a){t-(2a)*} 

-*(14* 2a)( I - 2a)( 1 4“ 2a 4“ 4a*), 

• L C M reqd =^(i 4-2a)(£-2a{i4-2a4'4a*}(t+2a-4a*) 

"•(i -4 2*)(i4-4a4-4a*~i6a*) See (A) 

J 4- 4a - i^ja* - 32a* 4* b4a*^. 


EXAMPLES 60 . 

Find the' L C M. of 
. 1. JF®- 164:4*24 and 2Jir‘’ - 5a**4*4. 

2 . 2 :* 4 * 44 :*+ + 7 and 4r*4* 52**4- I3r4- 14. 

5. jr* 4 * 2Jr*y - 2>^ and 2:* - 2 x^y 4 - 2 y*. 

4* ;r*-iai:*4- 35r*- 50:1:4-24 and ar*-2r®- 132^*4*382: -24. 

6 . or* 4 * 4*® -2:*- ibr- 12 andar^-r*— n4r*4-94:4* 18. 

0 : 6 r* 4* 42 rV 4 - 1 2 ;rV* 4 * i \xf 4 - 2/*, 42:* 4 - 6 ;rV 4-82:^ 4 * 140^*4- jy*, 

7 . 2 e^ 4 * 3 «^ 4 - 4 ^*^«®- t 30* 4 - 8a* 4 * 3a® -5. 

8. jr*-dr* 4 -u.*’-T. 6 ^a:*- 9 jr* 4 * 26 af -24 and Jr®*-&r*4‘J9jrr-i2.* 

8. ai®-au:*-* 3 ir 4 *JO, jir*- 6 r* 4 'i 32 r-io and 4 «*- 7 jr* 4 - 6 r 4 * 5 . 

10, a*-^4i^-a*4»i6a** la^ is*i-7‘i*4* U0*4*7is-^l2y 

and 



AXit^XtltA 


108, Xkeorem. Every common multiple of two or more 
eiprosaloQs is a multiple of, their L. C, 

Stoco every oommou multiple of the given expressions is 
exactly divisible by each of them, any such multiple must contain^ 
besides others, all the different kctors occtWring in them, each 
caised to the highest power it has in any of them 

Now^ these latter factors, and none else, make up the L. C. M« 

Therefore any common multiple contains the L. C. M., and 
IS hence a multiple of it« 

Otherwise » * 

Let X be a common multiple of the given expressions! and 
Z their L. C. M. . 

Then will AT be a multiple of Ly i exactly divisible by it. 

If not, let ^ be the qjuotient, and the ^ 9 

remainder, when X is divided by L, so that SJt 

R IS hwer than L, i A' 

Then + and 

Since both X and L are divisible without remainder by each 
of the given expressions, Hyp. 

so also is X-^qLy i.e.y R. Art. 93* 

/. the given expressions have a common multiple Ry which 
IS of lower difnensions than L, 

But this is impossible, since L is the lowest common mul^ 
Hfle, * Hyp. 

/. A' is a multiple of L, Hence the theorem. 

CHAPTER XVII. 

Fractions. 

104. A fraction Itlerally means a broken part. The frac- 
tion } of a certain quantity means that that quantity is to be divided 
into 5 equal parts, and that 3 of such parts are to be taken. 

In this view, the fraction ^ of Xy where a and b are positive in^ 

iegerSy means that x is to be divided into b equal parts, and a of 
parts are to be taken. When.r is takeb as the unit, we simply 

s^eak of the fraction 

But even in Arithmetic we admit fractions such as ^ 
wlMi ai» evidently not covered by the primary sense of traotioa# 



FAAtirSOIfS. 




Algebra goes a step farther ; for in the algebraical fmetioa 

and^ are not restritted *to positive qiiandties/ butonaglia 

positive pr negativet integral or. fractional Thus we may have 

fractions of the for^ — , &c. We evidently fail to in* 
• 3 - 1 % 

terpret ~ by the primary idea of fraction, for it is 

without sense to say ihat the unit is to be divided into *^3 equal 
parts, and -2 such parts are to be taken. A modi6catioii«of the 
definition of fraction is therefore required. 


Let us return to the fraction }, We know that the tmit is 
. divided into 5 equal parts, and that 3 of those parts are^aken. To 
multiply it by 5 we must take each of the 3 parts 5 times. We 
thus get 15 parts, every five of which makes up the unit. Hence 
. the fifteen parts are equal to 3 units. Therefore J x 5-*3. Hence 

wAen a and b are both positive integers^ ^y.b^^a^ 1 


This last result is taken as the basis of our definition Of 
fraction in Algebra. Removing all restrictions imposed upon 

a and we assume f to mean a quantity such that 
o 


a * 

or, in other words, h|? the definition of dinnsion. 

Hence we start with any of the following definitions of fractumi 
which are equivalent to one another : 

a ^ 

Bef. I. The algebiaical fraction^, where « and ^ mhy be 

positive oj negative, integral or fractional, is that quantity whicb, 
when multiplied by gives a product equal to o. 

Bef, II. The algebraical fraction | is the quotient obtained 
by dividing a by b- 

* Thus 5), by the last definition, 

•3 

■■2 + 3, by the rule of signs • 


10b. We proceed to prove some important theorems which 
are of constant application in the preaent Chapter* 



m 


AUQRBRA. 


1. t/aiue of a fraction is mi atterod hy 

mmiiiptying hoik its numerator and denominator by any same 


Required to prove that 
By definition» 


a ^ 
b bm‘ 


Therefore, denoting ^ by jt, wc have 
^ xxb^a ; 

multiplying both ^ides by m, we have 

But 


xbxm 

••am. 


xhxm 

^x X bm ; 

An. 40. 

xxbm 



t, ^ 

—am-rbrn 

am 

"" bm ’ 

a 

am 


b 

bin 



that is, 

.Theorem TI. The value of a fraction is not altered by 
dividing both its numetator and denominator by any the same 
quantity. 

« . , . a a^m 

Required to prove that 


Let |-x, 




By definition of fraction, 
^ # 


and b-^vi 
a 


>t,b^a ; 


xb^a\ 

dividing both sides by w, 
jr X 

x'xe^y 

y 

. by definition of division, 


that is, 


z 

a a^m 
b b’^ tn 


M. B* The above theorem easily follows from the preceding one. 

I*et am'Si.At antf bin^B % then a^A-rnit and Then eSnee 

hy fhmmn I, wc get 5**^ whkH is theorem IL * 



f 


m 


* Vh00t$iai XXI. TAe vaim of a fracHon is mi 
tki sif^n of both its numirator an4 deisomimton 

^ f Q* a *, — tf ♦ * 

Required to prove that t’** and ri^ • 

, fi — ^ 

Take the fractiol ^ ; multiply both . the numerator and 

denominator by - 1 , then, since by theorem I the value oC the 
fraction is unaltered, w e have 

a^aycf - 0^ -o 
- ^T^x(- 0* -iS* 


Similarly ) ^ 


-<» X i)_ dr 




N. B. It follows easily fiom this ihev>rcm that 
a-h’\-i^^a^h c^b-u-a 
d Ye ~/“ -d’-e \t -d - e* 

Theorem IV The st^n of a fraction rf changed by ckanjg^ 
mg the st£fi of either the numeuitof or the defwmmator only. 

Required to pro^e that 

-a a a 
f"' ~b 

By dcfini tion, 

* by lule of 5»igns», 

«■ by definiiion of fraction. 

Also* 

, -{,a-^b\ b\ rul< ot sijjrnsi 

» -T, b\ definition 
b 


N. B. This proposition should be fullv gra^ptd by the student* as it 
|s frequently required in the aiiduim and subtraction of^ certain class of 
fsactioos* It is now easy to see that 

a^~b b d — ^ 

106. DjBfliLiticm The numerator anA denominator of a 
fraction are its terma, and when they have no factor common 
%0 both of them, the fraction is said to be in its loweet terms. 



ALGKflHA. 


lEtddtiOtioti* To reduce a fraction to its lowest temi$» we 
have evJdeniliy the following rule ; 

Bivi^ ike numeraior and denominator by evety factor contmon 
to thorn ioik^ or^ which is ike same thinly by their highest comenon 
faetoK \ 

Kx. I, Reduce to their lowest terms '—jrnpf 




72 jrVV 


The H. C. F. of (>a^b^c^ and 9/t®^ V « 3o*3*c*. 

•• Art. los, Tb. II. 


—A- Alls. 

jbe^ 


N. B. The more common practice is to cancel out , successively the 
common factors of the numerator and denominator. Thus, 

_ 3X2xa^ xa 
$xa* 




cancelling 5 and^’, 


2ah^c'^ 

X V i 


2 ar* 


cancelling 


as-^1 cancelling r*. 

More shortly, 

6tf*^*r* 3x2Xfl*-* 2d 

*3 X 3 x 

Also -3*^-»y^«V -36j'»-» 

7 rcV** 36 x2X»*-»s*-» 

— W® 

ar ^ - 

2Jr«* 


£ 5 * 


Art. 105, Ths IV. 



FRACTIONS. 




MXm2^ Re4tice to its simplest form 

27« + o*«a(l^‘l-a*) * V 

^ -«(/+«*) * 

^ »a(3+aj(3*-3<»+"a*) 

' =»=«(3 + a!)(9-3^’^^*) 

1 8 t* — 6 a* + 2a^ *• 2«* (9 - 3<» +• '»*) 

• a(34-a'(9- 4-a*) 

A the givea fraction** — — j- — 

.* ^ 2a^9-3a+a*‘) 


2 


Ans. 


N. B. In the cane of more than onc'e^mnion factor of the numerator 
and denominator strike out thosv^ (actors until no such factor is left. 


a 

EXAMPLES 57. 


Reduce to their lowe?t terms : 


I. 

6. 

8. 

ll. 

14 . 


fal 


2 . 


bx*y' 

io8^^*r' 

1 4-4r4» 2r* 

bm 4- w* 
me mb' 
a« 4- 


abjc*y^sf 
bcj^ys^ * 

6 


9. 


12 . 


16, 


17 . 

20 . 


28 . 


2 «. 


log* " 8o^ 
{a^zbf 

2Jt*+3jr-2* 

g* 4- 77^ 

165^*^ 

2jr*4»i^^8 
2;r**f2i2r~ 12' 


18 . 


21 . 


2jr®+f42:*’-3^2r 

55*-i5Jt^f+TSr 


6 g* 3 *r*r* 

8 gW?«- 

4 . 

20<mV 

66 a* 5 *rr* 


«•-#* 


7 . 

(«+<>)*• 

a a 

g® - 2 ? 

10. 

«•#* 

6 g* 4 - 30g‘ 

g*^+gt&* ' 

^bx-\rAby 

13 . 


A(x^-y)’ 


i.ix*~ 7 xy 

16 . 

9 g*- 44 :* 

ioxz-%ys 

9 g*- 6 g 4 r* 

(jr*-y*)» 

10. 

4 :*-f 74 r+io 

(r»-yY‘ 

j?* + 5 jr+ 6 ' 

2 X* +jr - 3 

22. 

4+ iaA‘+9** 

2 X*+ I 14:4-12’ 

2+l3Jr + i5jr** 


24 

^•4^23<M: + I32g** 

26 I2dj* 

Iijr*-a3«;jr4“i2tf** 



138 

* 

ai^oebra. 


20 * 


80. 

^db--^€)‘¥bic'--d) 



31. 


32* 


33. 

ac^bd-^bc^-ad * 
ac^bd^ bc'-^acT 

34.. 

i 2 flM^+ 33 gr*-- 9 Jir 
•i 2 gV + 3202 :* - lix* 

36* 

witr* -■ (»r* - w*) 2 : -- 

36. 


wfir* + ( »B* + «’)r + »»w 


a*-a^ + ab^-b*' 

e € 

37, 

Zt?b-b* 

88 . 

2 /?*-*- a*- I 


g* + g* + 1 

39. 

rAr*4* + 2 <*Ar 

a*-r* - 

> 40. 

Ar*-(3*-e»>2r-^r* 


107. When the factors of the nun^erator and denominator 
are hard to find by inspection, the work of reduction depends 
upon finding the H. C. F by the method of Art 91. 


JSx. 1. Reduce to its lowest terms • 

24 •“ yt ■+• 1 5^ ““ 7 

The H. C. F. of th * numr. and denn = 2r - i. 

(7 -> + (^;r - 1 ) 

+x -7 
“;r*-jr + 7' 


/. the reqd* fraction* 


Afis 


N. B. * The work of finding the fl. C F. may be shortened here* 
The II. C F. of the numeraUir and denominator is a lador of iheit sum. 
Art. 93 The latter is 41 - 2:1;^ or 2Jr*(2Ji - i). Since 2 or a will not 
divide the numerator and denommator, 2 a - i is the <»nly factor whiuh majr 
be common to them both The rest of the work is brsi givtn thus : 

2 } 4 jr(9A ~ l )~ 7 ( 2 A - I) _ 4-jf-7 

2jr‘*-3;r“4 15 ^ -^ 7 * i"t 2 v- l) -.*( 2 .* - J ) 4 7 ( 2 ^ -l)' 


Bx. 2. 


Simplify 


a* — 7^3^ + 6^* 

fl* — 4a*^ — 9n^* 3t 


The H. C. F. of the numerator 'ind denominator -a +3^. 

(a 4- 3^)<i* + 3^/+ i 4* 3^) 


the given fraction* 




cancelling ««F3^. 



FUACtlONS- 

*N. E. When either the numerator or the denotninator can be readily 
factortacdi aa in the preeent casct we oiay proceed thus s ^ , 

a» ^ -6a^» 4-6^® 

Upon examination a + 3^ will be found to be the only factor which 
belongs also to the denominator The subbequent work is as ^ven above. 
If some of the other faclois be found common to the two, they shbuld be 
snccessively struck out. 


EXAMPLES 68 


• 1. 

3. 


Reduce to their lowest teims * 
-36 

+ 15' ^ 

;r*4-2r*“-4X-8 


x^-6 
« 12 
54.'-f 3 

3n* r 

fur* -g:*- - icxr - 3 
1 2Jr* + 7jr* - bx - 3 
8^*+ lot/* - 18a 
i^a* - 14/7* + 2^? 

la. 

3<** - + 

15 


6 . 


7. 


0/ 


11 


3S/*/«* 4- 1 04/* w* - 9 
- 48/‘;«‘' + 48^»y«‘' 


17 n*"" Wfl* 4 - (//J“ I )«* -f W/I — n 

- i)a* + ;/«-»«* 

n* - ( w -f t + ( w + I )<t^* - ^ 


2-5jr + llr*-3i** 

j:»-4jr+3 
jr* - 4jr^+ 3* 

2/i* - *^* *“ 3^* 

3a* - 2a*^ + 3i<a^*^ 2^** 

5^r^- iS.**-b3<»-9 
10 3^ * + 

4fl* “• i9/f*-b6a'‘ 

6a* — ic^b + 

14. 

9a*-a*^-8^ 

3 a*- load*- 70*^4- I 4 i»* 
a*d — a*d - I oad - 8d 
’ ?^:4 6 a*t+ liaf+ 6 <r 

on ;»«+ 2 / V-iV >g«-- 9 g* 

■ />* + - 14^}*- IZjf*' 


108, Sometimes we have to express a single fraction as a 
group of fractions. Since a fraction represents the quotient of I 
the numerator by the denominator, we have to take the sum of 
the quotients with their prop** r signs of the several terms of the 
numerator by the denominator. 



ALOEBtlA. 


i 40 

OB. 1. •• • «">”■■ •< 

Itttctions in lowest ^crms. 

8a»4* - 20£W^ + 3^ „ „ ao®*** |. 3^, Art 52, 

4a‘d* 4«*^* 4<* ^ * 4***** 

_ SL + ^ reducing. 
n a* tr 

108. la solving a certain class of cqu ttior.s, we haw to 
express a fraction in a form which is partly ***** 

fi^uoMl. The process w.ll be best illustrated by the follow 

ing examples 


Bx 1. 


'Vr -4 2 t; 

Shew that T~r- “*3“ 


x + 7 Jr + 7 

-‘ 21-4 

x +7 ^+7 

^ + 7 

^ 3 (£± 7 )^ 25 

.jr + 7 t+7 

25 


— 3- Ans 

^ t +7 

N, B Sometimes actual division will have to be performed. 

» 3 ;r — 2 + ' 


f.jr*+iijr* + 7£+6 
Bx 2 Shew that ’ 


4 

' ar+i‘ 


2 **+ 5 ^ + 3) har’ + itx* + 74: + 6 ^3x-2 
62r*+i5ar*+9^_ 

— 4r’- a* + 6 
_ - lor — 6 

ar+iz 

2 

5 X +3 
4(2X4- 3 ) 

(»r + 3)t!r4-il 

y 4 »w. 

x + i 


. 6 **+i>x* 4 - 7 *+ 6 ^ 2 ^. ^ + 1 

;• 2 x* 4 - 5 x 4-3 ^ x**+ 5 x 


-3X-2 + 

-» 3 jr — 2 + 



ri^AcnoMs. 


EXAMPLES 69. 

Reduce to a' group of oimple fractioaa 

*' g *’ •- 

4 , g a*+i*-a» 

abed ' \ aic ' 

^ ^-i^r*y +xi^- 2y 4irt 

2XJf 

9. JO 4A 

^ ‘ i2xy0 ’ ' 

Shew that 




o* — ~ ^ . 

90^ 

in 4 ^9r-3^r+7^ 
- 


«jr 4- 9 &^ac 

~ — — «»/i 4* c 

-r4-4 ;r + r 

6 4 ,r*- 292x* 4-4oa r - i «;9 ^ 

4.r*-i2jr + 9 


2j»r+ i 


a-2^-f 


a: 22 

i 6 r -25 . 

^ zr-3 


110. Reduction to lowest commoa doaomimator. In 
finding the algebraical sum of a number of fractions, it is necessary, 
as in Arithmetic, to reduce them to a common denominator. As 
it js most convenient to tnake this common denominator the 
lowest possible, we have the following rule ; 

Take the L C. M of the given denominators for the common 
denominator; divide it by the denominator of each fraction^ multiply 
the quotient by the cot responding numerator^ and take the final 
Product as the new numeiator. ^ 

Proof. Let the given fractions, Vedneed to their lowest terms, 

be ?, ^&nd > Let L denote the L. C. M. of d and /, and let 
& d / 

^ ^ ..1 r 


so that L^bx. 

^ a ax 

.By Art. lOS, 


IX(£-t-3) 


, and so on. 


N. B. la applying the above rule, it is generally coaveoieot to have 
the given fraetions first reduced to their lowest terns. 

Xx. L Reduce to the lowest common denominator 

a 3» 5* 
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ALOBBUA. 


L. C. M. of denominators 

2 . 

rti"' aaV *" <try ’ 

US 3flyg t 

2r^“ ajrV 

5A 5*x(<wy4-tf);^)^S*£l 

and Orly ^ ax^y* 

N. B. Ii ’* ess'^y s'sen that the above work with the fiial fraction ' 

. , , ..2 and so on. Thebeglhow***^’***'^ 

eqoivaleai to— 

to verify each ca'vt in this way. 


Ex. a. Reduce 


__L_and-jt^ to the lowest 

ab-V^' 


common denominator. 

"r* _ -I'A. -i, simplifying. 
ab^b^ bs^a^o) b 

Thenefore the given fractions aie equivalent to 

I b j _ 

-b' «>+#»• 

^ L C M. of denominators 

-iT abf,c?+l^) ' “ic>{a*+**}' 

o#(«*+^) 

<idva* + ^*> • ab(^+t^) 

EXAMPLES 60. 


1. 

X ^ 5 ^ 

a. 


?5 - 

6’ 12 * 


20’ 30 ’ 

3. 

jr® 

7*’ 

f 

zx* xy 

4. 

a 

Fl^ 

Fd iSf 


tf-AT 

a^x 

6. 



5. 

«+jr 

* a-jr' 

M JW 

4 

10 * 20 " 

^ db 




«+y a-*-*' 


T 


8 . 



addition and SDKrRACTlOK OF FRACTIONS* 


MS 


9. 

11 . 

Id. 

Xft. 

16. 


-.jL - 


jT-rt* 5^+5^ 


0* - - 2b^ 4^** ‘ 3“U- + y)* ^(jr -y)* /*)' 

€^-ab b -*6 2c^-ac . 2 x_ a a(x4^a) 

* bc^ ' {pc^df {x-af 

rt* 


(a-b)a^cf {6*-c){b-a)' (c^aXc-^b)" 


5jr» 


4r 


3^ 


;r*-- 3474-6/^* ;r*-;r^ .r< + 2 :»:y -^*- 4 )^ 


CHAPTER XVllI. 

Addition and Suptkaction of Fractions. 

^ 111 . BrUle. Reduce all the Jractwns to the lowest common 

'denommaior ; take the algebraical sum of the numerators as the 
new numerator^ and letoin the common denominaior. Reduce the 
result to the lowest termu when Possible, 

a c ad bi ad^bt 

vrbd^bd^ bn 

a c ad he ad -be 
and bd * 

• '» 

N. 6 . If any of the j^iven fractioob be not in its lowest terms, it is 
convenient to hint siinphiy it. 

• 

Six. I, Find the value »of ^ + r. 

5 ^ 

L. C M. of denrs = 30, 

a a 6a 5a 6a+5a iia - 

•T T — 4 -*— • AHS% 

. 5 6 30 30 30 30 

Bx.a. SimpUfy --f 

^ ^ 4a 6a 

L. C M. of denrs. « 12a, 

40 6a laa 12a i2a 
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Xie. 3. Find the vhlue of 

e Aar a 6 ay 2 a 

On redndng to lowest terms, 

' a 2 a a 

/. th« read* value «— + +~ 

^ xy yz sx 


az 2ax '^ay ^ axyz 
xyz xyz xyz x^z * 

az 4" ^f7;r — ^ay + axyz 
xyz 

_ a{ 2 X-yy^S'^xyz) 
xyz 

N. B* The step (A) is usually omitted, and we at once write dOM n the 
aext step. Note also that a quantity which integral in form may be 

d 

regarded as having a denominator equal to i, e, 


(A) 


A$u. 


Sz. 4. 


Simplify 


2X + 4 _ x+i _ jr-_t 
jr*+4jr-5~4r> + 3j--io ;r*-3;r+3' 


Factorising the denominators, the given expression 

= — -1 _ ar-S 

(r-iXar-^s) (ar-2)(ar+S)“(ar-iX*-2) 

2(x + 2)(^-2)~(t + i)(x- i)-tr-5)(x»5) 
, (x-l)(x-^)^x■^■i) 
2 (x* - 4 )-(x*-t)-(X*- 2 S) 
(4r-i)(jr-2)(a-+5) 

2 X* - 8 -X*+ I ‘-x’ + 2 S 

^~(x'^yx- 2 '](x + 5) 

>8 

”(x-i)(x-s)(x+s)- 


tf* ^ 

Bz. 5. Simplify (a 1 «)(■*■ - d) “it* - 

Observe that x*-(«+#)r+«^*“(x-«)(4r->)i and 

-d* 



ADDITION and JURTRACIION Of FRACTIONS. 


The given expression 

a \ t - /^) — d^’^tx — /i) — ^/fY 

• . .r- 

The numeraTOt - ah - - b-x 4- ahi^—ab r 4- b\v 

ab{a’-'b)^ re-arianging’, 
a — b){\ -^) ; 

. .. aa-b)ix--b) ^ 

.. iheexpfess.on-,^_^^,^_^^^^_^j 


}:XAMI^LES‘ 01. 


K ind the value ( f : 


1. 

^ + ^ 

2. 

.1 r 

“ 4" . 


3. 

X 

*• 

4 . 

7a 

4* 

a 


4 


S *0 



3 " 

6 


3 

6' 

6. 

2a a 

0. 



7. 


8. 

2/2 

5^ 


3 ”6* 


5 ^5 



24 

16 

9 ^ 

12 ' 

9 

a b 

10 



ll. 


yib 

12. 




ty £rr* 


^Oc p' 



1C 

5^‘ 


r«‘ 

13. 


14. 

a* r- 

• 

15. 

nh^ 

he 

10. 

3JL^ 

6 / 1 * 


ya-^ rr.tr’ 


(i 



ui 

a(V 


4^* 


17. 

7£W , 
^I4aW-^ 


18 

21 

lOl 

.y^. - 

y 

'st' 

t r 

19. --,4- 
.4 6 

r 

8* 


20. 


}x 

21. 

ah 


yah 

22. 

a b 

4--^. 



y iF 




'7 

‘ ^ 

ca 



23. 


Aah 

24. 

a 

a 


26. 

2/7 +-3 

_4'»+S 


^ 4 

6f * 


h 

a-b' 


y*+4 

”s« + 6' 

26. 


27. 

2 / 1 4- r 4 / 1 -I 
3 / 74-2 6 / 14 - 2 ' 

.28. 

t 

I . 

~6' 

29. 

jr -4 at 

-3 80* 

■ 2 /^ 

h 

4- . 


Sh 

t 


_9 



-2 

2/1 - 

2b 

2«’ 

X 

*-at'4-9 1 



12 I 

(^+^“^*>-,1- ^(tf- 





algbbra. 


- 7 4 “ 30<* 

^ oxHvc-v^) 

* m m*+2ni» * -sy ^ 

..i^-'X"f' »•; 

s ^* + jry -^.y* . 

.JL.. 41. 

;r4-y (I'+J')’ ^ ^ 

Cx-I)^ (t + »r (I-^J a 

^ .,/. y-a y+±-+-J— . 

2 _ 2 + Jf. 47. ^rivTi'y*-*- V+2 

- . «+•»•_ .?±?— iv 

. £±.1_— — . 4®- (a_^)(A--fl) (a-*)('»^-*) 

’• jr.-2 2(0^ + *) 4 ' ' . . I j- 

-A-H /iiB V .. •* 


®®^ i.-*«ri+2« ^-i 
yc 6^ 

87. 2+“-j^^.j^+2^4)^»-9a^ 

3®. 5(^:7) 


JL_ - +J— . 43. 

II tf + tj ^ + 5 


€±.1 £Zl^--. 49. /a_^)(A--a)’'(<»-*K'*^~*^ 

jf-2 2(j: + 2) 4 ' ^ , jc 

JUT.yL^. Bl. ,57.:;r*)"^*+^'’^^y-5 


^ . ? 55?-. 

p-q^p-^q q*-p- 
a . 3" _?«*■ 


3 ’7 . J7_. 

63. I-6J 

, a+i+»^tl4.«±*Z£i^ 

a + b- a6~i 


^ 66. 


/ 88. 


I+Jt I -JT !+£!_> -** 
l^ar+i+jr I-:t‘ 1+-^* 

,og-5« 4 _i?+f'tfy. 

5r3-ir>*'3-i 

I 3 _ - — ^ . 

xizrgr^l^lF'-ix-^^o x*-tx+s 

— cA I (1 — 6^ 

^r- *>" -7«^ + .O** 

« L «+ ii# "^ «*+(«- ^ ^ 

4--« 3Cg»2) f-tJ-—;.. 

+ 3)tJP -+1) ' < ^ + 5)^* " ‘ ^ (1-3:)C* + 2) ^ 
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CHAPTER XIX. 

MULTIPLICATION^AND DIVISION OF FRACTIONS. 

112. • Produot of Fractions. Buie : Takt the product of 
/he numerators for tme new numerator^ a^d the product of the 
denominators fof the new denominator;^ simplify the result^ when 
possible^ • 


Proof : Let ?, ^and ^ be the Sfiven fractions. 

bj j 

Let I be denoted by ^by y, and ^by r. 

Then, by definition, a=^bx\ 
c^dy, 
and e^fz, 

/, M ultipl>nng up, a eg « bdfxyz = {pdf ) x xyz. 

ace 


xyz*"ace-^bdf^ 


bdf* 


a i € pfoduct of numerators 
^ b ^ d /** „ „ denominators' 

N.B. It now easily follows that x *=7, for a Js 7 ?. 

bo bib 

^iluiIarty * * 

a a l a 

«i « T- I .t. 1 r 2^bi^z 

Ex. 1. Fmdthe value of 4a x «x /- 

iQb\Y 30 < 2 *&r 

Since the given expression 


4 a X K 2 ibi^yz _ cx 


A ns. 


Ex. 


1 X lob^i^ X ^oe^zx d*bhxy^s y ' 

2 Simplify 


The ist factot - ^ ^ ' ===• " — r"! 3^^ 


2nd 


jr*--6flr + 9 4;*-6;c + 9 

jr* - 2 ;r + I - 3 '! 

, 't j ^fx -2Yx- %) 



ALGEBRA. 


Find the value of 

ab b(^ " 

.X—. 

cd ac 


4. ^ X 

9 lOr^ 

3«3P 


EXAMPLES 62. 


^ xy 

8 . 3 


2£1 x-H:. 

Ctfjr* I ^ax * 


-'"’'■’‘ijS;-' “■ 

.rs-y (a~^)« 

iirr^^(.r-.y8* 

a* - r (a + 1)^ 

^ + I — i)^‘ 
i^xy x^ - 

6xy^2x^^ jr5'**~4 

' 4/ 9^ 


11. 7.ryx 


x^ y 

y S*jr^ 

6d^b* 2Scx^ 
i^ax^ i2ab ' 

3^2 8^i:« 

y b^ 

b* 


4 ^ 2-1 2 a +X 
X . 

12 2a— I 

gji'- Toar^ ?;r -Kjt^ 
2jr2+;rS *^2 ar-i‘ 

y - («^4- c)x + ar -r 2 - 
+ (^ + c)x -^bf .r 2 - ‘ 

fa b\ ab 
Xb^al^a^b' 


IIS. DiTision of a fraction by another. 

Rule. Invert the divisor : then y^o on as in vtultlpluaitcti. 

Proof. . .. I,- a- be be' 

1 T * 

N. B. ^ Note the results, a -. - =a^, and ^ ^ ^ 

Observe that a^p 3 = ^, &c. 

, r.. 1 . 4 - 

EX.1. Simplify— x — ^—. 

. . igy* i4«^* 54^/ 

The given expression- — x — 

“* i4or xar^'«^x8ir 
SX3X f4X2X27a‘y y 
"" i 4 XioX 3 X 27 a'/y 

• 3 L. 

2 
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.r*4-27 


Ex. 2 Simplify ^ o~~’ 

^ ^ jr* + cjlr+i4 x^^49 


"J'lie ^iven expres^on = 


V 

ji*-* + 9-tr + X4 .i-’‘-4jr-2i 


“V8 


^.8 2* 




.^r2 4-9.r+ 14 .r*-4;r-2i 

+ 3)(^‘tr 3^ + 9) ^ (.r>~7 )(:r + 7) 
(A* 4- 2)(x + 7) (V'- 7){x\ 3) • 


;r— 32:4-9 
2:4-2 


A ns. 


EXAMPLES 63. 


a , wr 


2 . 




- px^ 




. 8. 


^^Z.1 


a^-x'^^a-x 
a^^ab ' a-^b* 


3, 


9. 


\6nn %ab 




15/**' 
\^yz . 5yr 

3a*^ ' io<jji:* 

1-6^' 


10 . 


13. 


16. 


17. 


19, 




« 2bc . 

4^ ^ <3® * be’ 

2aVf* ^ 

Sr*/-* 15^7 
4«®^* , ab*c a*c* 

t ® - 42: - 5 , 2 * - 7 -r 4 - 1 o 
-V^TTrTs"^ 2:* 4 - 4^-6 


14. 


16. 


18. 


y^y 427* , 

lOj'V 9.r7 * 

^V« ‘ 9a/* ^ 4w^-' 

i 9 a*^V*‘^^** . T 33r7*^y*g^ * 27 
20^-r* ■ "TooiAr^ a7‘ 




CHAPTER XX. 

Harder Fractions. 

114. Definition. A frection whose numerator and deno- 
minator are whole numbers is called a simple firaotion. 
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ALGEBRA. 


A complex fraction has a faction for its numerator or de- 
nominator or both* f 

i ^ 

Thusr t are complex fractions. ^ 

d c . ^ 

In the first of these forms, the outside quantities, a and /f; ate 
called the extremes, while the two middle ones, d and r, ate 
called the means. 


N. B. 
forms 


Complev fractions are sometimes conveniently written in tht 


a.c / 

'Ja’ 


% 


115. Simplification of complex fractions. 


begin with the form 



I* 


We shall 


a 

by definition of fraction, 
d 

a d ad 

~b^ r be 


Similarly 




c 


(0 

( 2 ) 


and 


b a ^ ^ 


The student should be able to write down at once the result 
of simplification of the several types of complex fractions. From 
(i) It is evident that this result may be expressed as it/ 

extremes -r* product of means* The same is the case in (2) and (3), 

if we bear in mind that in (2) and that in (3) 

aj--b a’^b 

Ex, 1. Simplify 


The numr. 


a‘^b a-¥b 
a^b a*"b 


{a^rby^a^b) 


-4^ 



HARDER FRACTIONS. 


Thedenr. *“(3»T?*)(?^* 

.. the reqd. value " ( T -ilTS ^rTr 


(«+«X« -.^) ■ (a*+4*)(«*-*») 

-4«^ X«*+^)(«’'-^*> 

a‘+i« ^ 

= 


110. Continued fractions In simplifying continue^ 
fractions, we begin with the lowest fraction, and simplify step 
by step. 

Bx. 1. Simplify i —TT** 


I <l'^ + 2<I+t (<»+l)* 


t+i j2jLL 

<f + 2 <1+2 


(<?+ l)(g+ 2 ) g + 2 
(a + i;* ""<1+1* 


the given fractiori — 


a + 2 

< 1+2 - — 

<1 + 1 


(a + 2)(<r-»'i)-(<i + 2) 


(rt + 2)<l 


^«+^l) 

(a+2)rt 


a+2-<I** I 
<1 + 2 


. Am* 



AI.OeHRA. 
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EXAMPLES 64 . 


Simplify 


1, A 


5. 


12. 


15 . 


16 . 


21 . 


24 . 


27 . 


a 

X 


a 


/ir 

2 . 2 

a 

3 . 

1 ’ 

A. 

4 . 


X 


h 


b 

I 

I 



b a 

e. 'il 

ii 

JL 7 


-R 

8 . 2 -^ 
;ir* 

i jr 

^ a 

a 

<2 y 

i ^ d 

_3 


a b 


_ * 

5102 

10 . 


11 . 

4 y 12 

.r* 1 1 5 ’ 

3^2 

a\b^ • 

4 - 

b^^^a^ *• 

3 / 4.^1 12 

2 a,\ 

(1 " y 

13 . 

x-y 

.r- 

1 4 -.t^ 

14 . 

6 

jir~ 74 -- 

X 

X I 

4 " "" I 

2 2 X 

1 44 > 

. 

.1 - 1 1 4 - 

il 2 '. 

16 . 


17 . 

.r- i 

1 1 * 

y'‘x 

4 -^ - 2 
a X 

A 4 - * 

. 1-2 

96 

■^+‘ 5+^_5 

19 

x'^ 

y'’ X 

20 . 

x^ y^ 
y^^x^ 

^+3 


x^ 4 -.ay‘^ 4 *>'* 


<2 <2 4- ^ 

a—b 


22 . 


25. 


ar - %y __ 3y 

20 — < y 2X 


P^q- 2 g 


zt 

^4-4 




23 . 


(/ “ 5^) 

£t^. 




26 


24- 


<i4- 1 
a- I 


4r + 


^i6 

3^ + 4 
3 ^ 


P -9 .My 

1 

^ 4 - 34 - — 


28 . 


I 4- ' 


I 

a 


2r - 1 + - 


I 


29 . 


1 - 

2 

( aivaMMHlSiitM 


.r4-i 


14- 


I - 


x-z 


.+^ 
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>53 


30 


I -- 


31. 2-. 


1 T" 


2 - 


3 + 


I - 


■»+4. 


2 -- 


14* 


x^4 


32. 


33. 3 + - 


■> — 




3-; 


KX.\MrT.ES WOliKED OUT. 
n 

,+ 1 " 


Ex. 1. Simpltfy 


.a», /,_n« 

\ t V' 


1 “a + 

% a 


\ " 


y — J* y+y** 

^ r^.r* 4r- 

y y3 4- ry i 

'+,+.r« 


y I ‘J JT* / I I \ a 

I-f 4-'., «i“’> ( 4* I 

1 X- \t y/ 


4-1 


.r^+y 


4'!' 


.r"* — Y 


'•“I 1 

j,8 y^ 


;i - ^ + ry 4- y ^ 4- .^y 4- y***’ 


;rs 




(y-A)^ 


.1 


_(y-.r)» 


A tl!^e .eqd 

r*44ry4-y* .r'-y® (y4-Jr)* 


■♦■•^'/4-j^ ' 0'4-Jr)* 

A*-xy4-y* 

jrM“.Jt-j'4^y^ ^ (y/ - r)* 

- A-y 4-y® (£rT)(£!.±f2i±>:!) y 
'jr*4'jry4-y (-r4-;')(-r*-ary4*j'*) 

^ -J' X ^£±^* • • ( V -:r)i m(x- v)* 

X +y {x —yf • V ) \ y) t 
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ALGEBEA« 

m 


N. B. The above woik is usually cut short. If we multiply the 

( 


numerator and denominator of — 


, y y\ 
a 


: +1 


(H) 


.1 By ;c*, those of 

I 

^ \ y" 


by 


- . , a--ay+^* .v’ 

we get lespectively — - , ■ „ ■« , 

M .V' x ' -V' 


and those of 

and All this work is, however, done mentally, and we begin at 

* ’ - ... If’’ +.y* ^ 


once thus : the given expression = 


+ xy ■{ y‘* ‘ -y ^ (y-lj:)* 


Ex. 2. Simplify 


(y - s)^ 4- z Y d- fr ~;r )( g 4 - aQ* 4- (or -yYx ^yf 
iy + )^Ay - r)* 4* (xr + x){c - 4r)* 4- {X 4->)U ->')* * 


. B. U. 1888—89. 


Let iV" and D denote the numerator and denominator respec- 
tively. 

First simplify N, 

iy - s){y 4“ 5 )* = { (y - z){y 4- r) f (y 4- xr)» 

= (^*--^*){y* 4 - 2 r* 4 - 2 ^r) 

» y * - jr* 4- 2y£r{y* - £■*) ; 
similarly, {s - jrXa- 4-^ )* == 4- 2r-r(r* 

and ( 2 : - j')(ar 4-J')* -:r« -/ 4- -^ ) ; 

by addition, 2yc(y- - 2r)^2zx{s'^ -.r*) 4- 74[y(.T'-* -y*). (A) 

Next simplify 27. 

0' 4- z)(y - jf - 'O' - } (y ~ 

« (y* - r*)(y* 4* - qyr’) 

Similarly breakizig up the other terms of />, and proceeding 
exactly as above, we shall have 

29 « - 2jy£'(y* - a*) - 2 zxi£* - jr®) - 2J9<a* - y®, , 
«-iV;by(A). 


• ^ JL 


I. Atfs, 


Otherwise thus ; Putting « for y4'a', ^ for b ^x^ c for jt 4*y, 
we have N * (f - A)aJ* 4- (o - rjA* -f oK®, 

and D « o(r — ^)* 4* )®. 
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Now, ; 

similarly, h(a - cf^b(JS - c®) - ^bc{h - c\ 
and ^ -«*)-- 

adding up tl^e results, and observing that 
yibc{c-b’\‘d^‘^b-a)^o, we have 

D - «(/- 3®) + ^a® - c») + <:(3® - tf *) 

— - - (rt - c)3* - - a)r®, re arranging, 

.'. the fraction - i. Ans. 

N R, The last method will someiimes be very useful. 


£x. 8. Shew that 

(tf + 4- r) " + (/:> df -{d-^ a f 

(a 4* ^j® '“‘^b 4' 0* + (^"h ~ (/f 4* 

We know that 


= f(^f 4 •^+^+^/). 


^H 5 ® 4 -C» 4 - 3 (^ + i?)( 54 -Q(C 4 '^)»(^ 4 -i 5 + f:f. (0 
If we put A^a^b^ /?«* — 4*r), and C^C’^rd^ then A^rB»a — c^ 

^ 4 ’C~ — ^ 4 “^*® — (^ — cf), C 4 *^=< 24 '^ 4 “r 4 ”<f, A’^B^C^d'hUy 
and the identity (i) becomes 

((7 4 ^)*- (^4-f)®4"(i:4- -3(a-r)(^-<^ei4'64"6 4-r/) — (<f4-<7)^ 


/. by transposition, we have 

(a + #)* - (<> + f)» + (^ + rf)’ - (rf M)» = 3 ^<» - f)(f - 'OCo + <*+ rtC 
The denr. * { (u 4- ^)* - (^ 4- r)® } 4- { (t 4- //)* - (</4- a)® } 
{(a4-^)4-(^4-r)}{(rt4*^)-(^4-t)} 

4 {(f4'/f>+(r/4-<i)>{(r4-^-(<^4-rt)f 

=»(a4-2/^ + ^)(fl-0 + 0 4-2i/4-a)(<r-«) 

«(«- 0{(«+’2^4'r)-(r+2</4a)} 

-(tf-r){2(^-d)} 

« 2(a— f)(^ — /f) 

the first given fraction + 

s®f(fl4-^ 4-^4*^. 

Otherwise thus : 

{(tf+«+(r4-i/)}®«<(^+r)4-(r/4tf)}*; 
expanding each side, we have 
(rt+^)®4- (<r4*<j0^4* 3(«+^)(<r4-<0(^"h^4*^+^ 

• 4- f)® + (/f 4* a)® + 3{i> 4- r)(</4- «) (« + 4- ^ 4* <i?)‘ 
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by tianbposiiion, we get 

=«3(a+^ + r + //){(<^ + <*) — (« 4- ^)(r (U* 

Agaui, {(<* f ^)+(6 + rtf))^«{(^ + 0 + (^+^)}J » 
expanding each side, we have 

by tiansposilion, we ha\e 

(.1 + 4- f -I- (r + fl?/ - (^+ 

2{(^ + 0W4-<2) -{a + ^)(^ +//;} 2) 

b> i) and ( 2 ), the gi\en fraction 

“ + + 4-<0} 

“ gl/i + ^ ^ 4- //) 


Ei. 1. Sta.vtl,at (*+j) ■•('+“] ♦(j+J) 

adding ("4-^^ , and le-ai ranging teims, we have 

ib i r\ , a^}b < \ 

■(M){a*?)HM;)) 
•en){i(M)*!(^;)} 


■4 + j 
'4+1 
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15 / 


Diherwise thus : 

«®(^ + £^}; 4- 4 4 3«)« 

I ^ 

The numn » a\d* 4 f* 4 23y ) 4 + a* 4 2t V) 4 r 4 <5* 4 2aH^) 

- 4 { a*{d^ 4 /:«) 4 4 a^) 4 6^a» 4 ^*) 4 2aW } 

■■4a®^V4(^*4r*)(^®4rt“)(«*4^^). Formula, Art 73. 

.-. (\ ‘y+ + ^ )‘= 4 aW + ^J(^+5W 

\t 'rt f/ a! a*d*c^ 

^«4/« £^a*a*432 

i 


-4 + - 




*4 + 


Cnoe-sd*!)- 


Ex 


5 . Simplify ^i^3/)iz.^+4f-_(3L-/-)* 


Fust 1 educe each fraction. 

{2i-iD"-~/J (2/’-1/+>!-)(2-J-V--«) 
4^* - (3/+ >)* ” (2-{> + 3/+ /•)(a/' - 3/- /•) 

“i(* + /K^- 3 /) -6 + / 
4 ^"-( 3 /-/-)* U-+ 3 ^) 3 (/-'') /■+ 3 / 

9 ('t*-/*) “ 3 (/' + /)’ 

9 /*-/* ( 3 /-^-)( 3 /+'») „ 3 ^--^ 

(2/f + 3/ )’-/(■■*“ 3(1 + /)('/!• + 3/) ” "sOf- + /)■ 


9 /“-_i= 
'( 2 F+ 3 /;»- 4 -' 
C. U. 1894. 


Similarly, 


and 


the reqd. value — 


/ ^+3/ 3 /-((' 

3 (X-/) + *+ 3 /+ 3 /-/f' 
3 (/C’ + /) 

3 (^+/) 

'3W+/)" 

I I 


= 1. Arts, 


3a 


4«* 


Ex. 6 . Find the value of — t. 

a- 3 x a + 2x 0*4-42:* a*-nfct* 

We adopt here the method of successive addition. 


(a + 2a')-i-(a-2je) 


a- 2 x n + 2 x 


fl*- 


4 ^’ 


30 

o*“ 4 ' 3 F» 
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algebra 


adding to each side, we have 

® a* + 4 .r^ 

the result =•- -^±-1 4^*) + " 4*’) ^ 4^ 

a4-4jr®^a» + 4*-s o*- l6;ir* 


Again, adding to the last result, wefhave 

the final result = -4— —-4 + 4 . * 

f _ 4 a*(a^ -f i dr * ) + 4 ^{a*^ — 1 61^*) ^8^^ 

a®~ 256 ir* ^ 

N. B. The present example is intended to illustrate the nice method 
of judiciOHi iombination of terms^ which often makes our work far easier 
than it could otherwise be The next example will illustrate the oppos^iie 
method of jtid%i tons breaking up of terms. 

Ex. 7. Shew that “ +_^+ _ 2 *±iY 

a* - 1 a* - 1 “ - 1 - I / 


A ns. 


■ i. 


2a (a 4 - 1 )* - (n® 4- 1 ) 






S.m.laily j, and ^ 

adding up and cancelling terms, we have 

a ,/(*'+! a®+i\ . 

Otherwise thus : 


i 


« + Ij- I 


g +i 

i 




T I 

a - i cr- i 


. ,, a* 1 I j <* 1 1 

snn.laily ^ ^ and ^ . 

Adding up and cancelling terms, we have 

a 4 V** — * „ 

a®- i~< 7 - I "*0®- 1 


1-] 

'’\a-i a*-i/ 

,/n+l /»®4-l\ 
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Simplify^ 


. cdK-^b) . abix^c) ^ 
^ + , ._ - -- C.U. 1896. 


'{a^b){fl-^) {J>-a){b^c) {c^aXe-b) 

L. C. M. of denrs,*-(^ — cX^— 

/, the given expression 

— *" ^){P -^c)- ca{x - b){c ‘n.a ) - ab{x - c){,a - b) 

““ , {b~-c){c-a}(a’-b) 

N o w, ^ bc(x - a){fi - ^) — ( - bcx + nbc)(Jb - ^ ) - bc(fi - €)x ^abc(fi ~ c\ 

Similarly - ca{x - b){c-’a ) « - a)x + abc{c- a), 

and — ab(x — — 3) — ^)4r + — b), 

/. adding and observing that abc(b + 

* - b^(x - rt)(d - ^) - ^a(;r ~ - d) - - r)(A — b) 

. « £■ - ^)(a ^ ^)r. 

(^-rXr-aX^r -^)j; 


the given exp.ession - 


==jr. 


N. B. The above is one of a class of examples in which the simpli- 
fication depends upon certain identities, which have been dealt with at 
large in Chapter XII, viz., 

(b-f*) + (c-a) + (a-b)^0 ; 
a(if-c) + lf(e-a) + c(a-i>)^0 ; 
n\h - i*) + b\r - a) + v\a -&)»=- a(&3 >_ . ^^ 2 ^ 

+ m(r - a) + a£>(a -- b) 

= -(6 -«;)(<• ; 

€€®(6 + — (€^ + ^ “'C)(C-'a)(a -/>). 

{b - c}* + (c - a)5 + (a - 6X « 3(^ -<?)(<•- «t)(« - ft ), &c 

* The following useful results, which follow easily from the above 
identities, $*hould be noted : 

1 1 . I _rh . 


(a -b){a- e) (ft ~ a)(ft - r) (c* - «)(<? - 6) 


a 


r— .+ 


and 


(ce-ft)(a-c) (ft-aXft-^'i (c-<f)(C“ft) 
a® . ft* . r* 


-O; 


(a-ftX«^-c) (ft-axft-^') (c-<Jt)(c-ft) 


«l. 


Six. 9. Simplify 

(fl - f K-^ + a) - i)(^ - c){x + b) ^ (f - a )(c <;/ 
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The given expression 

- a\b - c){ji + ■{■a)-cHn - ^)(;i + a)(^ ^ h } 

{a^-&){d-c){c-‘a){r-^a){x ^d){x-^ i) ( V) 

Now simplify the nun^erator , we easily find that 

" a\d - 0(^ + - r)jr* — - 0) (0 

-^\^6-ia)(t +0 (^ +^)= - ah^c^t- a)<t (2) 

- + +^)= - ahi\a~-b), (3) 

In adding (i), (2) and (3) column by column, obseixe that 
the 2nd column = {a^b^ c'Xa- - b’))x — o^ 
and,, 3rd „ = -<2^f{tf(^-r)+^(r-//) + r(n — o. 

/. the niimr. of (A)» -i)-\-bHc--~a)-\-c\a—b)}r 

==(a-^b)(b-c)(c-a)x^ 

,, the gnen expn. — , ,, ,v, . Affs 

Ex. 10 Find the \alue of 

b- ^-c^a c^a-b a + b-^c 

{b c)ic - a)(a ^ b) (r+«) + “'0 

b^( —a b + c a 

+ c)(c^- a){a - ^ j “ (^ + £r)(r- a){a - 3y {b i)( t . -- a){a - b) 

I a 


{c-a^ia-b) + ^)’ 

Similarly bieaking up the other fracliopb, we find the uhole expo 
!_ 4. ^ 4. ' ^ 

\(ir - aXa -by {a- b){b -c) {,b- c){c -a)\ 


_ / 1 + ^ 

\{b + c){,c - a){a - b) (c+a)(a-i 


b)(b-()^{a+bX6-c)(f 




Now, It IS easy to see that + &c. = o 

• the required value- - S.c ] 

a{c^a){a + b){b - r) 4* &c 
(b^^~c^)(c'^-a^)(a*-b^) • 


• To simplify the numeratoi of the last result, observe that 
<r(r + a)(a 4 b){b — ^) =* a^(b — r) + ti^{b^ - 1 ® ) + abc{b - f), 
b{a + 3)(^ + ^rXr- a) * - a*) + «^ - «), 

and c(b 4- <:)(^4- fl){<i - ^) =* ^*(a - ^) 4- - 3*) 4- abc(,a - ^ 
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Adding up these three results column by column, and observing 
that the 2nd and 3rd colijmns are each zero, we find 

the sum = a^(d -€)■¥ 'b\c - <i) + . 

- 4‘t)(^-c)(ir-n)(«-^I. [Ex, 2, Page 97. 

• • •*- ( 6 *- ^‘X? - 6 ^) - 

ib + c){c+a)^a-i-b) 

— __ 

Ex, 11/ If — -7 , r* , ~ — I 

zbc 2ca lab 

ihew that ((^ + 0^ + (^4- /*)>' + (/? 4- - /2 + ^ 4 -t. 

(^4-t).t 4o,t - 4-6X . — 

7 bc ^ 2 bt 

V 2^" * 


(^J4-^;^ = rt^4-^- - \rbx— 

+ r’* 

2b ^ la * 

,*. adding and arianging terms, (/54*6Xi4-(^ 4*<z)y4- (<i'4*^)r 






lb " ) 




2« lb 1C 


Simplify 


* + -i '4.- 

j 

c d 


EX\MPLES 66. 


S. !|l%!Uk.:i.l. 
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algebra. 


3. 


5. 


7. 


9. 


10 


11 . 


12 . 


13. 


14. 


16. 


16. 


17. 


18. 


19. 

20 . 



_5 

* (a-’3)‘^ + /*^ ^ a^b' 


ac b jt^ 

4> -f 7- . 

_ « £ 

a^^b^ a ~“b a^b 


e. 


<2* + ^® 

' i_ I ^««+^»' 
^ <2 


Q ^ . l^rm-\r n 

«a-/*- W® + 2/»? * mArfl’^t 


j r* - (y ■> g)2 y*~(g~jr)^ 

(y + g)* - .r* ^ (g + x)* g^ - (^ - y)®’ 


(:r + 2)^-*-4 , (jr^ 1 )34- 1 ;r*<>-4 

(x+if^i * (.2r-2~)* + 4^jr* + 64* 


£^+_2 £)M^* - .r()/ - g) L 4 2 

:r* + 2gjr+4r2 * .1-2 '>^g+jr(y-g)-A:^ 


+ + a^^nb-k-b^ a^-2a^^-kb^ 

(<»+#)*’ ^ (a-^)» ’‘■a*+a‘^+(5« • 


(x\yf ’ • 48_^8 ^ ' 

.r2-3;r4-2^ /4:*+Jl-2 

V^+ay+2 3 ^+ 2 / ’ V+j' -2^)/* -.y- 2 / • 

-lbc(b--c) ^ - ya'c- a) n^-b'^-^ 3ab{a - ^) 

a’‘ + ^^-2a^ ^ + ^ i* + a®-27rt 


(y - g/ + (g - .r)* ^ J+y+ g ”:r 2'- 3i>r + 2y . 

(^4* ^ ® + (y + g) ®4(g+.r)®4 Jf^-f ^ -j£g® jr + y 4- g 

(.r+y + g)* ’^i^+y + gs* 


/<** ^ b^ c^ f* ^?*\ , 

\J~I* c ~6 *a “ 7 )-®-U«+^ + fX*-f)(f-a)}. 
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21 . 

22 . 

23. 

24. 

26. 

26 

27. 


a •c b 

(a*_6* ^ rt»\ , (<?+.»V< + r‘(^4-a ) 

«*”*"(:* /*/ a*b^c^ 

-a-a^Krai-G-i) ■ 

(« - 3)(^ - r) + - ^)(i: - ) + (r - - //) 


a(c - a) + b(a - b) /(b - c) 


r- 12 + 


^5„ 
.r + 2 


A‘+y + 


21 

I 


jr + 2 - 


i_^ 

-r- I 


-r + 94- 


f 2 

.r + 2 


.2+ 3^ 

.r+ I 


I - 


49 


9 ^^^^ .ptfCv-jK). r4(<^-^). 1 1 

l6(.r + ;/) ' L \ ’ 4^*1® “>'*)/ -I* 


28. 



f H-r + i\ 

/\ 2+;r/ ♦ 



29. 


31. 


a-Vb - c b + c - a . a^b -c 



30. 


32. 


I jr + « I .r-/y 


i 

.r~2(g + g) 
X 


a^x 


1 + 


1 + 


a + r-AT 


<^bx 
r-fAr ^ 
f- 2 (« + <.’>* 

i+- 


« + - ,r 


a— -A + — A a + A 

A a ^b a ~ A ^ a* + A'^’ 

a^b <*'fA <2 — A /i + A 


33 . 
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34. 


35 


36. 


37. 


38. 

39. 


41. 


42. 


43. 


4i. 


45. 


46. 


47. 


48. 

49. 


50 , 


\ V . iicJ ■ 


/i+_i2__ ’JL_\ ^ f3l/^-g>- fi-f .1 . 

\g 2p-f p-3gI'\2p-9 

I k P+g) 


( m^ “ + /: 

; "*'V 


;7^- 4-2w.*>' 

.r*+y 


)• 


(ir-f i)^(^ + 2 )^ - 1 - 2)^ 

(.r+i)®+.r® + (x- I)® 


(a* - 3^)® + 

(<i* + /7d + - tz^ + 

(a-b)^^{b ^ - c)J- b\^ a) ^-( ^{a-b ) 

{a - b)ijf c){c - a) * a\b — t)’\‘b\c’^a)-\‘c\a'“b) 

i 

( h-\‘cf{b ’ -c)A-{c-{‘a \c—a)-\r{/i^b)^ a-b) 

(b -H c)\b -i:) + (c^ a) V - a) + ^a + b)\a ^ b) ' 

4-^)(^*-4^) + (z: + + ( ^ + ** 

- c )^ + (<r - £i)® -f (^z - 


( ^a „ ^)« + (g 2 , ^a^t> 4 . (^8 - 

- 1)* + (<: - + (a - b,^ 


- { a®(^ + (T) + ^ ^ . 


( b'\‘ 2 t —^aT 4 - (/ + 3 ^ - 3 <^)'* 4 ’r/ z 4 - 2 b - 3 t)® 
(^ + 2 zr - 3 «)(t + 2 ZZ - + 26 - 30 


8(« + ^ + cf - (^ + i:)* <i)® + 

3(2zz + ^ + r)(a + 4- 0(« + ^ + -iO 

9 y® - Ug - 2JcY 1 6 e® - ( 2 ;r - 3 ^)® 4 ^® - ( 3 ;/ - 4 O* 
(2X+3;')’'*- lOi:®'^ (3;' + 4-)* (4;r+2.r)*-9y*‘ 

ab _bc _££ 

(c-a)(c-b) {a~b}{a-c) {b-c)[b-ay 


a^a-bya-^c)^ bifi ’-c){b- a) ^ c{c-aj{c-by 
. b^ , c* 


(a-b)(a-c) ) ic-a){c-by 

a^b b^c c+a 

(r - a)(c- ^ (a - cXa^b) ^(b-- a){b - c)' 
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51 . 

' ♦ j 

52- (f-1^)'^^^ 

, it * 5*-'^‘*_+ . 

53- (-^+jj(a+0‘^r*+^K^'+«) 

^-bc ^‘ + ^« . ^ + . 

^ * _ i' 

.58- + + 

, ^4- ( . 

51 «(« - ' ''^' 

58- {a-b){a-'^c)^V’-a){b-C)^{^-<i)i^-^\ 

A« + tS-2a^ c^ + a^-J^‘ . «* + **r?{ 

59 (i^i)(i-i)+r«-f)(^-«) 

80 (fl-iKa-f)'^(*-'^A«-')^‘-‘*X‘--*) ^ 

81 (^T3)(7^:T^)-"cTT7x^ 

</; + «iX + n- 

63 ,--rAv‘^:r7\+(j- «x*-‘') {^-a^i- ) 


85 

8* (a!!dX« - f)"" (* '5 

e. 


la’-0)[a-'ti V' ' ' w I \ 
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-g + ( ^4 m)^ 

{a--b){a~-c){x + a) ifi - -t){x ’^b) ’^{c~a){c^ b){x 4- <:)* 

AO + {C’^a-bf (n + b^c)* 

(r-«)(fl-^) (a-^)(d~0 (^-£)(^-d)‘ 

70 .-£!(^)1_+ ^\c +a:^ ' 

^ a){a -byia -b){b - r) (3 - 0(t - «)* 

71 ^b + c — m a c^ra^mb i^b~-mc 

(?+ 0 (^ (^ + «)(« - ^ - fX^J - ^ 7 )" 

70 — - — ^ 4. * L ]! 

{a - ^)(a - i:)(^i - d) {b - <7)(^ - c){b - ^ ^ - a){c-b){c - ^r)' 

73 „ + £* _ 

{a-b){a-c){a-d) {b - c){b - a){b - d) ic - a){c - b){c - d) 

bed ida _• dab 

{a^b)^a-- c){a -dy{b- c){b - a)(b - d) {c^a){c-b){c-‘d) 

Find the product of 

1 >Y'^ by ■*■ 

a* 3 efi b'^ a b 

76. r2+ “8+' 1 + ' Ts**" 1“ A • ’ 

b^ b a ^ b^ b a 

Divide 

V'-W' J-''* t.y f --+«. 

no 2a* 2r* a* c^ 

78. — 4+ 8“ » a2‘*';8*"*"** 

h* or a- ^ b^ r’ a* 

Find the value of 

^ + <2 .r — a a^ , a^ 

b+x b^-x^ 2 {a-^b) 

orx ^ i. 2a^ 

00. + ,whenji'= — — 

x-^a x-c a^rC 

a\b-c) ^*(a-r) . ^ 

81. — , when a:=i- 5 -(-+. 

a-x b-x * \a b c] 

82. V + '^+ A» when.r= , y. 

be ca ab t>--c c-a* a^b 
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83. ij!:^,when^ = " V -. and + + 

64. (/+i)(? + 0, when/)='* -and ?-(<,+* +cX"+*-^) 

Shew that • 

86 . A*+y + - ^ 

»•■ Gf,)‘ 

when 


hr j — — .7 =® Oj 

.S®- (:j-r«)(— )+(;r-m^--«) Kx-'d)^-b) 


80. ’ 


if .y = 




2^6 




80 


VUL 

fr«4.lVv2+lX**+ ') 


X' 

M. «*-v— 




5-^+ f - i ■*■ 5 - c” *C* - ^ 
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Shew that identically 


96. 


96. 


97 

98 

99 
100 


101 . 


102 


^ ^ Q-r r^p p-^q 

a-^qr a-^-pf d->rpq a + qf a^pra^, pq* 

~^{y-s (x -y)* 

- AK^- X ) (A - A)(A - / 1 (t - AXfrX) ^ . 

{a — d){a — c) {b^a,ij?-c) {c^a)^c — b) *’ 


(^^^)(^./) 

o (^ + A)(/a!4-f) .2(A + <:)(A^a) (<r+fl!)(6 + A) .... w 


rfr+i) iX<^ + 3) f-^ + 3Xi+6) (jr + f>)(;i + lo) 

5 i + 2 + 3Jh4+‘; 

(r+ioXf +-15) ” ri'jr-t-u;)" 

I drfi+^j) ^®(t +fl!)vijf «a*) 

(l+«)(l+rt2) (I H-«^) U+^^)(l+a®; 


fy^s-2i - +X’-2y xA^y -2Z\ 
\ y-r c-x x-y ) 


=-i.( ' \ 

l~rt\l+fl I +<'?•/ 


\r+ir- 


— + + 

2X ^+jr-2y r+j/ 


hj/-2r; ^ 


CHAPTER XXI. . 

Divisibility. 

117. Definition. The expiession, .:. 

-k-pn-fX+pn^ tf called a national and integral al^^ebraic ex- 
pression m X, provided n be a positive integer^ and the coefficients^ 
P%t Pv P» ^ contain x 

118. Bemainder Theorem If any lattonal and intent al 
expression tnx he divided by or — <?, the remamdei is found by 
putting a foi x m the ^tven expression. 
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Let the given expression be + + and let it 

be divided by .r-«, givmg'Q as* the qifotient and A* as the re- 
mainder, so that ^ does not contain .r. To prtyve that 

ga^“l ^ fa**"® + 

Since dividend — devisor x quotient + remainder, 

+ + + = G(^r-«) + A, identically. (A). 

Since H does not contain x, it remains unchanged, whatever 
value be given to -i'. 

Putting a for .tiin (A^ we have • 

+ r^K**"® + . .. == (^^ - /i)2 4- A ~ A’. 

• N, B. The student is advised to verify by actual division that the 
remainders left after dividing 4 gx f / and /i s by 

aie respectively /a- t gai-r and pa^ ^ ra ' s. 

\ 

119, Divisibility. If a rational and integral expression in 
.t' vanishes identically wlftn then will the expression be 

exactly divisible by x^a. 

To prove that /jr" 4 + is exactly divisible by 

-f — if ;^a’*4-^A**"i-»- 7'^’*"®4. r--o. 

This theorem readily follows from the last. For the remainder 

on division 4- ^'<3**“^ 4-;^’* ®4- ; hence, if the last expression 

be zero, the given expression will be divisible by x-a, 

N. B. Some important inference's from the preceding theorems are 
illustrated by the following examides. 

Ex. 1. Deduce immedi.itely fioin Art. 119 that 3.1-' 2 has 
.r4-i for a factor, and that a\h - tf -^r by'- - of c{a -bf is divisible 
by each of b — i—a and a ~-b 

Put .r - I in 4'^ - 3r - 2. 

Now, 4-3-2-^o ; 

.a:® -3.^-2 is exactly divisible by,r-(-i) ; 

4.'* — 3.1-2 has-t + i as a factor, (Verify), 

rut^*'^ in a{b- cY-)rb{c-af^ ^-cia-by I then 

,the resulting expression x o -1- 4^- ^7)® 4 - <^)* 

= r(f-/?)®4-r{ 

*0, 

by Art, 119, rti(^-c;®4-&c. is divisible by b-^c. 

Similarly, putting and successively, the expression 

is proved to be divisible by each of £■-« and a^b. 
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£x« 2 . Find out without actual diwsion the. value of a for 
which 2A'® + 3r-6 is exactly divisitfle by :r- 2 ? 

By Art, *119, we must have 2* — 2. 2® + 3.2 — 6 — 0 ; 

Simplifying, 8.fi-8=o; 
transposing, *8<a!«8 ; 

I, Am 


• EXAMPLES 66^ 

Without actual division show that the following expressions 
are exactly divisible : 

1 . + 14 by A‘ - 2. 2 by .r- i. 

3 . 8jt'* + 1 3:1: - 6 by ;r + 2 . 4 . -f 7JI** - 36 by ;r + 6. 

6. 52:* - 82;)/® + 3y* by 2- - y. 0. 82* + lary + ^y® by 2x -{-y 

7. 22“* + 32® + 22® — 32 - 4 by a: - 1 and W + i . 

8. by each oi and c-a, 

9 . by each of a--bt b-c and c-a. 

10 . a(b* + ^®) + b(c' + a®) -I- t(a^ 4 - b^) + 2 fibc by each of ^ ^ + <2. 

Find without actual division the remainder, if any, on dividing 

the following expressions : 

11. 32®+ 122-3 by 2- 5 12 72:'* +2® - 32+ 5 by 2 + 3. 

Find for what value of a the fv#l!owing are exactly divisible : 

13 . ax^ -2® — 22® - 32 - 10 by A' — 2. 

14 . 2r'''-2* — <!Z2®+32®+2<l2+ I by 2+ I. 

120 , Important Propositions. The following proposi- 
tions are of frequent use, and should be carefully remembered 

When H is a positive integer, 

(i) is always divisible by x-y ; 

(ii) X**-?/* is divisible by x+j/, if n be even, but not if 11 
be odd ; 

(iii) ir* + 7y** is divisible by J^ + if, if at be odd, but not 
be even ; 

•(iv) £c*+f/~ is never divisible by x 
(i) To shew ihaf is always divisible by x-y- 

Let 2*- y" be divided by 2— y, giving Q as the quotient and 
Ji as the remainder, so that i? does not contain 2. 

Then, 2” -y" — Q(x ->) + 7 ?, identically. 
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Since does not contain -tr, it remains tmcbanged whatever 
value be given to;»r. ’ * • 

Putting in the la«;t equation* we have 

L#., y?*a 

Hence the remainder feeing zero, is always divisible 

by jr - j. 

Otherwise thus : 

Divide -j/" by jr -y to one term. 

.v_yW«.y. 

*’ y -r ~j/ 

It is now evident tbatef y**“i be divisible by so will 

bc;i*'‘-y‘. In other words, if the theorem holds good for any 
power of X and y, ^ay the («- i)th, it will hold good for the «th, 
?.c., the next higher potver. Let us apply this principle. 

Now, evidently x -y is divisible by 4: ; 

* ••l’*’! ^ 1/^'* ^ nr jif® — 

. . y 9 } M n 99 • 

.Since ,t“*-y 2 is divisible byjr-y ; Proved, 

.ra»i-.y 2 -i, or,r»-y 3 „ ^ „ „ . 

Similarly, since the theorem ^|as been proved to hold good for 
the 3rd power of x and of y, therefore it holds for the 4th, and 
so on. 

Thus the theorem holds good, when the indices of the powers 
are i, 2, 3, 4, 5, &c ; i. e n in short, when the index is any positive 
integer, represented by « Hence is divisible by ,jr-y 

vyithout a remainder, when n is any positive integer. 

N. B. Adopting the last proof of the diviMhility of by .r-y, 

we can easily prove ai» below the divisibility and remainder theorems of 
Arts. llSand 119 . 

Adding and subtracting ^ 4 &c., we have 

frA*-" t &c. =^/(a»» - a*») 4 -a»-H -a"-»)4- ... 

• +/a’* 4 qcC ^" ' 4 ra"*® 4- (A). 

Now, on the right*hand side of (A) each of the quantities 
AT**”' at*"® - a**"®, &c. is divisible by at - a, 

. % ^Af** f rA**-® f &c. — (x -fl) X a certain expression 

+ +, 

. ‘. the remainder on dividing ® 4 * by x-tf, 

is /tf* 4 - ; evidently when this remainder ao, the given 

expression is exactly divisible by x-«. 
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(2) To Prove that is divisible X -^-y^ when n is evetf-t 

blit not when n is odd. 

With the same 'notation as before, 

jr»‘-jk"==2(^+>') + A\ 

Since R does not contain jt, it will remain Cinchanged whatever 
be the value given to x. • 

Put —y in the last equation. 

Thii^, ( — j/;** -y" — (9x0 + ^? = ^. 

Now, when n is even, -y*-/*=o, [{ 

and „ „ „ odd, -2y«. 

Hence R—c^ when n is even, but not when ft is odd, there 
being in the latter case a remainder^ -2/^ 

is divisible by xA-y^ Avhen n is even, but not when 
n is odd. ^ 

Otherwise thus : 


Divide y** hy x-^y to two terms. 
x^x^’^y 


<1/*^ •" I/**'”'* 

Thus ^ ^ «A'***i - V d-r* / • 

JT+y x^y 


It is now evident that will or will not be divisible 

hyx+y^ according as is or is not divisible by.r+y 

That is, according as the theorem does or does not hold for any- 
given index (/?- 2) of the powers of .r and y, it will or will not 
hold when the index is n, i e ^ is increased by 2. 


ibl case. We know that x'^-y^ is cli visible by x-^y. 

• *- 2+2 ^ ^ ly* 

, , Jc ^y or ^ „ » i* *1 

Again, .r* -y* is divisible by x+y ; [Proved] 
or x^-y'^ is divisible by .r+y. 
Similarly, x^ -y^ being divisible, { Proved] 
is also divisible, and so on. 


Hence the divisibility holds when the index is any one of the 
numbers, 2, 4, 6, 8, 10, 12, &c., /. in short, any even number. 

/. is divisible by x-^y^ when n is even. 
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2nd case. “Evidently jr-y is not divisible hy x-k’y ; 

or „ „ „ „ „ . 

Again, since ->'® is not divisible by ^ Proved. 

• ^s+2.yi+2 Qj. ig not divisible by Jr+y. 

Similarly, not being divisible, -y is also not divisible, 

and so on. 

Thus the divisibility does not hold when the index is any one 
of the numbers i, 3, 5, 7» 9» * &c,, L e.^ in short, any odd 

number. 

• • . 

Hence .V“-y“ Is not divisible by xAry^ when n is odd. 

N. B. Thus A'** ib clivi*,ible by jc as well as by when* 

« is even, for .v’*-^** is always divisible by jc - ji'. Therefore, « being 
even, is divisible by (a f>')(A -y) or a® 

(3) To firove iltat x'^^-k-y^ is divisible by x ^y when n is odd^ 
but not when n is even. 

% 

With the same notation as before, 

.r«+y*-(;r+j/)2 + y?. 

Since R does not contain ji*, it will remain unchanged what- 
ever value be given to x. 

Putting X — -j', ( ’-yf +y ^ g x o + A* =* A\ 

Now, when n is odd, + 

and „ „ even, y*+y«=2>«. 

A»o when n is odd, but not so when n is even. 

jr”-by* is divisible by .1+^ when it is odd, but not when n 
is even. 


Otherwise thus : 


Dividing .r”+y* to two terms, we have 

— ' -..i" v+y. — . 

x^y ^ ^ x-k^y 


The rest of the proof is exactly similar to the last proof in the 
proposition just preceding, and we leave it as a good exercise for 
the student. 

(4) To prove that x^ +y* is never divisible by x 
With the usual notation, 

+y « Q(x — y -b A* 

Since A does not contain x, it remains imcbanged whate\er 
value be given to jc* 
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Putting 4: 2/* = 2 X o + /? = y?. 

Since y? does not vanish for any A^lue of w, A*+y* is never 
divisible by ;r--y. 

Otherwise thus'; 

- ^ ssji:’*"*-**!'. 

x-y JT - y 

It now follows that + will or wiH not be divisible, accord’ 
ing as :r*"i+y’*"Ms or is not divisible. That is, as the theorem 
stands for any index, («- 1 ), so does it stand for the next higher. 

Now,*we know that jr+y is not divisible by .r — / ; 

„ „ . 

Again, since u.*® +>'^ is not divisible by x -y\ ... Pioved. 
or;t®+y® is not divisible by^r-y. 

Similarly, since .f®+y® is not divisible, jr*+y* is also not divi- 
sible. and so on continually. That is, in short, x^*+y*^ is never 
divisible by x^y» 

N. B. The present proposition very easily follows from Prop, (i), 

I or, 2y’*. By Prop, (l), is always divisible by 

% - r. Hence in dividing ,%”+y**by a - y, ihere will always be a re- 
mainder, 2y»». 

121. Quotients. If the work of division in each case of the 
pieceding article were continued, we would easily infe^’ the follow- 
ing impoitant results : 

(1) A he/ays, x^ — y’* = (r — ^ 4 +.r""®y’‘ + • • • + y"’^) . 

(2) n everty .r“— — +y)(jr»’* — ^■""^y +A"'^y®+ ... 

(3) n odd, Ar’‘-fy’*«(A' + y)(2r**-^~A:’‘"-y + T"'^y* + ... +y"’^;. 

N, B. Observe that the number of terms in each case is n. The 

sign of each term in the first quotient, vrs., .a"*' H i”’^y-h \ y""^, is 

+ ; but ihe sign is alternately 1 and — in the other two cases. Also 
note that in each quotient the index of the power ol .1 diminishes and that 
of y increases continually by uniiy, so that the sum of the indices in each 
term is the same, 7 Ji 3 ., « - i. 

The sign of the last term is often a puzzle to the beginner. The 
difticuliy will he readily got over, if the student remem))ers that in the 
above result the product of the last terms of the factors on the right side 
must be tqual to the last term on the left side. Thua, in the first result 
y*» = ( ~y) y (y"-i) ; j. e., last term of dividend s= last term of divisor > 
last tei[m of quotient. Hence, ias/ term of quotient last term of dividend 
last term of divisor. Apply this rule to each ca&e. 

122. (x»-y")-i-(x-y) as a fundamental case. From 
this case, we can deduce all the other cases that have already 
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been established. For example, we propose to deduce 
is divisible by x-^y when n is any even positive integer, \Ve are 
given that i . 

is divisible by when n is any positive integer. 

Change into- ^1. Then always , 

- ( - a)“ is divisi ble by jr - ( - «) or jrr + q. 

When n is even, ; 

therefore, when n is an even positive intege*-, 

;t**-a* is divisible hy x 4- a. 

As it is, imn-ftiteriah whether a or any other letter is used, it 
follows that is divisible by ;r 4 y, when n is an even positive 

integer. 

In the same manner, deduce the third theorem of Art. 120, 
by taking n odd. 

. As to the last theorem of Art. 120/ see Note, Art. 1:0. 

Ex. 1. Find the complete quotient of — a^) ^(x 4- a). 

Since 9 is odd, is not exactly divisible by x+a. By the 

Remainder Theorem, the remainder = ( - - 2a®. We, 

therefore, put Jt® - — (;r‘* and apply case (3) of Art. 121. 

-i+a X4r a X 4- a 

2fl® 

+ a^x^ 7 a^x° + 4-a^ . A ns, 

x4-a 

% 

Ex. 2. Asssuming that is divisible hy x^y when n is 

any whole number, show that + — (d&j)" is always 

divisible by ab — bc4-cd~- da. M. U. 1873. 

{abY — (^^)** + {cdY — + 1 — a V, [{aby^ =* 

= - a”) 

Similarly ab - bc4rcd^ da^{a- c)(b - d) 

, (ab,^ (bc Y + (cdr -(daY ^ ^ 

** nb-b€-¥cd^da a — c h — d* 

Now, given that is divisible by.r-y. 

oY - r* is d ivisible by a - and - <Y hy h^d, • 

/. {abY-{bcY4‘{cdY^‘{daY is divisible hy ab-~ be -4^ cd^ da, the 
quotient being equal to the product of the quotients (a“-<r*)-r(<? 
and (A** — 4^**) -r (A - d). 


f 
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Ex. 8. Shew that the last digit in 3*“^^+ is 5, if n be 
any whole number. M. U. 1868. 

3*"^^“’3X3X3x to'2;i + i fffetors^ 

Since none of* the factors is divisible by 2, 

• 32*+! [5 an odd number. 

X 2 X 2X = an even number, ^ 

odd number + an even number 
==^an odd number. [9(odd) + 4(even)- i3(odd)] 
Again, since 2n-^i is odd, is divisible by 3 + 2 or 5. 

Art. 120, Prop. (3). 

• is an odd number divisible by 5. 

Now, V 32 h-^i + 2-***^ is odd, the last digit must be one of the ‘ 
numbers i, 3, 5, 7, 9. But s»nce it is divisible by 5, the last digit 
must be none of the numbers, 1, 3, 7, 9, but 5 only 

Ex. 4 . w being any whole number, shew that 
5 " = 4 ( 5 ’**H 5’*’2+ + 4 + 1 . 

i)+i 

=( 5 ”-i*;+ 1 

=( 5 "“ 1X5“’^ + 5 *’^ + + O + I1 Art. 120, case (1), 

- 4 ( 5 *“^+ 5”"*+ )+r. Af/s. 

Ex. 6, Find the product + + 

Let P «* (a + fi){a^ + d^){a* + d*){a^ + 4 ^). 

Multiplying each side hya’-d we have 

{a^b)P^{a^ h){a + b){a^ + + 6*)(a^ + b^) 

= («’» - bh{a^ + + b^) 

— by successive multiplication. 

« + a}^b^ + + + ab^^ + b^, A ns. 

Ex. 0 . Shew that.r"-«jr + w- I is exactly divisible by (ar- 
.r» - fix + « - I = (jr« - I ) - «f.r - 1 ), re-arranging, 

= (•*■- + + 1) - «(.r - I ). 

Hence ;r"~;/jr + «- I is divisible by.r-i, the quotient being 

•, — (jr*”'+;r’‘“2+4r*-s+ + 

Now breakup n into 1 + 1 + 1+ i, e , ft ones- Thus 

the quotient = (4r’‘“i+.a;^"* + +;ir + 1 ) - ( i + 1 + + 1 + 1 ) 

i) + (4:’»’®-i) + . + (4r- 1), re*aiTanging. 
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‘ Since i, jr**''-* - i, &c-, are all divisible by jr- i, 

/. the quotient of i by jr- i is itself divisible by ^ - i. 

.r»-//;r+w-i is divisible by (ji'-i)*. 

« EXAMPLES 07. * 

1. Assnmingf that jr** - ) ** is divisible by ji: when « is any 
positive integer, prove that ^rr^+y* is divisible by when « is 
any odd positive integer , 


Write down witfioiit division the quotients in the following cases : 

2. 


3. 

1 

.n 

1 

4. 


6. 

(1 -0-^(1 ->*)• 

a. 


7. 

(x^ + y^)-i-(x+y). 

. 8. 

(x’ +y’)-ir{x+y). 

9 ' 

(A-ii>-y)n-(r+_y). 

10. 


11. 

(l - 32jr^)-r(l -24"). 

12. 

(l -64Jr^)T-(7.v+ 1 ). 

13. 

( 374- + 2434 -“) -r ( 34 - + 2 ). 

14. 

(l — 

2X A- X^). 


15. 

(aV+iV=>+(5»^« + <iV») 

•^{ac ^rbd-^ be + ad). 

16. 

.Shew that .ar^- 7 jr + 6 is divisible 

by(;r-j)*, and find the 


quotient. 

17. When will + + + J be divisible by .r ? 

18. Find, without division, th^ lemainder of 


( i } 7 -r^ - 3 . 1 *'^ + 4-t' - I divided by jr - 2 . 

( 2 ) 3 - 1 '^ - +jt' - 2 divided by x + i 

(3) + + + + divided hy x -ai-d. 

19. Shew that (i \ -.r) is divisible by i -x\ 

•20, Shew that i is divisible by i ^x\ .and find the 

quotient 

21. Shew that {?x +^)’* - [x + 2 ^** -.r« is divisible by r*- 

;/ being any whole number. 

22. Shew that + + is divisible by each of 

x-^a and ,r + ^, n being any positive integer. 

23. Shew that (i -xf is a factor of i - (fy+ \ n being 

any positive integer. ^ 

24. Shew that 6 ^“ + 7" + 6 is divisible by 7 , n being any positive 
integer, 

2ft. Shew that (i +.r “ 2 Jr®)®+( 2 - 3 z + jr*)® is exactly divisible by 

3-24:'-.r®. 


32 
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26. Shew that (l +a‘®)*-(i +>*)’* is divisible by Jr-y, n being 
any whole number. 

27. Shew that 2® + 3® is divisible by and 2® +3® by 13, without 
a remainder. 

28. Shew that the last digit of 2^ + 3^ must be 5. 

28. Shew that the last digit of i<^ o, n being any whole 

number. 

80. Shew that the value of 4^ + 4.3® ends in two ciphers, and 
that of (7®"'*'^+ 1)(6"^^+ loo/z-b**- 5) ends in three ciphers. 

Sh Write down the product(i +J?)(l +.ri®) 


f 


CHAPTER XXII. 

Theory of Indices. 

123. We have hitherto supposed an index or exponent to be 
a positive integer. In the present chapter we will explain the 
meaning of negative and fractional indices. For this purpose itjs 
necessary to begin \\ith positive integral indices. 

124. Fundamental Laws. The three following laws are 
regarded as fundamental in the case of indices that are positive 
whole numbers. 

^ 1. 

-r a" «= m>n II. 

(«»«)« III. 

125. If m and ft be any positive integers, to prove that 
a*” X rt’* 

Since x a x a .to m factors, 

and to « factors, 

/, a* xa“"»axaxa....... ..to w factors x a x x rtf.„to « factors 

^axa^a to w + « factors 


,Oor. Ifj^ is also a positive integer, then 

a’»xo«xa»««»‘-"’‘x and so on. 

Hence a'^xa^xaPx « a*’^**^*^'*' 

This result is called the Index Law. 
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• 128. If i»*and n be positive integers, and in>%h to prove that 

— X g X ^ X -•»t o m factors ^ 

<ix rtx«x ...to #1 factors 
g X X <g...to n factors x a x g x ...to m-^ n facto rs 
^ g X g X g X ...to factois 

«g xg X to m — n factors 

asgw-«, by definition. 

• 

127. Mm and n be*any positive integers, to prove that 

(g«)«-g»’‘. 

By definition, (g®*)"— g**xg’»‘K g**... to « factors 
-■(gxgx...to f7i factors) 

. x.(gxgx...to m factors) X ...to n groups 

— ^g X gx ...to inn factors 

Cor. (g’»)’‘«(g’‘)®*— g*” ; e g., 

First Law as basis. The second and third index 
laws just proved are deducible fiom the first. For, we have by 
the First Law. 

g®* X g’‘ — 7 «,and n being any whole numbers. 

/, g*"^®-rg“ = g®* 9....Def. of Division. 

Let m-\-n=Afj so that m = 

from the above result, we have 

g^^-rg®^=g^^”^^ which is the Second Law, 

• ^/and n being positive integers, and il/(=*w + «) > ^/, 

Again, by the corollary to the First Law, 

g”* X g’* X gP X — 

Let »«»««=;) = ..., and let the nitmbet of these quantities be x. 
g* X g^xg®* X ...to ^ factors 

-Mt+m+mf •••*<> * tcsima . 

— a , 

that is, ^g®*)^*=g®*^ which is the Third Law. 

N. B. The reason why a®*xfl’*xrt®> =a®*'*'*'*'*^+*** is referred to 

as the Index Law* as stated in the Cor., Art. 125 , is now evident. It 
will be seen from the next article that it is also taken as the basis of 
indices other than whole numbers. 
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129. The base Law for Negative and Fractional 

Indices. ^ 

It is easy to see that the oi dinary definition of an index does 
not apply to'nejjalive and fractional indices. For, according to 
it, to 8 factors, but evidently it is absurd to say 

that a*=^ix<7X to‘2 factois, or ...to -3 factors. 

To find out a meaning for nejj^afivc and fractional indices^ we 
assume them to conform to the Fiist Law, namely, «*x 
i.e. we assume the First Law to be universally true. We shall 
then be able to show, as in the case of positive integral indices, 
that the two other Index Laws also hold good ' in the case of 
negative and fractional indices. 

130. The meaning of a^. We assume that for all values 

of w and «, ^ ; 

putting m—o, x = ; 

vlividing both sides by 

Thus any finite quantity raised to the ^00 fnncer is equal to /. 

131. The meaning of positive fractional indices. 

p 

To find a meaning tor <2*, where p and q aie whole numbers 
stated in Ait. 129, we assume the law a"* x 

j> jf p ^p jp 

Thus = ® — ^ 

11 p p 27 i ^p 

a«x/i«x/7« =-i« = « = ««, 

P P 4P 

and simihirlv /2« x x ...to tour faciois»<2«, 

p p 'jp 

a^y ... „ five „ —rt® , and so on. 

p p Qf> 

Thus <i®x//®> q ,, 



p 


p 

Hence a® q^^ foot of oP. 
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Thus &c. Hence in a positive 

fractional index, the numerator demies a ftouxt\ and the denomi* 
nator a root* 

132. The meciaing of negative *indices. To find a 
meaning for • 

For all values of ;// and we assume 

• . • 

Putti ng * — w, X s=i ^0 s= I . 


That is, di""* is the reciprocal of 
N L. Thus, «-"= = -i_, &c. 

,• V-'- 

133. Inversion of terms. We propose to show that 
P'rom the Iasi article, ] ; 




also from the last article, J 

multiplying up the last two results, 

Hence the following Rule : Any quantity may he chang^ed 
from the numerator of a fraction to its denominator^ or vice 
versa', provided the sign of the index of that quantity be changed. 


y’\ 




134m To prove that for all values of m 

and n< 
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We have already assumed that ' f 

for all values of p and 

^ dPf „ 9, „ 9) )i )» * • 

Let and g — n^ so lhat^ + ^=w ; 

then from the above result, for all values 

of m and n. 

186 , To prove that for nil values of m and n. 

Case I. Let fn be any quantity, positive or negative, integral 
or fractional, and let n be a positive intej^cr. 

We assume dP — for all values oip and q. 

Let /5 — ^ = f«, where ;// is any quantity 
d^ X a" — ^ tf-"* for all values of m ; 

. * . X a;® X •« X rJ 

Similarly a"*x<2**x to four factors **<2^**, 

<i®x^z’"x to five factors and so on : 

hence a"‘x^^“x to « factors ; 

that is, (a**)***^''"*, where n is any positive integer. 

Case II. Let ti be a positive fraction, and m unrestricted 
as before. 

p . ' . . . 

Let p and g being any positive integers. 


Then = Art. l^i. 

Case I. 

mp 

Art. 131. 

Replacing ^ bv «, (a**)'* 


Case III. Let n be any negative quantity, and m unrestricted 
as before. 

Let n^-p, where may be integral or fractional. 

N.B. Thus (2^)'^=2^“*'^^=2-» = ^,=i. 

Oor. Hence the three Index Laws are true for any indices, 
positive or negative, integral or fractional. 
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130. Proposition. always. 

Let m and n have any value. 

Casa I. Let ^ be a positive integer.^ 

X {aS^b^) x to / groups . 

« («*• X ^ to / factors)(^*‘ x 3" x ...to p factors) 

2 rd Law. 

Case II. Let / be a positive fraction. 

X * • . . 

Let /— ~f where and y are positive integers, 

. so that x=^py. 

m 

. Case I. • 

x~py, 

=N/(a’®*’3"'’)'' Case I. 

$ 

— ^wp^np 

Case III. Let / be any negative quantity. 

Let /— -Xy where .r is a positive integer or fraction. 

= Cases I, n, 

replacing -.r by /. 

Hence* (a**3*)*’=/2***’3*v, where m, n and / may be any quanti- 
ties, positive or negative, integral or fractional. 

N. B. Thus, 

student should try lo fully comprehend the above proposition, as 
it is frequently needed. 

137. Transformation of indices into Positive Inte- 
gral Forms, We propose here a transformation which will •be 
very useful in dealing with expressions involving negative and 
fractional indices. Suppose we want to transform simultaneously 
the expressions 

ei- 13 ? - 2fl’^3^3nd a^b + 
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into forms in which the indices will be whole numbers. We pro- 
pose the following process, which will gcfnerally answer best : 

First find the G. C. M. of all the indices of the poxvers of eaih 
symbol^ and next assume a new symbol for that pmver of each 
cfiven symbol luhosc index the conespondiny, G. C. M. founds 

In the expressions proposed above, the indices of the powers 
of a are -1, -f, -^0, ahd their G. C. M.»« > 

therefore assume « 

a' * - =x“’' » =-x\ &r. 

The indices of the powers of b are 5, J, i, J, and their 
G. C. M. ; assume h^^=^y. 

Thus d*-y“’'§=y, &c. 

Thus the proposed expressions are transformed into 
•“ + 2 x^* and x^y^^ + 

Ex. L Shew that 

where p « w**'\ 

^x^^ 3rd Law. 

Now, »!/>*» w X 1st Law, 

Am 

N. B. The student should her<i bo careh’l t<i di&tingui&h between 

and The last = 

Ex. 2. Simplify a 1”=^] . 

Since (x*y^)^ ^x^y^ 

1 _i _J 3 - '* 

the given expression -] 

-(.VM *r*i‘ 

=x.x%-i 
^x^-iy-^ * 


Am. 
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£x 8. H and shew that 

/?* =* =« { («■*=)*' * ; V w « n •» «•, 

.*. equating the indices, we have 

2 «* fxys, ie , xyz « i . ^ j. 

Ex. 4. Multiply ,'\t by a - 3^ + 4^'-, 

+ ^^-,r - -f- . • 

1 1 1 

+ 4.r “ 

+ 3a^Ji* - + \ax^ 


4^-^* -product by a ; 

I ?. 

gax^- 1 2a x m= 

4<Jr^ 4* 1 2/z-jr + i6jr^ - 




i } 

Sa-x* 


,» 4'^- 


Arts. 


+1^;!:* —complete product. 
Otherwise thus : Let a- -- c, and .1*^ -y ; Art. 137. 
then ar^ + ^a'^x" 4- 4.r^ — 4- yy^ 4- 4 ^’ 4- 50' 4- 4y®), 

and ^ 4* t\x - ^ 4- 4y*. 

/, the reqd. product -~y{(^^3(y‘\-4y'^){c'^-yy + ^y^) 

• -•"y{(f*4-4j/V-(30')8} 

4-i6y*), simplifying, 

«rV-^V*4*:6j/® 

~ - a.x^ 4 - 1 6 - 1 "* , ’ .' c— a^\ y 

/ 

N, B. The ahenifilive aielhod given here is often very convenient. 
Ex. * 6. Divide .r** 4" +>» by .r^-jr^y^4-y‘-'\ C. U. 1860. 


x^-x^y^ 


4-)-) -1 




\xy^ -rJC^ 


^-x-y- 4-y 
—xy^ +x^y^ 

xy^+y 

xy^ —x^^ ’^x^y^ 

X'*v^ — jT® V* J 


xhx^yi+y^-^ 


■y-^x^y*+y 

^X^y- -~x^y^ + y 

reqd, quotient =.ar^+jr^y^4-y^. Ans. 
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Otherwise thus : Letx\=a, f 

Then, the-dividend=<z* + < 2 ^^®-l-^S and divisor*-a®-a3 + ^*. 

The reqd. quotient rf 

=ra^-^a 3 +l>^ .......MArt. 83, 

-(a-V+^M+(J'^V 

i K i 

-=jr“ -^x^y* -^y-. 


Ez. 6. Find the H. C. F. of 


ji-- -^-axy' 


y+ 


2x^y^ -k-y^ 


and jr^-24r^v^ -1 


G. C. M of the indices of the powers of J J assume x' 


A. 


II 11 11 II 


I. y=i : 


ji. 


^3. J 


Now transforming the given equations, we have a^ + 2 a^ + 2a3^ 
+ 3® and < 2 *— ^ 


+ 2a^3 f 2a3^ -f *= (< 2 * + + ( 2a^3 4- 2 aP\ re-at ranging, 

— (<2 4- 3)(a^ -a3 + 3^) 4 - 2a3(a -I' 3) 

= (<2 4- 3 ){a^ - <2^ 4* 4* 25!^) 

=^{a + 3 ) {a^ 4- <2^ 4- 3 '^) 

breaking up 2a6*, 

— a{a^ - 3^) - 3\a -h3) 

= (a^ 3){a(^ - } 

= (<2 4- 3)(a* ^a3 - 

/. reqd. H C. F =<i 4-^=;r^ 4-^^. Am. 

Otherwise : The reqd H. C. F. must be a factor of 

(<2® 4- 2c^h 4- 2a3'^ 4- 3^) 4- (a* - 2<2^* - i e., of 2<i*(a 4- Art. 93. 

V 2 or a is no factor of any of the given expressions as trans- 
formed, 

the H. C. F , if any t must be ^2 4-^. 

It is now necessary to divide any one of the expressions by 
fl4*^, to see if it is exactly divisible by <24-^. Such is easily found 

to be the case. Hence <2+^, / e,y x ^ is the H. C. F. 


N* B. The transformations might have been dispensed with here, but 
is generally convenient. 

Bz. 7. Resolve into its simplest factors .2:” ^-<2^®. C. U. 1859. 
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Now, factorise each of and 

« (;ir"® + - a*x~^ + a% 

Again, x'^ - (a®)® 

— ( 4 ;’^ - a){x'^ + ax~^ + a*)(4r"^ + a){x^^ - + a^)0 

.’. using these results in (A), we have 

.r“^® - ^2 -* (jf"® + a^){x^^ - <2®4r“* + i2*)(4r' ^ - a) 

X (jt"® + + a*)(4:"^ + a){x’'^ - + <»*) 

ca (,r’^ - a){x‘^ + a){x'‘^ + rt*)Car”2 - ax"'^ + c^) 

. Ex. 8 . Whai must be the fornt of w in order that 
may have both and a’^-4r’^ for divisorsi n being any positive 

integer ? Shew that 2*'' -mi is divisible by 15. M. U. 1875. 

Since is divisible by each of a'^+x*^ and a^-x\ 

„ „ „ (a«+:t«)(a’*-.-r«; or 

1 i 

Let a®" ~ Ci 4r®“ « then a== 4: ■« 

m m 

and = 

.■. by the last result, we have 

** ** • 

^in^^nu exactly divisible hy c-d \ 

\ ^ must be a positive whole number, Art. 120, 

2n 

suppose. 

where p is any positive whole number 
«any even positive multiple of «. Arts* 

2*"-i-(2‘)“-i=(i6/‘-(i)», •.• IXIX -I. 

Now, n being a positive integer, 

(i6)*- i" is divisible by 16-1 or 15. Art. 120. 

2^*^ -I is divisible by 15, Ans* 

EXAMPLES 68, 

Express in lorms showing the meanings of 

1. < 1 ^. 2. 3, x^, 4. 6. 

e. a~K 7 . x'k 8. jr*. 8. ^*1 10 . 
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Find the value of 


11. 

. 7 ^. . ^ 

. 12. 

16 

•I 

13. 

2 -* 36 ^ 

14 

625 ^ X S'®. 

16. 

2 '^x | 6‘2 

10 . 

si 

81 '^. 

17 


18 

ii) 

19. 

(tI^) 

20 

0 )- 


21 

I 

6 -’* 

22 . 

2 “® ^ 
-§X 2 \ 

23. 

1 

(?.)'^x 64 ' 

^X3 

24 

(D-’ 

3 

X 42 

X lO’®- 

26. 

A ^ XX^XX^, 

26. 

- X r X :i' 

-i y 

27 

Jx(o2)« 


a8./>“ 



29. 

\la^\Xla^.\]a-K 


30, 


31 



32. 

{2abcf^- {2a^b\)^. 

33 

(xyzf^ 


34 

b^ — 

36. 

(i^b 


36. 


37 

^Ja^bix y~^ -r Jn^bi % " 


38. 

, _l 1 -.J «2 -1 (> 

ia ^{a^b ^ ~/ib } ‘ 

39. 

* fyix^y^H^ 

V ^16^20 


40. 


41. 
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^m+2» ^8w-8n 


«®~® 
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44 

(.^xys{ - V~>'’ ' 

V 9/r* V 27 jr 8^8 

46. 

[U'i^)''xr^-2A-i)a]-c 


46. 




V / \/^*»/ 

47. 

V yj ) ■ 


48. 


49. 

f 

■(r.y 

i> 

.60. 

’VW •Vj'^ • 

51. 

(-i)'(.-l)’ 


62. 


r 

('-:)■ (‘-y 


(;-)'(f-i)- 


Multiply 

i .i 1 ,1 2 .2 

l>3* <2* - oT^ by and + 1 + <*"». 
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<«. ■'-'•■"‘‘t -i’ -I J 

66. 2X y + 3*V >' ^ 3* £i 

66. + J*-" V*® -ijx^jy by 2 ^ T " *jx\ly ' X/y* 

Divide * s j -i 

68 «-5a^-20+24«‘^by a^-3«“-=» + 4« • 

... 

60. ,»-> s-‘-^ 

‘ »“ hv a.-*’“’-+/"'S an‘l ** -y* "■’’ ■ 

63. 2 “/'»‘ V** “ ' 

hy 2 jab- 3 lJ^-J^- 

Resolve into factors ... 

? » aR J_*« 68 . a-‘- 4 *-'’ 


3 3 

64 . + 

67 . 


05 . 

08 . a^ 4 ' 5 «^+ 4 - 


69 . x-i‘2+x^K 


,0. D,.ia. A-+- « '• ”>' 

the quotient by + *• 

Findthe n.C. F. of . , 

7 . 2 . t V -. , ? 

Find the L. C. M of it ? 4 , i 2 

x\-a^l X^- 
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^ 1 . I /a- ft 

jr**-! Ar*‘+l ;r*-i ;r"+i ^ V 

2“_ s’* 

79. Shew that V 

80. Write down without actual division the following quotients : 

( 2 56 ~ 6 “s ) "^ ■*■ -^ (•»^' ^ - y'S 

and (;r'®-)/"®)-r(jr 

81. What must be the form of m in order that 2 "*- i may have 

both 9 and 7 for divisors ? 

82. If be exactly divisible by x^+y\ show that «-i 

is a multiple of 3 . 

83. Show that (x- i )*•*■*■ ^+ 2 *’*(i ^x) is divisible by (x^- 0(-^”3)» 

n being any positive integer. 

84 Find the product (i +;i'+;r* + +;i'®*‘)(i + 4 ?“") 

Prove that, n being any positive whole number, 

86 . The last digit of(2X4’*)2+i is 5 . 

86 . + + 2 ’""* + + i is divisible by 7 . 


87. 





CHAPTER XXIII. 

Elementary Surds. 

138. Definitions. When any root of a quantity cannot 
be exactly extracted, that lOot is called a sur d, or an irrational 
quantity. Thus ^/ 2 , X/io, %/x^, ya^-^rb^ are surds. Hence 
these are only cases of fractional indices The first two are arith- 
metical, and the last two are algebraic surds. 

The order of a surd is estimated by the number denoting 
the root. Thus \la and yx are surds of the fourth and «th orders 
respectively. 

The surds of the second order, ^ , ^/5, Jx^ + &c. are 

often called quadratic surds, and are more frequently met 
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•with than thbse of other oiders. Surds of the third order are 
called cubic surds. 

N. B. Although Js, “nnot be exactly found, we can make a 
close approximation to it by continuing the usual arithmetical work to a 
sufficient number of decimals. . • 

• 

139. Appareilt forms Any quantity may be expressed 
in a surd form, and conveTsely, quantities in apparent surd forms 
may be expressed in their true rational forms. Thus 

2^X/2X 2X2X2 = X/i 6 \ 6 =^^6 X 6 X 6^%/2l6 ; . 

sl9^ = 3 ; V3125-V5X5X5X5XS*5 ; 

Va’-a ! &c. 

• Ex. 1. Evaluate \J^ii and express 4 as a cubic surd. 

V8r=Vl*“9^”5^” ^9“ V3““3- 
4-5/4X4 X4==J/^4* 

Ex, 2. Express as the product of a rational quantity 

and a surd. 

V25o*5y5X5XSX2«S V2- Ans, 

Ex. 3. Express V7 and S/v as surds of the same order. 

The L, C. M, of the root figures (4, 6)== 12. 

Now, W==^VJ43 ; 

u = 1 1 ^ =* 1 1 ^ ^ ^ V ^ ^ V ‘ 2 i . 

Hence the reqd surds are ^V343 and Ans. 

N. B. It is advisable to first reduce a surd to one of a lower order, 
when possible. Thus = 

» Ex. 4. Which is the greater, 2 Jio or 3 V9 ? 

2 X 10* <s/4o > and 3 5/9 **5.'^27 x 9~\/243‘ 

Now reduce the surds to the same order. ^ 

V^«V40^“*V64 ooo. and “ ^24^ 'i/59049- 

Since 64000 is greater than 59049, 2 n/ 10 is greater than 3 J/q. 
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Bat. 6. Find the product VS x as one entire surd. 

First reduce the factors to the same ^rder. 
and 

/. reqd. product 

i 1 

= 25^xS‘‘ 

-(25x8)^’ ..Art. 136. 

= (200) ^ 200. A »s 

Bx. 6. Simplify 2 ^/ 3 - J48-V 116 + 3 V 4 
Required value=»2 v'3- x/i6x 3- - + 3 V-* 

= 2 ;^ 3 - 4 n/ 3”2 V2 + 3 i /2 
= (3-2) V 2 + ( 2 - 4 ) v '3 

^ Af/S. 

i 

Ex. 7. Find the value of ( <^7 + 5 /s/3 ^(2 Jy - 4 J^)f 
and (3 + 4 s/y)i 4 - 3 Jy) 

Proceed as in ordinary algebraical multiplication. 

( n/H S \/3K2 n/7 - 4 v/3) = ( -^7 + 5 . ' 3)2 x/; - ( V7 + 5 -s/5)4 n's 

= 2X7 + 10 j2T-4i,^/2I -2PX 3 
— ( 10 - 4) <v^2 1 + 1 4 - 60. re-cirranging, 

= 6,^21—46. A ns. 

<3 + 4 JyK 4 - 3 s/y) (3 s /^' + 4 N/yU - (3 + 4 n/j ')3 ^(y 

= 1 2r + i6 - 9 Jxy - 1 2 y 

- 1 2(.r -^0 + 7 ^ w j. 


Ex. 8. Divide 2 s/3 by U12* 

2^/3^ V( 4X3 )^^ 

Vi2 V12 V12* V 12^ 


Xfl 2 , 


A ns. 


EXAMPLES 69 . 

Express as surds of the 2nd order 
1‘ 3 2. 7, * 3. 4. 2 a\b + c). 

Express as surds of the 6th order 

*. a. e. 2ab. 7 . 


8 . 
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Reduce to 

. t 

entiie 

surds 


9 

2^3- 

10. 


. 11. 

13. 

is/s- 

14 

4Vl2 

/16. 


^ /b 
2a . / 

V 2 a 

•/8 

«3r : A 

V 

19. 

f 


Express as 

the product of a 

surd 1 

21 

^/7i. 

22. 

V 72 . 

^23. 

25. 

VqlT 

26 

V 320 

27 


a^Jb. 


12 . 3ry 


jm. /Si. Msoo. 

Ja^. 28. 

.29 J{a’\-b}h 30. 

32 v'C-^ +3)(-^^“ i)(i*4-r-2)(;ir*+5r + 6). 

'3^3. Express with ritionil denominators hj^. 

Reduce to suirh of the^same older 
34. ^/3,V4. 36. V4,V5* 

Which is the greater ^ 

37 . n/SocV*^- 38. .^'iJorV^S* 

Reduce to the simplest foim 


30. \Jab,X/a*iK 

39. VZ or Xlz\()» 


40. ^/2-f /^8- v'27 - ^12 ^41. N/43f x/i2- <,^75- ^3, 

42. s/27 - n/»o^ + 9\/^ J»^48 s/64~ ^^24- \/ 6 + s/^. 

41. v'^ 88 - n/i 8 - n/ 50- y% 6 - = ^/7?+4 V64^6 V^- 

48. I2^H6V'-4V9 'ClT 2 ^(./T?s + ^I ^ 5 - lov'I. j 

'48. t/3*-3 N/V+ n/‘92-4 VJ+7 V9. > 

Find the products 

49'. sli'X- n/ 6 ; ^sx ^/Io. 80. i Ji'K Ji ; 2 J 27 . 

51. (.J 3 + >J 2 ){^ 3 - Ji). 52 (3 J 3 - n/iiKz n/3+ 

53. ( + s/r* - a*)( - a').64. ( y« + * + >/«)( kJa + 6 - Ja. 

.58. { 2 j 3 + s/io){ 2 jio- Ji). 58. (?.y3+ ysX2.y5+ y3). 
Find the quotients 

57. 4y3-j-**y3. 68. 2 v/io- 59. 80. 3 \/ 2 -i-y 2 ^) 

Find the value of 

jps j/8 jjf® 4- y® * 

'01, /-X when r- 24 * s/ 2 , and y =2 - *72, 

;r+y ;»r-y 

62. (1+ ^2! y6)(2- y2+ y3)+(y24- ysX^Vs- ^/2)• ti 
• t' 111 
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64. 


ALGEBRA. I 

J(a+ i )+ J(a-b) J(a~6) y* 




'3 n/2 +2 Js _ 3 n/ 2_- ?y3\ a 
J3\/2-2V3 3^2 + 2 ^/3/■ 


Show that 




^(l 


140. Rationalization. To convert a surd expression into 
afational one by means of a multiplying factor is the most fre- 
quent and most important work with surds. We will confine, 
ourselves to the simplest cases of quadratic surds. 

Since ((^.r+ it follows that 

is a rationalizing factoi of - Jy, and conversely. 


Ex. 1. Express-“i^-^ — with a rational denominator. 
iJx + a+ Jx-a 

A rationalizing factor of i^^x+a+ Jx --a is tjx’\ra~- Jx- 
Multiply the numerator and denominator of the given fraction 
by 

Thus X - Art. 105 

Jx^a’^ fjx-a jx’^a\-jx-a Jx^a- Jx-a 

( six + a?- ( r/t - rt )* 

(4r-ha)4-(.;ir~g)~»2 « 

x+g-x+g 

2g 


a 


Ans* 


Ex* 2. Divide by and express the quo- 

tient with a rational denominator* 
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The quotient - ^*^3+ J S 

3+3•^/3 . 2-^9 

. _ (3 n/3+ J K ) n/5 -(2 n/ 3+ 

^+2^/3)2- J3(-3 + 2 i^ 3) 
,|n/i5 + 5 -6- jTl 
o+W3-3n/3-‘> 


n /»5-i : 

•^3 

»/3 

\/3 n / 3 

_ n/ 3 

3 
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EXAMPLES 70. 


>"11101 a factor that will rationalize 


1. 

Jy^ 

2. 

2 + ^/ 3 • 

^ 3. 

Vx-Vy. 

Rationalize the denominator of 



4. 

n/3+i 
^2 • 

5. 

J2_4. .^ 3 

•J 2 

6 


7. 

a+b 

• 

8. 

'4' 

Ja 

0. 

2 :- 

r+ n/jr*-)/* 

10. 

J{a+b)+ ^{a-b) 
J{,a + b)- J{.a-b)’yr 

11 . 

n/3+i 

n/3-i' 

^^12. 

1 1 + 

N M 

0a»^ U* 


5V<>-2 J7+ \/24 t 

■V 

Ti 


2 ) V( 

4.0. 

3i</<4+2«y7+ 1 ^ 24 ’ 1 


5 - s/5 

" 1 


.1%, P. ,10. -pS^-.V 

^ i+n/ 3+^/2' ' s/3+*./2-i 


Find the value of 


a7. 




l+(l-;r*) 


4r«+jr-2o;r2 




r I 


yl9. a*+3*+6«>, when <*— ‘'“r+T’s' 


^ao. 4 ^-f, when 


b-. 

J$+i 
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Given ^2»*i 41421, is/3=* 173205* 2*23607, find correct to 

four places of decimals the value of ^ c 


21 . 


'slA+J- 

V3-1' 


22 . 


a+ ^2 

s/2- l' 


23 . 


s/S ^2 

s/S-2' 


24 . 


J5-V3 s/S+s/ 3 ' 


CHAPTER X:iCIV. 

INVOIUIION. 

141. Deflnition Involution is the opeiatiorl of finding 
any power of a given quantity. 

142 . Squares and cubes We have already given the 
formulae for the squares and rubes ot algebraical expressions. 
We simply re-state them here 

(a + by - -b 2 a 6 + 6 *. 

(a + 6- r + <l + ... -h + ••• -c + cE + ...) 

+ 2b(-c + fi^ .„)-2r(d + ) + &c. 

{a + by « + iab{a + 6 ) + W. 

{a “ by - a® - ^abia - />) - lA 

(a Hhft + cf « a® + 6 ® + c® + 3(« + b)\b + r)(r + a). 

The form in which we ha,ye expressed the expansion of 
(a-^b-i bu^'gesrs a very convenient form of the rule we 

ha\e given in Art 74, page 82. 

Buie : The squat e of atiy muliinomtal js equal to the sum of 
the squat es of Us sevetal iettm plus truce the algebraic product of 
each term by the sum of those that follow it, 

N. 13 . Compare this ruk with the one in page 82. It should be borne 
m mind that the square quantiiie'- are always positive, but that in forming 
the products each term must be taken with its proper sign. 

Ex. 1 . Find the value of (a® - 2rt‘‘lr + 4aa'® - sar®)*. 

The gi ven expn. — fa®;® + ( - 2a®ar)® + {s^ax^y + ( - 5a:®;® 

+ 2rt®f - 2a^x -b e,ax^ - 5^®) 

- 2 2a®.r(4^a^* - 50:®) + 2 4 < 72 r®( - 5.ir>) 

(. — 4- 1 ta^x^ + 2 cjT® - 4 Ar + - i o<i®A‘® 

- 1 t<Px^ -b 20€^x^ — 40 / 14 :^ 

- a® - 4a®.r + 1 2 a* 4 r® - 260®^^® -b 36^*4:* - 40rw* + 25.4'*, 
Ex. Z. Find the co-efficient of x^ in the expansion of 

(i + 24 : - 34:® + 4jr* -4:®)*. 
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The student is referied back to the rule in page 82 . We shall 
first examine which of the usijal sqnaae quantities contains -*■* ; we 
shall next examine the usual products. ^ 

Evidently, of the square quantities, we must take (- 31 :*)* or 
9 -r-* ; of the products, we must’ lake 2 .i.{-x*) and 2 . 2 ;r. 4 jrS, 

- 2,r* and i6;r*. ^ • 

*. the reqd coef -'= 9 *- 2 -t- 16 « 23 . A ns. 


143. Higher Expansions The expansions of the fourth 
and fifth powers ^f binomials are frequently ie(]nired. We^proceed 
to find outia-^-by and {a + bY\ 

{a ¥ by 2 ab b'^ ; 

/. \(a^byy^(a^^2ab-^b^y ; 

{a 4 by ~ (a^ 4 - 2nb 4 b'^y 

= (a^y 4 ( 2 aby 4- (//-*)^4 2 aK 2 ab -^b -)^2 lab b’^ 

^ ^ 4 4- 6« W 4 4 simplifying. 

Again, (<i4^)'^« (<^4/^)* x 4-/') 

" {a^ 4 .\a^b 4 6 aV 4 ^ab^ 4 b*){n 4 b) 

~ (a* 4 4 a^b 4 4 4 ab^ 4 b*)a 

4 4 4 M 4 4 4 b*)b 

- </*• 4 Ba^h 4 1 4 lOa%^ 4 4 f/’, 

, simplifying. 

We can similarly find {a^by and {a-by, or at once write 
down their expansions from the above results by changing b into 
-b. In the latter work we must bear in mind that (- — 

( - by—b*^ but ( — ^)®*= — ( ~^)*-' - b\ &€. Thus we get 

{a — by — a* - 4 ^®^ 4 

and (a-by=a^'- 5<j^d4 lOcrb^-’ ^ab^-b^\ 

We have now got the following foimiila? : 

(a 4 by—- ay 4 4 a *6 4 4 4 «f>* 4 b^- {Sions all 4 ). 

(a - f>)* ■= Cl * - 4 BaHy - 4 b*. {A liernately 4 , - ). 

(a 4 ft)'* — 4 5a*ft 4 1 oa^ft® 4 ioa*ft ® 4 s^ft* 4 ft®. (Signs all 4 ). 

(a - by— ay - 5ri*ft 4 lonr^ft’* - iott*ft"4 5</ft* - ft®. (AliernaUly 4 , - ) . 

N. B. It will be a good exercise for the .student to obtain the higher 
powers of binomials than the third independently of formulae. Thu% he 
may easily find {a -by from (a 4^)’ from 

j(c f by\^{a-\‘b), 5tc. 

144. Signs, Any integral power of a positive quantity is 
evidently positive. This is true not only in the case of a positive 
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index, but also in that of a nei»aiitne ind^x. Thus 

the case of negative quantities \ve lay down the following rul© *. 

The sij^^n of a power of a nep^aiive quaniity is positive when 
the index is an even number {positive or nej^aiive)^ but negative 
when the index is odd. 


Thus ( - «)* =* { ( - rt)* ) 2 - (« 2)2 « + ^4^ 


In short, when m is any positive or negative integer', 

( _ ^ )2m „ 2^,^ being of < ourse even. 

Again, (-a)®-(-rt)x(-^i)x(“<2) — <T*x(-a)— -a* ; 




I —a — 


- S* ~ &c. 


In short, if w be any positive op negative tniegei^ 

( ^ /7)2m+i^ 2fn + 1 being of course odd 

Hence we infer that any odd power of -- i, and any e^ien 
power of^•l^ + \^ the index betnq positive oi negative. 


Ex. 1 . Expand {2x-ay\ 

(2;r- i)®«i<(2;r- 

2-r(2,l - I) - i*}* 

- i)2 

- {%x^f +■ ( -> 1 2;r*)2 + {txY t{-\Y 
+ i2A'2 + 6j!'- i)-24r*(hLr- i)+i2;r(- i) 

~ 6i\x^ - 1 92a + 240.V** - 1 6ojr® + 6ai * - i 2A' + i, Ans. 

Ex. 2 Find (-^2^) and -2r“i- 2)*. 

/ i^lPy {a'^b^f aW • 

\ (7Wp “ ^ 

{x - 2X~ ^ - 2 )^ » (4: - 2.r“^)* - ^{x - 2X'^) + 2* 

= (jr* - 4^: X ir “ ^ + 4A' “ 2 ) - 4 r;r - 2r - 1 ) + 4 

*^;ir*-4.ar” + 4 ;r" 2 - 4 ;»r + 8 ;r’^ + 4 > (4^® • 4 * Art, 130) 
^x^ - 44: + ar + 44r-* A ns. 

Ex. 3 . Find the coefficient of 4 r* in the product ( 4 r-|- 2 )*( 4 r- 1)*. 
By formula, {x + 2)^(4: - 1)® » (.ir* + 64 r* + 1 24: + 8 )( 4 r* - 24: + 1 ), 
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We now select in all possible ways a pair of terms, one out of 
each of the factors on the right side, §uch that their product may 
contain x*. We thus get x\ i -K6r*.( - 2 ^:) + 1 2 x x^, i x*, simpli- 
fying* 

the reqd. coef. - 1. Ans. 


EXAMPLES 71. 

Find the squares of 

1. 2a4-^- 3^ ; «"4'^^. 

2. 

2x^ - Sy* - - a^Pb'^, 

3. a*4*3*"4'^. 

4. 

+ oi^b^ 4* 

6. X/x-^Jbx-^XJb. 

6. 

- 2a^^^ — ^e^b^ 4- b^* 

7 . jr»-.r-* 

8. 

(x» + ^)-2(x + l) + 3. 

Find the cubes of 

0. 2x^y^iz\€^-b^. 

10. 

22r«4-y ; 2aw-3^i« 

11. ; X/x^X/y, 

12. 



14. 

2 • 

+ 2 ^*. 


17. 

a^b-+C‘A 


m m 

20. 


23. 

a«-^-«. 

26. 

a x a 

* a X 


Find the fourth powers of 

16. 

18. 19. 

Find the 5th and 6th powers of 
21. x+y]x^y. 22. 2.^-3^. 

Find the 7th powers of 
2i. x^a\ 2 a--b. 26. .r* + a* ; jr"* - a 

Find the value of 

27. (V - 

28 . {x^y'^^zYi -xyH * *;®( - x'^yz^Y^ 

30. («»" +d*-)* + (««“-#*")*. 

30 . («»’*■*+«•• + 

Show that 

31. (r + 2a - ^ )* + {x + bY — 2{x + a)* -I- 1 2 (x + a)\a - + 2(0— 

32. 27(a + bf + (a - « 5(a 4- zbY + + 2a)* - 9(a* 4- 2^). 
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Simplify 

{-xyn^yz)H-sxf , " mV^)\-2 ah)l 

( - x^yf(yhY{ -* - 2d)^ . %[{ - 

3 S '^a-h /®(<i +^ - r)* « _ (;r* - i )\x ^ - 52^ + 6)* 

(2+;i'-* ;r^)*(4-r-.r*-3)*'‘ 

Find the co-efficient of .r* in the expansions of : 

37. (;r» + «2)s ; (4r-2)-V + 2)» 38. -ir ax - b)\ 

39. {2X^ - x^ - yir + 1)^ 40 (2;r*-5r2+Ji -3)*. 

41. (!r® 4- 24r - 3)*. 42. (x 4* 2 )*(:*:- 1 J*. 

43. (2J;-3)^ 44. (ax -by, 

45 Find the value of 1 6uH» - 2o,r® 4- ^x, when .r= — ^ 

4 

Show that 

48. (i6j'*^-2oar®4-Sjr)2 4' { ib(i -20(1 -x'^)- + 5(1 f*- 1, 




J(\ - 4 ”)}* 


46. 




49. 




v'l-.r* 
+ 


X 

y I 



1 

y ) 


CHAPTER XXV. 

Evolution. 

145. Definition. Evolution is the method of finding any 
root of a given quantity. 

146. Sign. Since by the rule of signs ( +<z) x (4- <?)“«*, and 

also (-«)x( -a)^a\ it follows that the squaie root of is eithei 
+a or -a. Again, (4-«)(4'^^)(4'a)(4-e^)(4-a)( + a)==a®, and also 
(~<i)(-^i)(~a)(-<a!)(-a)( ; hence the sixth root of <2® is 
cither 4-fr or Proceeding in this wa>, we can show that any 

even root o] a positive quaniiiy may have either- the positive or the 
negative s/^n. 

Since the continued product of any leal quantity, positive or 
negative^ taken any even number of times, must be alw^ays positive,^ 
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as we have already seen, it is evident that there is f/o teal even 
root of a negative quantiiy . • 

Since Xij: the cube root of ; • • 

since ( - /i)( — <j)( - ^J) « — the cube root of 

etxaxaxaxei — ; therefore the fifth root offl°«rt ; 

( - d5)( -^i)(-^i)( -^)( -«}= the fifth loot of -it® = -tf. 

Proceeding in the same wa), we can show that any odd loot 
of a quantity has the same sign as the quantity itself 

. 

147. iSiraple cases. We have seen that an even root may 
have either sign Thus ± &c. P>nt we will in the 

present chaptei confine oiiisehes to the positive sign, whenever 
any even root is possible. We ha\e then the following Rules for 
the extraction of any root of a monomial : 

( 1 ) Find the artthmetu al root of t he efficient^ if any ^ and iak e 
this root as the co-effititn^ oj the required root. 

( 2 ) Divide the index 0 ) eoeiy Jactoj ok the i^iven o^onomial by 
the index numbei denoiin^k^ the loot. 

( 3 ) Take the neQative in the case 0 } an odd root of a 
negative quantity^ and the fosdive sii^n in alt othet cases 

Ex 1 Find VhTTy, and ffry 

5.'- i>x'‘y^z^'‘ — X}—i>x^y^z'^’° — 2 zV~* Ans. 

V 6p;Y Jbi^Y J 

« 

EXAMPLES 72. 


Find the square loot ol 

1 . qjrV* 2 

3. 


4 

1214 

ar‘ i6a*b* 

7. 

8xY 

22’^ 

8. 


Find the cube root of 

0. 2ya^b^. 10. i2Sa^b^^. 

ll. 


12 . 

- 343^’yj*^- 

18. 14. 

16. 

5i2.r^'* 

27y*j&* 

16. 

I 458 a^^“ 

3 

Find the value of 





17. S/~VTvw- 18. 


10 . 
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« 7 -W- =■* 

2i. V225-MV^)’-2!iy243+V9*- S^B. *N/l8a*-i 

“ v/(l^-.)- 7-(j-.) ■ b) • 


• V 32 ■ 


148. Square Roots of Polynomials by Inspection. 

We know that + 

and (^i — ^)* « 

Hence to extract the square root of a given expression by 
inspection, we should put it in either of the forms, 

sq, of a quantify + sq^ of another ± i%Jtcc their product 

N, B. Some other artifices may he more useful m special cases, as 
will appear from some of the following solutions 


Ex 1 Find the squaie root of 41^- I2.try + 9y* 

4jr* ^\2xy ^- gyS =» {7xf - 2 2X 7.y 

-=(2^-3;')*- 

the reqd. sq root=*2jr- 3:^^ Ans. 

Ex. 2 . Find the square root of x^ - + 4^*. 

r* - 4 ^.r* + 4- 4 «* = (r** - 4«.^* + "" + 8 fl®jr + 4 a* 

= (x^ - 2axy - 2 X 2 rt 5 *(r* - 2ax) + ( 2a*)* 


2<7jr - 2fl*)® 

the reqd. sq, root =- - 2ax - 2 ^ 


Am, 




4^*”* 

^na 

2oS^ 

4ir’" 


square lOot 01 




3^* 


t2a^^ 



2<*’** 


4<a’** 



) 

) 




/2d^ 


if— 

\ 

i 4* I 



V3^’» 

2C^J 

V3*“ 


l + I 



(2a^ 

y 

^ ^ f 

)• 





\3^"* 

at"^ > 

r • 





2<*"* 

— =.+ I. 

Ans* 





2(f^ 
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.1 

Ex. i. Find the squ^^erootof 

Since (« + ^) + 2 = + +2*, 

.'. the given expn.i=^a-,iy + 2 ^- 2.2 

. “{("- I )-’}- 

.'. the reqcl. sq. root = a--- ?. Ans. 

N. Ti. It is well to remember the result*. 

, + + +4, &c. 

Ex 6. Extract the square root of -rTTi 5rr« + 4X *• 


C. U. 1886. 

S ince + 2 a^ 3 ^ = (a^ - 

the given expn. ■= — . 

Since — we have 

(.^a - ^ 2)3 + ^ _ ^2) (^s « ^8 4. 2^^)2 

(<22-^2)* 

<a*+2a^-^2 


the given expn. 

.*, reqd.sq. root- 


A?7S. 


Ex. 0. i'ind the square root of 3(^3 + 3 <^*)(< 2 3 ^)*, 
3(^2+ 3^*)(rt - bY =“ (a* + 3^*).3(<^* “ 

* («* + 3^®X3^* - + 3^2). 

Hence by Art, 86, we have 

3(^2 + 3^2 )(^j - ^)* - { ( 20 ^ - ^ab + 3^*) - «(» - 3^) } { (2«* - 3«^ + 3^ 

+ n(fl-3^)} 

— ( 2 a* - 3 a^ 4- 3 ^ 2)2 - a\a - 3 ^^)*. 

.*. transposing we have 

3(a* + 3^)(« - + a\a - 3^)* » (2<i2 - 3^^ + 3^2)1. 

/, sq. root reqd. — 2^2* - ^ + 3^*. A ns* 
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EXAMPl ES 78. 


1. 

♦ • 

4rt’*+20fl + 25 . 

2. 

9fl2- 24 aA 4 i 6 a*. 

3 

4;i2 + TQjry + “4V 

4 



5 

+ 6 o 2 r^yi 4 9 xr^ 

6 


+ ^ab 

7. 

(7^ ■-3^')'‘ + 84:ry. 

8 

i9^+Sf. 

)® - 1 8 ca j. 


/ I / I \ 

10 

a* 6' 


9 



%+«)*" 

11 

(x^^ax)^ + 2Jt^-2aA. + 1 . 

12. 


- loorfi' - 3)4‘25a*r* 

13. 

y+i-8(;-i:)+'4 

14. 

\ 21, 


16. 

(t2~4A4-4)(4>'*-4>'+-i)* 

10. 

(a® -!)(«“ + « - 2 )(a»+ 3 a + '') 

17 

( 6 a* 4- 1 4- 6 a *) 9a* - ^x^){6a^ 

+ saA-^'i 


18. 

^X* 4- 1 2 A ’ 4" 1 12 ^* + 6 a 4 - 1 

19. 

A^ — baA 

"^ 4 - 64 ^ 4 64 ^'^. 

ao. 

4 * i OA®/ 4 - 2 1 — 20xy'' 

+ 4>'- 



21. 

a* + <^*4-2a(/^+ ij +2^4-1. 

22. 


- 2 A'*- 12 a 4 9 . 

23 

*° +i 

jr* ^64 <t‘ 

21 

3 

A 2 y* 

2 "^9 b ‘*‘16 

26 

A**- 2 AV+y*- 

26. 

- 2 a' 

^*^4- a**' 

27. 

9A® - 6 a^ 4 I 

28 

9 4-6a-'- 

- lU -.jr‘^44A^ 

29 

7-6(1** A-**)+A*"+t *«. 

30 

25 /^* 

- 20 A +■ 4 A'"**** 

31 


32. 

(a-^V 
\ a / 

* 2nb /a4*?>\’’* 

33. 

{p^ 4- $^*)(/* 4- w*) 4- ''pqil^ - 

w*)- 



84. 

35 

37. 

38. 

39. 


(j: - y - 2 {x^ + - yf + 2(a * 

f! . 30. ;rii + (i+t*)(i + t)« 

j^t + yi ry ^xc yz 

2X-- i)(,2A--3)(2;i'- 5 )( 2 Jir- 7 )+ '(> 

(5«^ 4- 2iib 4 - 2a<& - b^) + 4('*^ + «^ + b^?. 

_ Ap 


a- i\ a- I / 


40 


149. Extraction of Square root. Knowinjj that 
— + + we proceed to discover a method of finding ^ + ^ 

from a^ + 2 £i^ + ^*. The first term, a, of the whole root, a^rb, is 
easily found, since it is the square root of the first term, a*, of the 
given expression. The latter term being thus disposed of, the 
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remainder of the given expression is The second term^ 

. , - ^ 2<tA jstierm of*ihe teviainder • . < 

of the square roof^ « — * — r : ^ ; it 1$ thus 

^ J i 2a twice 1st root , 

easily obtained We should now subtract not only but 
from the remainder just referred to, in order to have nothing. 
The latter part of the work is therefore the same as in dividing 
by the complete divisor 2 a^b^ i.e., by t 70 ice the fifst term 
of the root‘d the 2 nd tctm of the loot. 


The above process can evidently be extended to the case of 
the square root consisting of more than two terms. Foy, after 
finding the first two terms of the root, we can look upon them as 
a single term, and then proceed as before to find the next term 
of the root. We have only to repeat this process, when more 
terms of the root aie possible. 


The following rules will now he evident * 

• (1) An an ife the ^ven cjp/ ess/on in descending or ascending 

poweis of some letter. 

(3) Fin i the square rqot of the first term and piti it do 7 vn as 
the first tetm of the required root j subtract its square from the 
i^is/en expression and bring down the remainder. 

(S) Take tiorce the first term of the rootj and make it the 
first term of a divisor ; divide by it the first term of the remainder ^ 
put do7vn the quotient as the second term of the rooty and also 
add it to the first drotsor to obtain the complete divisor of the abos'e 
remainder. 


(4) Multiply the divisor thus^found by the second term of the 
rooty and subtract the pi odiut as in division. 

(5) Next rcc^ard the two terms of the root already obtained as 
a single teriUy and proceed as before ; repeat this process until there 
is no remainder , 


1 . Find the square root of 

- 2ax^ + 3a V* ¥ Sa*x‘^ + ^al^x + 4a*^. 
x ^ - lax"^ + + 2<2V - + ^a^x + - ax^ + aKv + 20® 


24 r®-a;i®\ - iax^+ ^d^x* 

/ ■-' 2 ax^ 4 - ^x* ^ 

2x^ - 2ax^ + a^x\2a^x* + 2(Px^— 3/i*ji:* 

) 2cfix^ - 2C^X^ '\r 

2X^ - 2<Mr® + 2C^x + 2<»*\ -H 4a^x + 

4^^-=^ 4u*x^ 4- 4 a^x -f 40 ^ 

The reqd root - ax"^ + ah: + 2 ah Arts, 
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BxplftnEtlon* in the above work it will be seen that thi first 
of the root is IJx^, and the first reifiainder is-2tf^® +&c. Hence 

the first tertn of the first divisor is 2 x^» The 2 nd term of the root 

tas the complete first divisor is and the 2nd 

remainder is 2 a®jr*+&c. The first metnhcr 6i the 2 nd divisor is 

2(a?® -ajif'') or 2;r“-2fl;r‘^ The third term of the root = the quotient 

2^^ x^ "t* x'^ . 2a® . • 

= r—. But this is more conveniently found from , which 

tJr® -'2fljr* ' 2»'* 

=o*jr. The first member of the third divisor = 2(jr‘ - aa-® 

2jr' - 2fljc® +2a^Xj the fourth term of the root =3 — — =2a**, and the coin- 

2X ' 

plete third divisor is 2 x^ - 2 ax‘^ +2a®jr + 2 a‘'. 


Ex. 2. Extract the square root of 

4y» 3\ x/ g y 

Arrange the expression in descending powers of x, 

fit., 

Observing that^ 
we proceed as below. 

£!._f+^*+5_4.):^4 7f:_y^2 

‘ -O'* 3 9 y 3^ 2:*\.2y 3 ^ 


4r 


y 3/ 3 9 


X y* 
~3'*‘9 


y 3 x/y 3 


2\2_£y^ 4 
x)y~3'x X* 

y 3x X* 


- --i'+l 

3 X 


The reqd. root 


j4ns. 
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«o 7 

• /x* jt 

Explanation* The zst term of the root= ^ — 5 = — , the 2nd 

* ^ ^ 

tetm= -“4--= - and the 3rd term=-' 4 *-=s“ From this work it is 
3^3 ^ y y X 

evident that the trial divisor at any stage is practically the same as the 
firsts viai,y y This isilrue ii^all cases. 


Ex. 8. Find the square root of 

• 1 - - 3) + + 1). 

Simplify and arrange the expression in ascending powers of 

I - + ^x- 4- ix^ + ^%x{ i - |;r^ + fx^ 

I 

2 - + + 

.. ±3^1 

2 - ) |;r - ^x^ + 1 V 

The reqd. root « i ~ + Ix^, A ns. 


• ^4 y4 j y^v 

Ex. 4. Extract the fourth root 

Arrange the expression in descending powers of jr, observing 
that 6 = dr®. Then extract the square root. 

x^ , y y* (x^ 


22 r* 


y^ 


-y+4 


«- 44 - 
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The square root of the lesult ^2 a + 'g wil) evidently be the 
fourth root required 

|rS I/S 1'2 

v2‘ 


.r= , V" 

3-2+ -5 = 


‘ y Vy a)' 

the leqd. fourth toot - ^ Arts. 

y 1 

N.B. \W might have employed the inetho 1 of inspection from the 

' /\* V* \ ii‘ V‘‘\ 

beginning j thus the given e\pn. -f f ^ ^ 1 2 j - 4^“, j +*4 


Ex. 6 . Find the condition that + r may be a perfect 

square ** 

Proceed ro extract the root 




h \^x\c 


bx^ 


\a 


b^ 
c - 

Aa 


Therefoie av* + ^tr + r will be a perfect square, if 6 - =0, t e,^ 

— 4«<r, or in words, 

(coeff. of 2nd term)^ = four times coefi' of ist term x last term. 

Otherwise thus : If ax^-^bx + che a perfect squaie, it will be 
of the form (Zr + w)*, t.e., / V + 2/;;2ji' + w*. 

Comparing coefficients, b^zlm^ and 

* “ 4 / 7 ^. 


Ex. 0 . Find the square root of i +4: to four terms in ascend- 
ing powers of x^ and thence find the nearest value of the square 
root of 3 f to six places of decimals. 
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/ X X* .X* 


x\ 


;r + - 




z^x 


x^\ x^ 

. 8 y "4 


2 +X 


_ 4 8 ^64 

‘*•7 8 64 

r* ,ir* 

8^1 6’“ 

64 '•• 


The reqd. root' 


X X"^ x^ 

* I V- to four terms. 

2 o 10 


Since = 1 + 3S, we will now take 

I * -I 



1 ^ o '125 

6i “8"^= 8 “+■‘’•5625 

/l^\ -‘00390625 

-(“. U' = -•0001220... 

\4 2/ 32 

[l 0000610 

'12 + •00000,9... 



X* ^ 

8 ■*'16 


= 1-0155049... 


. . Kx^ f c \ 

The term of the root after is evidently - ^ . or - ( , la- • 

128 V8 16' 

since it will, as is easily seen, have only ciphers in the first seven 
places, it is neglected. 

Since we reject 9 in the 7th decimal place, the neatest value 
required — 1*015505 . ^f 7 S. 
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EXAMPLES 74. 
Find the square root of 

L gx*-\-i2x*-8x^~Sx+4- 

2 . 3 aS^» + a*+io«’i-iio«i*+l 2 ii*. 

3 . i +^-- 24 a’ + 360 *. 

9 3 

4 . i 2 rt»+i 4 <j®- 4 oa +25 + 36 a*- 2 oa‘ + 9 » • 

24 ^ 


6. |J+J-K+X+3«- 

^*'4 ^9 5 15 “5 


16 2 20 

10 . 

15 5^1 4 9 25 ^ 

4 164 : X* 

11 - ^ 3 ->+-V’‘?+ 4 y 

12 . 4 /i 2 + 9 {'^+i 6 r^-i 2 /?+ 24 ?' 

13. - 4«Ary + (4>''* - 6rJ^)a* + 1 2a>’r + 9i 

le. + 2 a^ + + 4 «'^( > + ^ 4 ““ + . 


^2 


16, 

17. 

18 . 
I?- 

{ 8 S 0 . 

21 * 


;^+ 4 > 6 ;+ 4 j;-i 4 + 9 - 


. 9=! _25_3-+i’. 

4y»‘''9*’‘ itwr’ 3^ 4J' 

1 6 c* + aH 4 i^ -I 2 dc+l 7^*) + a* + 2a(2* ” 30(a* + 4‘*)- 
25.1'' - 404:^ + 464:'' - 44^+35^* - 2 Q 4 r* + lox ^ -AX + i - 




evolution. 


2 tl 


22 . 

23. 

24. 

25. 
28. 

27. 

28. 

29 . 

30. 

31 . 

32. 


jrS ya X V 

y 4 + 4y+;^a-2^-.4| + 4.. 

■*o+|5 + 6(|4+iO 


I - d~^) + 46"*^ 4 - 4( I “ 

(a^ — i) + 2^/^; + 9. 

49|J + - 2-^ 

4/1’” + 9 a‘» + 4( - 2a«» - 3tt“ + i ). 

^‘2iwA-2t» , ?n+n 

”^4“ -2*^.3® + 4-^ 

Find the fourth root of 

.r®-4.r^4- I4.r<'~ 28,1^4-491^ - 56^" 4- 56V- - 3?.r'4- 16. 
Find the eighth root of 

r® - 8r^ 4- 28r^^ - 56.1 4- 7or* - 56^'"^ 4- 281 - Sr* 4- 1 . 


Find th'’* condition tint the ffjllowing m ly he peifert squares, 
and then fina the square loots : 

33. (^-Hi>r34-6r4-9 34 (/+2 1 );r2 - (2/4- I2)r 4-/. 

36. {a^-^a-k- i)i^-{-2{^'^+i)rf + {d^-rr f i )y-. 

30. - 2 (a 4- r’* 4- {< 1 ^ 4* 4- /r) r*® - 2 a^{n 4- ^f)x + 1 . 


150 . Arithmetical Square Root. The arithmetical 
process of eKtr.ictini» the square root of .a number may he easily 
derived from the algebiaical ]ntccs-i jirst ileiailed For example, 
take 172225. Break it up as i 6 coco 4 - 8 ooo 4 - 4 loo 4 - 1004- 35. Now' 
apply the algebraical method. 

1600004-80004-41004-1004-25/4004- 10 + 5 
1600 00 ' • 

8004* 10X80004-41004- 100 —I 22 CO 

= 810 ''80004* 100 _ = 8100 ___ 

8004-204- 5X40004* 1 00 4- 2 5 ~ 4100 4- 25 « 4125 
5«825 ' 40004- 1004-2 5 «4i25 
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Dropping the ciphers in the above wo^k, and without breaking 
up the number we have the usual arithmetical work : 

1^2225 / 415 

V 

81 \ 122 
) 81 
825\ 4125 
/ 4125 

151* Cube Boot by Inspection. We know that 
{a 4* + 3 ab{a + 3) +3 * —a* + 

and {a - ^ab(^a - - 3*. 

Note that the number of terms in each expansion is four and 
that the sign in the last is alternately positive and negative. 

Hence if we can arrange an expression in descending powers 
of some letter so as to have it in any of the above forms, its cube 
root will be the algebraical sum of the cube roots of the first and 
Ja^t terms. 

For example, take the expression i2^’*4-48jr + 64. If it be 
a complete cube, the cube root must be V-^ + 57^4 or ;r + 4. Having 
thus guessed out the cube root, we adopt the following process : 

+ 1 2 x^ + 48.r 4- 64 + 1 2x(x 4- 4) + 4® 

=x^ 4* 3-4-r(Ar ^ 4) 4- 4® 

•*(^■4-4)* 

the reqd. cube root=:r4-4 

The above process can be easily extended to the case in which 
the cube root consists of three terms Here it is important to bear 
in mind that the evpressions that readily yield to the foregoing 
treatment are su h as contain only three powers of some letter. 
Let us try to find the cube root of 

x^ - 4- 4- 3 «®.r - 1 2 abx + i zbh' - < 2 ® 4* - 1 2ab^ 4* 8^®. 

Arranging in poweis of ji', we have the given expression 

- 2b) 4- Sx(a^ - 4ab 4- 4^®) — («® - 6 a^b 4- 1 2ab^ - Si^®) 
=x^ - 3A®(^ - 2b) 4 * 3x{a - 2b)^ - (a - 2^)® 

, ~(/2 — 2^)}®— (^ — ^4-2^)®. 

the cube root— .*■-^14' 2^. Am. 

N. B. We first guess out the root here as the algebraical sum of the 
cube roots of the terms that are perfect cubes, 

le., XU ' I- V - ’ or - a { 2^. 
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Sz. 1 . Find the cube root of 8:r* 360^^* + S4o®;r - 270*. 

Noticing that 30, we have 

the given expn.»-(2;r)’*-3,2ar.3a;2^‘-3rt)-(3o5*“(2i-’3tf)*. 
/. the cube root «2;r- 3«. Ans. 

Ex. 2. Find thf cube root 


Observing that 
the given expn. 
.*. the reqd. root 


S S M y» X y 

. /-i4- ^ we have 

V/ V y x' 


y V 


Am. 


162. Eztraotion of Cube Hoot. Take the perfect cube 
^ + + + The question is how to get a + d out of it. 

We obtain the first /ermTa^ of the toot as the cube' loot of the first 
fertn^ <1®. The remainder of the expression is + 306® 4 - /i®. 


The second term of the root =b — 


id^b lU term of the r^nainder 
30 ® “ thrice sq. ofistroot 
We have, however, to account for the whole remainder, 
^(3<»* + 3<*^ + ^*), iu some manner. This may evidently be done by 
taking as divisor, when will be the quotient ; this 

complete divisor ^thrice square of Jst root ^ thrice ist foot 
root-¥sq. of 2nd foot. « 

If more terms of the root be possible, ue treat the first two 
terms of the root as a single term, and then evidently the third 
term of the root is found by the same process by which we found 
the second, and so on. 

We now lay down the following Hules : 


• (i) Arranf^e the e^iven expression in destemling or ecscending 
powers of some lettcf . 

(2) Find the cube root of the first iei m, and put it down as the 
first term of the required root ; subtract its cube from the given 
expression^ and bring down the remaindcf . 

(3) Take thrice the square of the first term of the foot^ and 
make it the first term of a divisor; divide by it the first term of the 
remainder^ and put down the quotient as the second term of the 
root ; next add to the first divisor thrice the product of the first dnd 
second terms of the root plus the square of that second ierm^ to 
obtain the complete divisor of the above remainder. 

(4) Multiply the divisor thus found by the seiortd Ufjn of the 
rooty and subtract the product as in division. 
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(5) Next regard the Uim terms of the root already found as a 
sifi^ifle term^ and proceed as before; repeat '^his process until there is 
no remainder. 


Ex. 1. Extract the cube root of 

8 a‘’ - I + 1 




1 2a^ - ga^ + i’a® \ - 1 + ti>^a* - 
/ -1877ft 4; 

3 (2a®-5^)- + 3(2772- .577)+ i\ + 1 


3t3a‘‘-;j«;*‘ + 3^27?-- 277;+ i\ 1277 ’- i5fl’+ s" + ' 

= 1 2a* - iSa'* + ■" 2^* ^ ~ ^ ■b ‘V^* - ^77 + 1 . 

the leqd. cube root «27 i‘^“ §72+ 1 . Ans. 

N.B. The last trial divi«;or is 3(272*^ - 2^)* or 12a* - 1872 ‘ ^ It is 

practically only 12a*, t.e.y iht. same as at btijinning, and the last term of 

, 1st term of last remainder 12a* . -n 

the root- — - , - =1. This practical hint will 

I 2 a^ 1272* 

he found very useful. 

Ex. 2. Extiact the sixth root of 

6j| 6o2r'^ 240 192 if)0 I2;r* 

First extract the cube loot, and then the squaie root of the 
result. Ariaiiging in descending powers of x : 


y.' 

.r' 

y 


6c;r^ )6o , 240 _ 192 4 J 

jft y y x*y y x^ 


3r^^2^2 lo\ i?jr* 602^^ if 
y* y y'w yft y* ) 


160 
3 


12X* 4Sx^ 64 

~ ^ 

(X* Sx^ i7/y 

^vy " y ^ ;// .iv y ^ 

“ y “'y~+ y y ** y'^jrV" x*y'^x^*' 

4 4 .r* 2: 2 /2V 2\^ 

The cube root «-«-- + "•■■-g-2.-.* + l ) ==.1 - --) . 

y* ^ .jr* y ^.r '2:/ x/ 


the reqd. sixth root 


Ans, 



EVOLUTION. 


215 


EXAMPLES 76 . 


w ^ • 

Find by inspection or otherwise the cube root of 


1 . 

3 . 

6 . 

7 . 

9 . 


.r» + 9r’* + 27;r + 27 . 2. 

JT*- i2;r® + 4 &r- 64 . ’ 4. 

644 :® - 1 44 «Mr® + |o8rtlr - 27^, 6. 




ih^)- 


8. 


64^*-® - 48^“^“^ + 1 


8;ir®+i2jr® + 6tr+i. 

8;r® - 5 or* + 1 sor - 1 2 5, 

27^*^ - + ^6ad(^ — 8^** 

^ _^8_2« 6 
27^* <7® 


10. ^ i2X^y“^ 11. 

12 (3:r® + 6Lir + 4)® - (jf + i)\x‘^ + 2a + 4)®. 

13 . .r® + 2x\a - ^) + 3^(<i® - 2di^ + ^®) + (a® - 3«®^+ 3 ^ 1 ( 5 ® -^®). 

. 1 4 . x^^ ~ 3a!r ^ + 6<^®.r^ + ^a^x^ — 1 2^?®;r-? + 1 2^^^® — d 5 ® + 6«* — 1 2<2® + 8<i®. 


15 . x^y^ - 1 5jr‘-[y®r 7 _ j 2 5y®5®. 

16 . ~ 3«^'^ + - 13/;?^® + 1 8/2^^®- 12(2''^ + 8/2*^. 

17 . 8 + 6otf®+ ii4«* - 55<^‘’- I7irt® + i35/z^‘^-27a^®. 

18 . a® - 6 rt !®(5 + 3^1® + i2rt^®- 12^16 + 3/7-8^®+ 1 2^® -6^ + 1. 

19 . +j/)® - - 2{x^y)h + l(x +j/)2®. 


20. 1728^^*+ 1728/?*^®+ 576a®<^‘'+646®. 

;r‘’’ ax^' 5^®.*:® a^x * 

64"* 32 216 ”102 “729’ 


rtf. .r** y^ y*\ , fx^ y®\ 


23 * ji — nH 
27/ ^ 


24 . Find the sixth root of 

* 729.r^‘ + 72()x^y + + l#®jir®y® + ^^xy* + j\xy^ + 

04 

26 . Find the ninth root of 

x^ - ^xy + 9.rV® - ^ l-^V + 1 

26 . Find the cube roots of 8 +x and 27 -;r to 3 terms, and thence 
find approximate values of the cube roots of 10 and 35. 
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MISCELLANEOUS EXAMPLES 11 . 

j (t 

1 . Divide iOfl+2 by 2«*+3<*-i. 

2. Show tbat(4r + ay)(y - ax) + (ax + y){ay ^x) 2a(x ^y){x --y) "• o . 

3 . Find the L. C. M. of4r*4-4^®-ZJr*- 12^+9 and icMr*+9, 
and the H.C.F. of 8 + i2jr“^+2;i:-*+2-r“*, i5 + 2i.^"^-3;r“* + 3-A:‘*. 

4 . Factorize : (i) jr® - 5;r*- 24 ; (2) i:'*+5Jr^-24 ; 

(3) - 4y* - 6 a- + 9 ; ( 4) 2x{a^ + ^*) + ab{y^ - j?* - x^) + xy{a^ - b'^) 


5 . 

6 . 

7 . 


Simplify 


(r + 2)® - 9Ar® AT^-fAT- 12 AT^^-Qy+S 


(at - 3)^ - 4Ar^ AT* + 7Ar - 8 


‘Ar*4-2.r-8‘ 


Find the product 
(;r*-Va’ 






,H-1 


- 


kS«- 




Extract the square root of 

4Ar" — 20Ly* + 1 6t® + 2 SAT* - 4oy + 1 6. 

I + ^/l +y* I - 
t" N/l+Ar 2 *^l 4 - Ji+A-^ 


8. Simplify 


9 . Solve the following equations : 

(i) [A--{2Ar-3(Ar-2)}]«i ; (2) 2,r + 7 -2(5 a + 3) B. 

10 . A bag contains the same number of pounds, shillings and 
pence ; if their total value be £a, and the numbei of each kind of 
coin^ be shew that 240a *=2 53^ 

11. Divide - 1 9^ + 6^® -3^1 + 2 by j,a^ ~ 2^ + 1 . 

12 . Find the coefiQcient of a-® in the product 

{ax^ + bx^ + iTAT + (i)(a}-x^ + b^x’^ + c\x + d^). 

13 . Find the H.C.F. of 2a^-ab^b\ ba^-^-ab-^b^, iba^^ 2 by 


14 . Factoiize : (i) 4Ar* + i2aA'4-6«y-/ ; (2) 6 oa:®- 52A- + 8 ; 
(3) <2®A-3cz3 + 2(J®~^r-3c®-2«i. 


15 . 


Simplify 


2A' - 3 SAT + 3 2A 

ix^~^ ^~2y®+A--3'^r2-r 


16 . Evaluate ^ x places of decimals 

^/ 3 -l \/ 3 +n /2 ^ 

17 . Extract the square root of 4(Ar+Ar’i)-4 (A-“ +a“-) + 9. 

18 . What value of a will make the expiession A"®-«Ar*+liAr-rt! 
ex’acily divisible by at - 2 ? 

19 . for what value ofj' is 2o(3y- 5)— 12(4^- 3) ? 

30 . Find two numbers, whose sum is 42, such that three times 
the greater increased by their difference may be equal to six times 
the less diminished by 8. 
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21. Find without actual division the quotient of 

o*(a - 2 ^) - - 2fc) + +(<*-- 2^)* by sa-d* 

22. Find the H. C. F. of .r* - (a - d)x^ + (a - 

and - 2 a(a - - d);r - 

23. Simplify ( 5^ + 2y)* + 3( 5> + 2j)(;t: + y) jo(;r +;/)*. 

24. Resolve in to tele me^itary factors : (i) 12 -28r- 5;r* ; 

(2) (a + O^ + C^*- i)*-3a* + 4 ; (3) 24 :^- nAry-6y*-.jr+iQy~3. 
OR c* I'f _ <^4*r 

.P y V - ^~ca){^-^ab) + 

26. Divide .rV‘^ + 2 +.r"’Jy* by i 

27. («-“«r)* + (.r2- 1 is a complete square, if 

c-~ a 

/ ^ \ / «»_\ ji / ^ \ _i_ 

28. Find the value of vt*“V*“*‘x 

29. Find the value ofc JV 2 -- ^'5+ J27+ J80- ^48- ,^45. 

30. One of two bills Exceeded the other by one third of the 
latter, and in paying? them off the change out'of a ten-rupee note 
was half their difference ; what was the amount of each bill ? 

81. Find the value of the expression ^/J(J c), when 
d- 13, &« 14, I 5, and 2J-£j4-^-f c, 

32. Simplify * 

(j:~^)(;r4 ^)(r + 6) + -2r(jr~r)(<T~^). 

33. Find the condition that the expressions jr‘^ + ax + d and 
x^-hex' + d may have a common linear factor in x. 

34. Resolve into factors : 

(l) l) ; (2) rt®- 56^?/;- 441(5^ ; (3) l3jir+ 12. 

35. If 2 s^a + ^ + i\ shew that 

• _I + „! * _ 

s-a s-h s-L s s{s - a){ 5 - b){s - c)' 

36. Divide + 2 +.r’^y^ by - i 

37. Find the square root of (^f + ^)(a+ 3<5)(a- S<'^)(rt-7^) + 64^*. 

38. li y-s — ax^ r .r-/=“^£', prove that + + ^ + t — o. 
30. If 25 + ^ + prove that 

{ 2 as-\‘bc){ 2 bs-»rca){ 2 cs^ab) is a perfect square. , 

40, I ride {b - c) miles at the rate of a miles per hour, then walk 
{a-b) miles at the rate of c miles per hour, next rest ior ajchoixTs^ 
and lastly get back to niy starting place by train ; if I have been 
out altogether for eja hours, find the rate of the train. 
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41 . Add together - 2x^y^ 4 * 4>'® , 3-r^ -f -* 3y^, - 3,r , 

4^5^? and 5 (^^+y^) 

42 . Multiply - 4^'- + 2 by - Jir 

43 . Simplify (5a + 2<5)*-7(5a+2/^)(a+3)+ lo(^ + ^) 2 . 

44 . Find the L. C. M. of the following: 3^®- 

+ Srtd® - 3a® - 3 ®, and 3a® + - /^®. 

c* 1-r Vl-fW^/ 3(2®+ I 

46 . Simplify — 4 - ■'■■■■ + ■■ ; . 

3 *^?“ I . 2 (fl" + 3 ) 3 

<J® — 3a 

46. If + y.- then a’+#=^s + «. 

47 . Expand (^-2'-7y and (?^-|)‘. 

4 s. s..,„ 

40 . Divide a{h — c)^ - «)® + c(a - by (a - ^)(^ - /•). 

60 . I bought a niimbei of plums at 8 a pice ; I kept one-fifth 
of them, and sold the lest at 5 a pice, gaining 7 pice ; how many 
did I buy ? 

61 . Find the value of ( i + + 3«^ + 4a’^)®. 

62 . If 25 = a + ^ + (T, shew that (5 - a)® + (5 - 6 )® + (j - c)^ = 5® - ^adc, 

63 . Shew that a{lf + - a^) + d{i a){c^ -{- a" - 3 ^) 

+ c{a + 3){a^ i- ^2 - r ®) = 2a3cia + 3 + c) 

64 . Resolve into factors : 

(i) .2® + 5.2-y- Jy® ; (2) i8 - 3.1 - 28ur® ; (3^ 4'♦ + 64^^♦. 

66 , Simplify the fractions : 



f 3\ 
1 1 +'- 

l-H) 



® a/ a\ 


i+- 1 

- rl i+t) 

3^\ 

a) 

3/ 


{-5^?} (-4-,) ' 


tttt- 
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60 . Simplify J + J 

67 . Extract the square root of • • 


42 4 


68 . Multiply ;r"- i|+-r“*‘j3y + (*^” +.»"")• 

59 . Express as the difference of two squares, giving three 
different results : Ar(x + 3a)(x^ ^aYx + ya), 


60 At an electfon the majority was 100, which was one'eighth 
of the whole’ number of voleis : find the number of votes on each 
side. 


01 . If and y^+4.r + <7 have a common linear factor in 

X, shew that a must be either 3 01 — 12. 

62 . Find the value of (1 - .r)^( 1 +.r^)\ 

13 s 6 

Find the L. C. M.^f 1 +x- and 2;r + 2 jr 2 + 3;^- 4 - 3;r^. 

63 . Divide ^ - c;r)*f - wji 2) - - ^ ) by - /?, 

64 . Factorize : (i) (xy 4- ys 4 ^ rx)^ (x^ + sV) ; 

(2) 3/*‘-‘ + ’iV-2 ; (3) + + + ’ 

06 - Find the value of the expiession (jr — «)® — 
when 4x ^ 4(a4- and 4)'=* a 4- ^4- 

» a+ff 


66. Simplify 

- /»)_( m -_c) c){m - a) c^{7?t — a){f?i - b) 

{a-b){a--c) {b-c){b-a) (c-a){c-b}’ ' 

67 . Write down at once the following quotients : 

(1). {n’^--b'^)~{a-b) ; (2) ; 

(3) 32 + 243.1:'^ by 2 -far. 

68. U zx = b^y ^nd 2^ ^xy==c\ find the value of 

n^x-4-by + ch . r i j 

in terms of a. b and c, 

x+y 4-2 ’ 

60 . I f ^ ^ shew that 

(ad4rbc)^-^s^^l{a4-b4-c-{f){a-^b +d-c){a4r('+d’-b){b4‘C4-£^’^a), 

70 . What is the total outlay of a man whose income is ;£^96, 
when one-third of it brings in 2 pei cent, one-fourth 3 per cent,,' 
one-fifth 4 per cent., and the remainder 5 per cent. ? 

71 . Simplify (;ir-2;/ + s')*-f (.r-2y-a:)(3,r-6y + r). 
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72. Prove that 

{p - fl)(^ - ^ - a) + (^— h){a - c\b — <3 - r) •» o. 

73. Find the H. C. F. of the following ; 2a® - + 8a*^, 

4 a® - 8 a®^ - 4 / 1 *^* 4- %c?b\ and 6 a® + i la^b - 3 oa^^® - 360 *^*. 

74. Resolve into factors : (i) (.r*4-^* + jsr2)® — ; 

(2) ;t»(;r+<»)’- 4 <»* ; ( 3 ) :«■“->>*; ^(4) 48 + ^-f*. 

4 

76. Reduce to the lowest terms : 

* (x + 2a)^-^U -{- 2b f - S{ x + a^b)^ ^ 

(ji:4-2a)(x + 2^)(jir + a + ^) ’ 

^ ®4-2(a4-^)^4-(i 4-4a^ )^4-2^ 

^ 1 + 2(a + ^)^+(i + 4a^)t‘^4-2^r*’ 

76 . Simplify 

_a^ ^2 ,2^ 

{a-b){a- c){x -a) (b-a)(b-c)(x-^S)'^{c--a){c-b)(r^cy 

nn C* Vf jr*~-;r2“ i 

77 . imply >‘;t.I»_'2;r"+»+j:S>*^;r5«+X»'-»+i»»' 

78. Simplify (.* +a)®-(jr-^)®~(a4-^)®. 

79. Shew that ^(^-a)“+4a-^)’‘=*(^-r)(r-a)*‘ + ^{(d‘-a)’* 
+ (a-^)*4, and thence shew that a{b- ly^-^bic- aj^-^-c{a-“by* is 
exactly divisible by (/^ - r)(i - a)(a - when is any odd whole 
number ; write down the quotient in the latter case, when « = 3. 

80. If 57 be added to a number, the sum will be six times the 
number diminished by 8 ; what is the numbei ? 

81. Divide a* + a*:r* + ^® by + +x^. 

82. If L denote the L. C. M. and (i the H. C. F. of any n 
quantities, then LG*‘"^«>the continued product of those quantities. 

83. Find the L. C M. of 

+ I, 3^:*- 2;i®- 4jr2 + 2jr+ i. 

84 Resolve into factors : 

(1) {a-]~im--c)+{b+i)\f-a) + (c^i)\a-b) ; 

(2) 252 - 33Zr + 96.r2 ; (3) (a^ b^)^ - ; (4) x^-y’^. 


85. 

86 . 


O- vr , (^+1)* . (r+t)’^ 

®'"’P (a - i )(a - f) (i - rt)(i - IT) (c - - «) • 

Shew that 


a(i5 - f )® + ^ (^r - aY + c(a - b)^ + a\b -c) + b^c - a) + - ^) =» o. 

87. When 97 is any odd integer, piove that(.r+^+;8’)*‘-.jr**->"-ar*‘ 
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is exactly divisible by (^ 4 -y)(y+ 2 r)(«r+.ar) ; find the quotient 
when««5. • . • 

88 . Find the term independent of x in the expansion of 

89. Find by inspection the square roots of 

-<-j) 

90. A father^s age is a yearS) and the son’s age b years* ; when 
will the father be twice as old as the son ? 

91. Shew that {a + cf - - (<i - b)^ - 6 ® =* yi{a - 6 + c){b + c). 

92. Simplify 

** V(«’ + i ® - a*) + ' V + «’ - 

CtO OC 

93. Find the L. C. M of 

- a^l^\ 6(a^u^ - 

Find the H. C. F. of 

- I and + 26*^ jr® - - 2^-® + ;r * - i . 

94. Factorize : (i) a(b^ + c^) •¥ b{c^ -k- a^) c{a^ b^) + ^abc ; 

( 2 ) ''^-+ ' +-^ ;/3)--i6; (4) S'* -7‘*^+2«^- 

96 Shew that * 

(a + i)H6 -c)\(l>+iyic-a}\(c+i y(a -d^ , , , , , ,y , , , . 

96. Find the value of 

-1 +■^5+ J2'^l+ Js- n/ 2 ’^I+ Ay 2 - sj2- Js 

97. Shew that (jr+y)’*-.;! is always divisible by xy(x-i-y) 
when « is an odd integer, and find the quotient when «-5 ; hence 
factorize (a - b )'^ + (<^ *- cy + (f - a)\ 

98. Find the sixth root of 

99 . Find the coefficient of jr® and of .*:* in the expansion of 

(a® - 2a^x + - 4.ar*)2. 

100. A man at a party at cards betted 4 J. to three upon every 
deal, and won I 2 j, after 25 deals; how many deals did he win, 
supposing no deal to have resulted in a drawn game ? 
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CHAPTER XXVI. 

• Simple Equations in one Variable. 

153 . Definitions. ("An Equation is a statement of the 
equality of two expressions. 

An Identical Equation or simply an Identity is a state- 
ment of the equality of two expressions for all values of the 
symbols involved 

Thus, + is an Identity. 

An Equation of Condition, more commonly called an 
Equation only, is a 'Statement of the equality of two expressions 
for some particular value or values of one or more of the symbols 
involved. 

Thus, .r + 3= 5, 2;ir + 3y==6, are Equations of Condition. 

Ex. Distmj'iiish between an Equation and an Identity, and 
give an example of each. What value c makes (.r- 2)^--(x - i) 
x(ur-3)«6 an Identity? Can any value o'* i make it an Equat’on ? 

B. U, 1876. 

When two expressions arc connected l^y the sign of equality, 
the relation of equality may hold good foi all values of the symbols 
used, or for some value or values of one 01 moie ot the symbols 
used. In the former case we ha\e what is called an Equation of 
Identity, or more shoitlv an Iflentity, and in the latter case we 
have an Equation of condition, or more shortly an Eqnapon. An 
Equation resliicts some of the symbols therein to some jiailiciilar 
value or values, whereas an Identity unx)oscs no such condition on 
the symbols u'^ed. An Identity gives only different foims of 
the same expression connected by the sign of equality, and one 
form results from the other on peifonning some operations in- 
volved in the lattei, wheieas in an Equation no such operations 
will convert any of the expressions connected by the sign of equality 
into the other. In short an Equation is londitionally true, and an 
Identity is miLonditiGnafly true. Foi example, x -\- 1 — 2 is an Equa- 
tion, for x-{^ I is equal to 2 only when x-^ i, and .r + i is not equal 
to 2 if .x* be given any other value. Again, {x-\-a)ix + f?)^x{r-\ra'^b) 
•^■ab is an Identity, as the equality holds good, whatever may be 
the values of jr, Foi, let i, &=• 3. 1 hen + 

^x{x-\-a-\-b)^ab becomes (f + 7 )(i -1-3)“ i(i +2 + 3) + 2 X 3, which 
IS evidently true, each side being « 12. In fact (.r -t- «)(.*•-*- ^) and 
x{x^a^‘b)^ah are both different forms of one and the same ex- 
pre.ssion, vis aX‘\-bx-{- ah. 

3)»(;;ir2-4.r+4)-(y^-4:r4-3)«i, always 
(x - 2)^ - (.r - I - 3) = is an identity, 

A if (.jr-2)2-(j'-i)(;ir-3)=c, is an identity. 
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No value of c free from x can make it an Equation in x. It 
may be said to be an EqtatioQ in c. • 

• • 

164. Definitions. The symbol on whose value an equation 
depends is called the Unknown Quantity, or the Variable. There 
may be more than one variable in an equation. 

When any valu# of the variable is found, which when substi- 
tuted for it in the two sides of an equation, makes those sides 
identically equal, the equation is said to be satisfied by that 
value of the variable, and this value of the variable is called a 
root of the* equation. 

The solution of an equation is the method of finding its root * 
or roots. 

Thus, 2jr + 3==.r + 9 is an equation in :r (variable). 

It is satisfied by r-=:6, for ou substituting 6 for ;r we have 
2 x 6 + 3=*5 + 9, which is evidently line, for each side =- 15. 6 is 
therefore a toot of the equation. 

A Simple Equatiofl is one which depends on tiie first power 
only of the unknown quantity or (juantilies involved. It is also 
called an Equation of the First Degree, or sometimes a 
Linear Equation. 

Thus axArb^i^ and rt.r + = are Simple Equations, the first 

in Jt‘, and the second in x and y 

N.B. Tht* last loiters 0, &c. are used to denote un- 

known quantities, and the first lelteR, a, b, t, &c. are used to denote 
known quantities. 

166. General Method. I he . student is leferred back to 
the axioms given in Art. U6, Avhich easily lead to the following 
general rule for the solution of Simple Equations involving one 
unknown quantity. 

Siviplify ihe fivo sides Transftose ihe hwwn tenns io ihe 
rj\i:hi-ha 7 id side of ihe equaiiotiy and the ie^y/is involving the vari' 
able io Ihe left-hand side. 

Simplify again ihe two sides. 

Lastly divide each side by ihe coefficient of the variable. 

Ex. 1. Solve ax - <^, • 

Transposing, ax-cx^c^-d^^ \ 

i,e . , .r (a -* f ) « “ ((^ - c){a + c) \ 

dividing by .r=-(n + t). Jins, 
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Bac. 2 . Solve 2{jt‘-3>+5{w^-4)-4('^-6)-(jr4*2), 
Removing brackets, 22r-6+iar-2o«42r-24-;r-2 ; 
simplifying, " l24r-26««3^— 26 ; 

transposing, 12^-3^=26-26 ; 

*>., ' gjr=o ; 

dividing by 9, x=«o. ‘Afts 


Bx. 3 . Solve (Atr + <2)(Ar + ^)-rt* = (i;r 

Perform the multiplications ; then , 

abx'^ 4. ^ ift)x Arab-a'^— abx^ - (<** + - b^. 

Subtract abx"^ + ab from both sides (f <?., cancel abx^ + ab). 

Thus, * + b^)x - 3 * ; 

transposing, 2(^1*+^*)^ = 

dividing by 2(<7* 4*3*), .r -3*), 


Bx. 4 . Solve (fir4-9)*4*(8li;-7)*“(io^ + 3)^-7i. C.U.1882. 
Expanding, (36.1 * 4 * io8r + Hi) + (64;ir*— 1 12^ J- 49) 

= looir* + 6o;t- + 9-71, 


Simplify each side ; then 

iootr*-4,7 4 - i30=»iocvr*4-6oir-62 ; 
cancelling 100.1*, ’" 4 ^ 4 * 130 = 60^-62 ; 

transposing, — 4r-6o.r— -62 - 130 ; 


changing signs, 
dividing by 64, 


- 64.r=^ - 192 ; 
64;r= 192 ; 

.^r = 3. Am, 


EXAMPLES 76 . 


Solve the following equations : 


1. 

;r 4-4 = 8 

. 2. 

;r- 4 - 

8. 

3 . 

2 j: 4 - 7 ==I 5 * 

4 . 

2.r-9— 16. 

5 

5^4-17 

= 7. 

0. 

io,t 4 - II = 36. 

7 . 

5 i.r + 7 i=-l 73 ^ 

8. 

5.1: 4*8 = 

=•3^4-12. 

9 . 

2 o 4 -- 2 .;i'= 97 -* 4 ;r. 

10. 

\\XAr\2--\JX 

= 6 - 3 ^ 

11. 

I2r-(;*r 

- 4 ) 

= i6^- (2r -21). 

12^ 

6 jtr 4 - 2 ( 3 - 4 r) = 

i 7 (^- 3 )- 

f 5 - 13 * 

7 ^- 4 (-^' 


3^ + 2(^4- 2). 

14 . 

5 i;r - 4(jr 4 * 9) » 1 8(2;r 4 * 

i)-x. 





16 . 23 (;r + 2 )-io( 2 .tr 4 - 3 )= 5 (r + i)- 25 * 
16. 4(*’->5H3(^-i3)+6(yr-46)=o. 



niupLt m one variable- 

. * - 

1*7, ^( 2 X ^ 1 1) + 4(2jr- 23)4* 7(34?^ 58) «»o. 

1$, 5(4r + 2)+Il(34r-f i)-^4-2(4:+7)f^24r*f 3, 

10. 5Cr+0-i7(2;i^4't)«i3(-^+3)“*”(3^+5)* " 

20, 2{x + 2 ) + + 3 ) + 4 ( 3 ^ + 4 ) 9 ( 4 ^ +7)- » 

21, i3(4r-i3) + i2(ii4:*-i3)+H(7-^^-' i)- r7(^-3)«238o 

22> ax-h^ab~^x, I • 23, -r (<2 + 1 ) + ^=*^:+4: + (<*+ 

24. ai;c^b)Arc{x^d)^x{a'\^c^-{-(x^ v)(ab-¥cd), - -m -p 4 . “ f i 

25. <2(4r + ^-^) + 6 (.f + / -rt)4-4(4r + ^ — ^) — + v, 

22, = 27, a{x -a)’k-b{x-^b)^2ab, 

28. (r-^i){a-\-b)^(X‘^^)(b-^c)--xic+a)^a + ^c. 

* 20. ( 4 ^ + i){;ir + S) «(4r + 2){x + 3 ) 

SO. (4r + 2)(4r-3) + (4r + 5)(;tr-7)==(2Jr4-i)(4r + 8), ^ ^ 

81 (/Mr + /^)(^4r + <3)=»(<74' -^)(^4r — ^i)., , , t 

82. (:»r + 3)(4:+5)=*(4r-7)^4r + 3), S3. a(x+iy^^(ax-\- l){x-^a), 

34. + /?)* + (^;jr 4- ;>«)*#=(;«* 4- 4* 2(;«+«)2.jr. 

166. Convenient reduction. The folloiving examples 
are intended to show how an equation may sometimes be most"^ 
conveniently reduced to a simpler one. , ' 1 

Ex. 1. Solve (2r+i)^4(34r44)2r=:(2jr-ii)® + (3r+7)» 

By transposition, we get ♦ 

(2.r + I )* - ( 2 ^ - I if = (3;r 4 7 )* - (3jr + 4 )®. 
{( 2 ^ 4 i) 4 ( 2 ;r-ii)}{( 2 .r 4 i)-( 2 Jr-ii)} Art. 75 , 

= {(3^+7)+(^44)}{(3'^+7)-(3^+4)} ; 
or (4;r-io)x 12 — (6;r4i!)x3; 
dividing bjr 3, (4.1:- io)x 4 = 6-r4 ii ; 

,% • i6;ir-4o— 6^41 1 ; 

\\ idr-6Jit«4o4ii ; 

J^“fA-S^rr- 

N,B. The student is recommended to solve the above equation by 
expanding each side, 

Ex. 2. Solve {x ^ af 4* {-r - d )® 4 {x -- c)® 3(jr - ^){x - 4)(jr - cj. 
Transposing* (x - «)* 4 <jr - bf 4 (.r- c)* - ^(x^aXx^b)(x c)mo. 
We' know that 

/« 4 pi^ 4 - ^iptn » |(<r 4 w 4 n) { (7 - m)^ -4 ^ 4* (i» } . 

IS 
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For I put JT-tf, for m put and for « put ; 
thus (;r - -i-(ar - h'f + (jt - - 3 (*^ - "" 

^\{ix - a-b - L){{b -d !)2 + (r'-^)^ + (a-^)*}. 

But we have seen that from the given etjuatioti 

{x-aY-{'{x-bf‘¥{x-cf-Z{x-a)(x--b){x^c)<-^o 
•\ <^\{y^-a-b~‘C){{b-nf-^(c-b)^-{‘[a-cf)^o ; 
dividing each side by i{{b-‘a)^-¥{c-b)^-¥{a^c)^\j we have 
yt-~a-b-r"^o ; 

/. yc^a-Vb^c ; 

/. x^l{a-Vb-\- c). Am. 

EXAMPLES 

Solve 

In Ct*-7)H(i^-9)^ + (;r-li)2-3;jr^ + 305. 

2. {;r4-2)2 + 3(^ + 7)*-4(^ + J^)‘-' 

3 . 5(x+ i)®+7(jr+ 3)®== I2(;ir+ 2)‘'* 

4 . (2;r + 5)® - ( 2jr - 7)2 => { 7 X + 9)2 - { 2 x -11)*. 

' # 5, {x- a)^+(x - by + (x - c) =(-r + fo)2 + (jr + ^)® + (r 4-^)2. 

e. (7;r+4i)2+(5a: + 29)2-=(5^ + 3i)®+(7J^ + 39)®* 

7. (;r+i)®==^(-r+ i)(r-l-2). 

8. (;r-<ay* + (4r-<&)’* + (r + ^2-l“^)®«=3C^-^®). 

9. 8 {;r - 1 )s + ( 2 ;r - 3 ;® + ( 2 ;r - 7 )® 6 (-r - i X2x - 3 )( 2 ;r - 7 ) , 

10 . + i )2 + 4;r*(.r + 2 ) + 7. 

// 157. Number of roots. Every S^iple Equation has* only 
Ijom root C. 4J. 1881 , 1902 . 

/ For, every simple equation can by transposition and simplifica- 
tion be reduced to the form ax^b^o. 

If possibly, let a and /i be two different roots Of the equation 
4ir+^«=o, w* 

Then wc must have identically 

«tt+^»o, *1 
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Dividing each o? these by «, we get 

* • b' 

a+-=o, (i) . 

a 

^ and /5 + “«o. { 2 \ 

^ a 

Subtract ( 2 ) froii ( 1 ) ;*thuB ; 

/, a and ft are not different from each othfer, which, is con- 
trary to th? hypo'thesis. 

Therefore a simple equation cannot have two differ eni roots. ♦ 

TIence it cannot have three, four, five, &c., different roots ; 
for if it has so many as three, four, &c., different roots, it certainly 
has two different roots, which has been proved to be absurd. 

Therefore a simple equation carfnot have two or more different 
roots, but has only one ipot ; for example in the typical equation 
ax^b—o^x~ so is the only root 

158. The following example illustrates the case in which the 
root of a given equation is an algebraical fraction. 

Ex. L Solve 2 (x + a)(x + b)=^x^ + {x‘--a){x'^b), 

Pei form the multiplications ; then 

2{x^+x(a’^bj+ai} — t^'i-{x^--x(a + d)^a6^ ; 
or 2;r* + 2Jir(<z + 3)+2a^=2;i:*-;r(fl+^) + rt^ ; 

cancelling 2 x\ 2x[a-\-b)^2ab^ -x(a-¥b)-^ah ; 

transposing, 2 x{a^rb)-^-x{a^‘b)^<;^- 2 ab ; 

3r(a+^)« -ab ; 


3(<*+^y 

150. Equations with Fractional Terms. 

. An Equation involving fractional terms may be redi}ce4 to an 
ecu! valent Equation without fractions by the following ?ille i 
Muliipfy each side of the given EgtsaHon^ or^ which is the same 
things each term of the given Eguaiioa^ fy the L. C* M. gfike 
denominators of the fractional terms on both sides, i * 

> BX.I. C.U..8„. 

The L. C. M. of the denominators (6| it, 33, 2) is 66. 





Multiply both sides oi the giveifc equation 66. 

I e., ii(2-r-3) + 6(3;i:-8)«2(4;r+ 15)4*33 > 

22Ji!-334-i8r-48«&ir-P3o4*33 ; 
simplifying, 4Q;r-8i «&r + 6j; 

transposing, 40X - 8-r ** 8 1 + 63, 

. * /. 32jr«i44. 


Ex. 2. .Solve — 3 — - — } ^c—j. 

a(x-i) x-a bx-^c 

We have — ^ jr+ -- =f- ; 

multiplying by mid, mdy. a[x — i ) — mbdi^-^r bd(x — a) 

=■ mbd.c— m{bx + i ) ; 

multiplying out, madx-~mad-ntbdx->rbdx-abd’‘mbcd'^inbx~mc ; 
transposing, i^tnctd^^ibd + bd + wb'lx = tnud + tibd + mbcd*^ wt* 

. _ mad-^abd^rmbcd~mc . 

" mad~inbd-\-M-\-mb' 

EXAMPLES 78. 

J. ix-^b’^d-x. >^2. e(X'i-b)*c^x+d)=‘bix-a) + c{x-d). 

8 . 2mx-{-(n~m)l2X-m)’^o. 

6. (x+/)*+(jr+»»)*+(;v+»)*=3^’- 

e. (*+C+rf)*+(»+f-'^’“***' 

4 7 . (x+af+(^+by + (x+e)*^yeKx+a + b+c)s 

U. Ui-iA ». » , 


We have 


, 3 4,3 


'lo- 

Jit, Kri-JfezU.l-*. 
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1 ». »to- 3 )-J(»+ 6 )- 5 -S W.ip+^- 1 ^+^- 0 -. 

ao. J( + ^ ) + 1 ( 2 '»^ - 5 ) ■=■ K3^ + * ) +i(3>*’ ■* I ). 

-M. 


- 4 ^-U 3^-7 , H,r" 

**• “ ij. IS 9 ’ 

as £±l+«ri.f+H£±£. 

9 la S *5 
04 ay +3 3 r- 2 ^ ^ 6 y +7 S:r-i 2 j 
8 ■*■ s “ II ~ a ‘ 

83 r-- 


as. H:iL£+r _l52i5=^. 26. £±l^+e+3i„€!ti4. 

30 6 30 IS 25 55 

X X X-~i 

„. "+i+ii' 3 ,!:_ 3 — f, 

as. 4[.^-i {.^-l{.<-^^)}]-s^ 
a». i(A-f)+f(r-|)-f(jr+j*+j|(.*— ff)=o. 

X X X . . . , ax bx cx 

•“■ ’** T+7+- 

33, 

a ^ c ox ^ & fjX 

a b c \ II 0 , ^ 5ii<^ 

3{ff3-4r(a+^)} , (20^b)V^x bx 

88 . , 

f 

■»’■ ”• j:=i+ab^SiSilS«-5)- 


sw^fcla*^ 
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160. ttsefal Brinoipl^s. If ad*»ti0 


oivcn ^ ^ 

Multiplying each side by hd^ we get 

r^^bd^-.y^bd , 

0 a 

i.e,y ad^bc* 

The above principle may be expressed thus : 

When two fractions are equals numr, of ist x denr, of second 
^numr, of 2 nd x dent, of ist* 

We exhibit to the eye the quantities to be multiplied together 
by cross lines, each connecting the proper factors : 


Bx. 1 Solve 


ct’-b^ a^b 
X-C^X’\‘ZC 


C U. 1862. 


Multiply both sides by {x^c){X’^r 2 c) ; then 

{a^b)[xJr2c) — {a^b){x-c) \ 
multiplying out, {a-b')x^2c{a-‘b)^{a'Vb)r - c{a'\rb) ; 
transposing, (a-^)r-(fl[+^)' = , 
simplifying, — 3a)^ ; 

changing signs, 2bx «(3a-^)r ; 

N. B. The t [uatior., (A), follows at once from Art. 160. 


Bx. 2 Solve 

multiplying out, 
cancelling 
.AaiilBlsing, 


jr -H J ?5 “ ^ 

4r+5*2-r"-3’ 

(^+ 3 K 2 ^- 3 )-('^+ 5 )( 2*^-0 ; 
2X*4-34r-9'“2;*^* + 9^-5 ; 

3 jr- 9 - 9 r-^ ; 

3 ^^ 9 jr« 9-5 ; 

/. J 


Art. i6o. 


Ans. 
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EXAMPLES 70. 


Solve 

• 

• 


^ L 

^+S„7 

x-2'‘s' 

./ 2 . 

22 : +2 ^ 3 

2.r-3"'5’ 

^ 8 . 

7^-^3 7 

• 

f 4 . 

ar+41 2 
^+i~5‘ 

f.- 5. 

ax-Vb c 
bx-ira^li 


7. 

22 r-i^jir + 2 )“ 

12 . 8 . 

9 

x-xjx-irT, ^ 2.*‘+3 

10 . 

2 : 2 jr*+jr+i 
2 “ 4;r+5 


- 11 . 

(/ - w«);r + ^ ^ (/+ + ^ 
(/- w)i: + r* (/+ m)x^n 

12 . 

oj^ + bx + c_ax‘-hd 
px-^^q ”” ’ 

.,13. 

X 

jr’‘+i "^jr+i' 


161 . Judicious cd^bination of terms. In Equations 
of which the following, are tvpical, combine by transposition of 
Ur^nSu if necessary^ the simplest patts or fractions with like 
denominators. 


Ex. 1, Solve 

lo 


C. U. 1868 . 


Transposing, 


multiplying out, 
transposing, 


i2-5r 

29 -^ _ 8 >r 4 ‘i 9 4 ^ 4-3 

i2-5Ji~ 18 9 

&ir+ i9'-8.r-6 

" Ts 

iS 

18(29 -7:r) = i3(j2-5.r) ; Art. 160. 

522-l2^vr=156-65J*: ; 

65^- 126^—156-522 ; 

-6i4r- -366 ; 

.r«6. Ans, 


«■ ^ 1 6^-54: 3 7-2;r* I 1+32!* X 

B*. 2. Solve ixi— — 

5 14 AT- 1 10 7 35 

M. U. 1867. 
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, 3 7 - 1 + 3 ^ I 6 S;f 

Tiansposing, -- — •--« — — ^ 

^ 14 ;r-i 7 35 S 


+iA 


, ^o^3Gy*7o^ + 2>^S4>f 70X^7 7 
70 

70 

6^+ I 

-,T' 


— 7 ~ 2 JI *) 

multiplying by 14, V~ f 


multiplying out, 


-3(7-.2^*)«(6jr+i)(jir-.i) 
- 2 1 + 6ir* « 613 * — 5Jr - I ; 

• Sr — 21-1=20; 
;r=4 Ans 


Alt 160 


Solve 


1 gf 4 3(^-6)^ i ->4^ 

• 5 ^-4 ^ 10 ' 


EXAMPLES 80 

izi + 19 


. 2 


18 


7X- 7 ^ &r^2S 
*3;ir-io“ 


12 


+bV 


«» ^-n 4^-1 4 ?f_ 3 i£_^£U .*:-* + .1 

^3. ^ +2t_3V^^ 3 Su-i) 2 + 6 +'*• 

5-^ 7+i 2— i-- 1+1 i-^ 

ft ^ 4 4 ^ -y >y- I . 3 4 ^4.-4 

® I 8 4-6 “6^, ^ ^ 6 1^5“ 4 3 ‘ 

‘5 4'‘9 

X- 2i(;r + 2) 4 Q 2-3^. 2| ^ 

^ * 23^ + 7 7^ ;r+i"“^'^;r + i- 2\-x x-^i at+i 


Q 4 j^i 7 £ . iJJi . ^ 7 

» * 36^ 6^ 72;jr 24 X 

m 5^+14 5^‘-9 . 

i 8 ‘"ut -8 + 3 36 • 


£r_V 

1 7 - 32^1:* 


-., 6r-7^ I + Idir I2f-ar 

«• £P^+«^+-24 =4*- — • 


be* - ad c cx^-¥jc-^ c 4r - 1 

a' Jr(rViy'^5’ jr(i:Hhiy 




, Z63» Beduotion by Division. When the numerator of a 
Arsctional term is not of a lower degree than the denominator, it 
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is often useful to begiaby reducing it by division to a form |>artty 
i ntegral and partly fracnonaf. 

Bn. 1. Solve b.D.i886. 

-r — <24-^ jf — 

Perform the multiplications in the nuiAerators ; then 
^ ax + h'- - ab x^ bx ^ cx be 

x-a-^b x-'b-’C 

Divide x'^ ^ ax + bx ab by and • 

•X* ^ bx cx - be by x-^b-^c. 


Thus, 

cancelling x^ 
dividing by-^, 


ab 

-a-\ 

-ah* 


be 

X- — ; 

x — a + b x-^b-^e 

-be 


x-a*^b x-b-c ’ 


• x-a-^-b x-b-c* 

\ a(x -b-e)=^c{x-a-\‘b) i Art. i6o ; 
simplifying and tiansposing, fwr-cr=»a(^+ir) + c(-tf +&) 

^b{a*¥e) ; 
t x(a- c)—b{ja'^ c) ; 


a — C * 


Am. 


Bn.2. Solve C. U. i860. 

x+s 3^“4 '^+3 3;i:-io 

Py division the given equation reduces to 


I _3 ^ I 

4:+ 5 ^'-4 ^ 


cancelling - i, 
simplifying, 

multiplying out, 


^+3 3a:~io 
» 3 


-I ; 


jr + 5**3^*;-4 .r + 3 "“ 34:- 10 ’ 
- X9 -19 , 

(^+5)(3^-*4)”Ci^ + 3K3^-»o) ' 
(•^+s)(3^-4)=*(-Jf + 3)(3^-lo) ; 

/, 1 14: - 20 w — 30 ; 

«t - 1. Am. 


whenfee 


X 
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itJt ft 

16S. IPrinoiple of Altbrnando. If ^=^tthen wi/l - ; 

that is, ffiw& fracitons he equals then 

Xsi numcrniof ist denotntng tor 
2hd numeratof 2 ttd denominator 
This is known as the Principle of Alterlando. 

Proof : 


Given 

D a 


Multiply each side by - ; then 

abed 
bide 
a h 


Ex 1, Solve 


X 4 -^ 

x^m‘ 


V2 • 


P.U. 1883. 


n£±^±_±^ 

\2r + w + r/ 

We have j Alternando. 

x->rm .r+« 

k /pr* +4(7// +#)-■( +(w+r)* 44-*+4(«+r)4: + (» + 7)* . 

expanding, - 

(f-mY « . Ar-**iY 

by division, 4-^ + 4^+ * 

/. (r^m)\X’irn)^{x-\rtn){r-‘nY \ 

by transposition, 

or jr{(r-w)-(r-«)H(r-7;f) + (r-«)> 

— - 2 wr + «^) - - tmr^r 

/. - w)(2r - w - //) •• {in - «)r* + vin{n - »«) 

w« - 

• /. ,r»= — - 

2r- w - « 

Otherwise thus ; Subtract i from both sides ; 
x-¥n (ixArn ’irfY 
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X'¥m^ ( 2 jr+» 24 *V;* ^ . 

*“ . (2;ir+w + ^)® 

{H’-’m){^ ’¥m + n‘ ¥ 2 r) ^ 

*“ ®2:+-w + r)2 ^ ’ 

dividing by »- w, — : — = -7- — -r“\"a » 

^ ^ \ ;f+w (2;r + 7 tt+^)^ 

multiplying by : ; : ; 

^ ^ ’ x + m 7 x + m-hr 

by division, 2 + — ^ — = 24 - -. ; 

^ * x-^-m 2x + m + r * 

* r-m * n-m 

** x-hM ^ 2 x + w + r ^ 

(r - m)(i^x 4 /// 4- r) = (w - 7«)(jr + m ) ; Art t6o . 

multiplying out, (2r--2w)^4-r*-;«* = («- + ; 

by transpositionyt(2r - 2m - - m) = ;«// - ; * ; 
simplifying, x(2r^m*-n)o^Mn-r^ ; 

,, jr=: , 

2r — w — n 

N. B. The first method is speciflly useful in dealing with numbers 
instead of symbols, (/«, «, r, &c.)- 


2 . Solve £±Z-("- + S)* » 

jr + o \r+6/ 


We have 


expa lading. 


(£d^)®^(jr4- 5)* 

;*r 4-9 " -^ 4-7 * 

i2;r4-36 j:^4i a r4 2S 
4r4-9 “ x+y 


Alternando. 


by division, •* + 3+j|^=-^+3+^ : 


cancelling jr4“3, 


;ir4‘9**jr4‘7 ’ 
A 9(2r4-7)^4(2^+9)i 
whence 52r«*-27, 
and'^' 
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algebua. 


Or thus : Subtract i froiji both sides ; then 

• £±7 ,=(£±i^ 

-r+g {x+ 6 )*~ 

x + g (j:+<))* 

(x+6? ^ 

• -I (24: +11) 

(4r + 6)» 

/. 2(4: + 6)»=(4r + 9)(24r+ii) ; Art. l6o; 

multiplying out, 2x^ + 24X + 72 = 2Jr* + 2gx + 99 ; 

/. - 54: -27, whence 


EXAMPLES 8’ 


4r + 2 . 4r-2 

gi-S 9y-i3 
x-3 “ ^-4 • 


ax bx . . 
x-h x^a 

4(4:+0 >y+i_ 

4 + 2 4 - 1 *^^' 

“■ * ’flnii 24:- s yr"20 

4:-i 4:-5 "4*-3^ 4:-7 


24: - 3 ^ “■ * ’£llii 24:- s y 

74:- II ”144:- 23 ' 4:-i 4:-5 "4'-3^ 4 

4:* — 24 4:^-84:- 8 24-21 

4:-5 4:-9 "* 4-7 x-iT 

8 4* + 234 4- 32 ^ 44* + 22 4 + 4$ 

S4+U 44+ 16 

tM.l.iplyby3a.<lJMde.] 

2 304 - 1 2 y4 

244-18-234* 24-234’ 

4 * + 34-9 4 * +54 - 2 3^ 24* + 74 - 2 8 
^4*5 4 + 8 *" 4 + 6 

(4 +/J{)(4 + ^) _ (4 + C)(X + 

4 + « + /J X^C’k'd 

\hx-n i 6ir-d-3i iw-ii 4ar-83 

44-7 84-15 ^ 4^ -^9 84-17** 



&IMK£ 1!QUATI0N^ m OMK VAKIABI.E. 


9$7 


Ir + m+n 

*{tx-^fiXbc-^q} ' 
x+ 2 a (ji^+*g)‘ 

X + 2^”(Jtr + ^^*’ 

* 

mx-^h 

mx-^a \2ntx-^a^c/ ' 


104* JudioipuB transposition. The following q^cample 
bhows the iruportance of suitable transposition of terms. 


f 15. 

(^A‘^){xA‘4r^A-f 

la. 

/-17. 

4r + 6“\.y + 3j * 

18. 

• 

19. 

It ^/2X4- 

20 


*r + 9 2r-lli7 j ‘ 

t 


iHX. 1« Solve 
riansposing, 


a-'C 


3 + £* 

:+ „ T i 


B U. i88a-83 


dividing by cx, 


x + a x + d x+^ + c 

a a^c _ b’\‘C b 
x\ a ~~ x^a - c^^x + ^ + f x-\‘b' 
a{x-\-a-c)-{ a-^c){x-\‘a) {b-¥iYX‘¥ b)-‘ bix^ b’^c) ^ 

(jr + a);jr+e-r) ~ (r + ?> + r)(r4 

simplifying, * 

I 1 ^ 

(X’^aYx-^a’^c)^{v^b){x-¥b^c) 

/. {x + a){x^a-c)^(x-^b)(x^b^c) 
multiplying out, :r* + (2a-^)^ + a(rt:-o— ; 

x\{ 2 a-c)’- {zb + r) } — ^(^ + r) - a{a - c) 

— + «)r ; 

2x{a-b^c)^{b+a){b-^a-^c) 

— ; 
a’^b 
2 ’ 


jr=* — 


An is 


N, B. We will give another method of solving the same equation 
latet on* 


EXAMPLES 82. 


Solve : 
2 


1 

x^2 


/>■ 


+ z 


t-c 


JT+l Jr + 5 AT+i-c x+S+f 


2 S 1 6 3 8 

.r+s ;i:+6 

A .< — ^ x, ,....4. ^ , ...iS.u 

* xArZ ^^4 <^^9 ^“2 
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ALOEHRA. 


a. 


a. 


1 1 9 ^ ^ L- 

3(^-f 6) 3f;r-^8) +4 , 4(jr^ lo) 

;r + 4 ^ + 6 ^ + 2"^ ;i: + 8 


(First divide)^ 


7, 


I I I I 

( a^d){x-a) {c - rt){jL - c)~^\a-b){x-^b {c - d)(x - df 


a. 


I _I I . I _I _I T I 

4>-2‘ 


105. Breaking up of Terms. The artifice illustrated in 
the following examples deserves close attention. 


Ex. 1. 




transposing, 

simplifying. 


jr+i ;r + 9 -r + S 

= - 3 .+ 5 . 

^ + 8 JH-8* 

_3 3 ^ 5 _ 5 . 

x+i ^+8 Jtr+B ;ir + 9 ’ 

_ 5 


(r+i)(2r + S) U+8)(:r + 9')* 
multiplying by ;r+8, “jT+Q ’ 

2l(x+9)=q(.t + I); 

2ijr-5J--5- 189 ; 




A ns. 


N. B. The student should notice that the sum of the numerators on 
one side (3, 5)=: the numerator on the other side (8), We have therefore 
broken up 8 into 3 + 5, and then by transposition we have combined frac- 
tions having the same numerator. 


Ex. 2. 


So1v6 


4r — 4 *ar— 7 4f-*9 3 

M. U, 1874. 
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• <(' • 

fireaking up ^ Wo i + we have by transposition, 

/__£2A__ _*\ j. /_ i\ a. /__l£i2L_ ‘ v 

\(jr-i)(4r-3)“jrj \{x-i){x-6)~x} W-3Kr-6)"ij “'® ’ 

simpkfying, jrjr _ i )(;ir _ ■^) - 1 )(x - 6) '*’4r(jr - 3 %x - 6) ’ 

dividing by-3, jg(^x~iXr- 3)'*'jr(jr - i)(4r-6)'^jr(4r -3)t;r- 6)*“° ’ 
multiplying, by i(jr-6) + 2(jr-3)+6(jr-i)««o , 

/. 9;t “ 18=0 ; whence ;rs» 3 . * 


Solve 


EXAMPLES 83. 


1, 




7. 


/ 9 




10 . 


12 . 


18. 


lip 


15. 


16 . 


t+3 jr+5 JT + fi 

-i_+_8 ^_L 3 _ 

4r-i3 4^-10 ;r-7 


iar + 9 45Jt+2 i8jr+5 


b'^d a’^d • 
x-^d x-\rc-^d * • 


. 2 

v" 4 . 


V6. 

8 


4 . S _ 9 

2 jr+i 2 tr +3 zar-i* 


«3tr + ^ ^ oL** + ^ * <ar +i/ 


z«;r + « w jr - « 


2(7 ^ 

mxArf^ 


x^a :^b _2{a'k‘b) 
v — a x^lT x^c 


[First divide]. 


2;r-3 '*2r + s 2v + 7* OLr + ^’^cr+l/'^/i 

-l£r:S . x-7 _3 

(ir- 2 )(j:- 3 )'^(x- 3 )tir- 4 )'^(jr- 4 ){x- 2 ) x' 

5 _ _ x^io 3 

(4; - 2>(j: - 4) (jr - 2)^ - 7 ) '*' - 4)(J^ “ 7) "* - » ■ 

4('*-» ) , _Hz7._ 4.__i£-9 

(42:-i)(2jr-3)'*'(xr-i){4r-3)^(22:-3)(2r-3) x' 

x-^a^b X'¥b^c 3 tf-hc-JF • 

^h-^c) ^(ab>ir ^4* ot)r 4- ^ 7 ii^ 
X “ (x -h 4* 3^) (.a: + 3^)* 



AtGFRRA * 


^ 106 . XJ 06 ful Theorem. fraction 

* « a 4 -c «-c 

2*^,, if iw<y fractions he equal to one another.^ then will eaih 
^ SUM of numerators differ enu of num erators 

"" sum of denommatof difference of Uenominators' 


sum of denommatof s* 

Proof : For, let ; 

0 a 


then a^bk^ and c^dk ; 
by addition, ^2 + r = 5 /^ + <//& = k{h + d), 
and by subtraction, a^i^hk^-dk^kif -d) ; 

/. from (0 and (2), k{i each fraction) also » f ^ 

+ <7 “ « 

Fir 1 qnlvr (^+ 5)(l^ + 9) _ (■*■ + 4)(- + I©)' ' 

Multiplying out, ^;i'4^+4S„^;+.U^ + 4 © 

® ’;r^+iat' + 2i jr*+ lox-f i6 

• =“ of numerators 45“40_5 

' * dif. of denominators "* 2 1 ~ i6 ~ 5 "* * ’ 

/, ^* + i 4 ;r + 45 « c-*+iar + 2 l • 

whence 4;r« -24, and jir»-6. Ans, 


(0 . 

( 2 > 


Ez . 2 


'• Solve 


«/r u - 1 • u + (* + <^)* Ca + 2 f-</)(jr + ( s 0 

Mult.ply.ng by — . . 

. r - 4 * 2 cr * fr * ; r *+ 2 cr + 2 r </-/^ 

expanding, jr*+ 2 (i*-+ 2 crf-f*’ 

difi of n umerators jc^-^ze d^di ^ 
eac ““dif. of denominators ^ 

* /. Jr^ + 2ar+<r3»;r*+2<a&r+f^ ; 

whence, cancelling ; 

N. 0 . We shall give another mode of solving the above equation ^ 
later on. 
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SIMPLE EQUATIONS IN ONE VARIABLE, 


MX. 3 . 


Solve 


• * 


B. U. 1S82— 83. 


Adding up) 


(a-¥^ (a - (:)(x +<^ + , 




x** + (aj+ 3 ):r + <a^ 
each fraction 


4 - ^)jr -f 2 {& ~ g)(^ 4 - c) 
x^-^{a + ^)r + (^I - + ^) 

dif. of num erators 
dif. ot denominators 

2 a^ - 2{n - c)(d c) 
ad-ia- c){d-\-c) 


since 


(a ■¥ h )x + 2 ah 
x'^‘\-{a’^h\r-irob *■’ 


{a^b)x^ 2 ab = 2 \‘^-{‘ 2 {a-\‘b)x -^lab ; 

- 2 t*-(^i + ^) 4 r ; 

- 2 \ —a-¥b ; 

X « - + Am. See E\.i, Art, 164. 


Mx. 4 Solve 
Since 


at -^b m-bpx-apx^ 
rt +«' n — dpx — cpx"^ * 


4U + ^ _/>r a;r + ^ 
/r fjr+<^ 


, we have 


apx'^ + bp:^ m —bpx^ apx'^ 
cpx^ ^ dpx n- dpx - cpx'^ 


sum of num erMtot s 
sum of denominators 


L e., 


VI ^ 

n * 

a x^-b tv ^ 
cx + ^/ w ’ 


vav + = mix + md 

x{na - me) ~ - ttb ; 

md-nh 


.Art, 160, 


;r*- 


na-^mc 


Am. 


»A 
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ALGEBRA. 


EXAMPLES 84. 


Solve 

1. (x +^2)(A:4‘^5)(jr + io)(:f + 1 1 ) - (^ + 3)(-^ + 9)(-^ + 4)(-^+ 


2 . 



^ ( r4-4)(^+12) ] 

(Ji:+ 3X^ + 9) '"(r+2X.f-l'Io)J‘ 


(X + 1 3)C.r + n )(^: + 8)* = (.*: + 7)(^+ 9)(-=»^ 1 2)1 


/4r-l-iy jr- 1 ^ 5 /-y"-7y ^-5 

*;r+5 ‘ W + 4/ “^ + 6‘ ' \x^g/ '^x^u 


0 . (jT - 3X^ - SX-^ - 9X-^ - 1 5)-(*^ - - 7)(-^ - uX-*’ - J 3 )' 

7. (2^-7)®(2;*:- I i)-(2;i'-9)X2r- 5). 


8. 


ax-^d + ^ + ^ 


9. 


r 4* I 4- y + 2 
jir + 2 '';r®4-25-+ 3* 


1 n ^!±£±I (£* ± * K*l+ ' 1+ ‘ 

I “(jr*- iXJ"- i)+ I* 

107. Common Factor of the two sides of an 
Equation. 

If ax-^b occurs as a factor in each side of an equation, 
then by transposition of terms ue can put the equation in the 
form (a;r + ^)xsome expiession — 0 This equation is evidently 
satisfied, if ajr + ^=o, or x=^ -bja. Theiefore the common 
factor of the two sides equated to zero gives u solution. And since 
a simple equation has only oiie root, the solution thus found in 
the case of a simple equation is the only one possible^ 


Ex. 1. Solve C. U. 1893. 

a--b a+.b 

A ■, 1 . x + b , x-b , 

Add I ; then -.H-i— ., + 1 ; 

' a-b a^b 

x\a x^a 

* * n-~b^ a^b * 

/* transposition. 

/, A' + n(« common factor) «o, 

.% Ar= -a. Ans* 

fh 

N. B. It should be noticed that if ABtsAC, then AB-AC or 
A[(5- C)=o ; the last equation is satisfied if Af— o, or i?- (7=0. Hence, 
if AB^ ACt either A must be zero, or C. Let us apply this principle 
to Ex. I, Art. 164. 
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Subtracting each side from 2, we may ptit 

(' 'if;.) -zlfi ) =0 -ifif;) + (•* 


X-iebArt) ’ 


x-^ta^x-^b jr + (2-r T + ^ + C ’ 


/, either 01 - 4 - 4-'-—. ^ ^ 

;rf(« r + ^ x-\-a-c x-Vb-^c 


7 X-¥n+b 2 x a -^-h 

. [x a){x b)'~ [r a - c){x •¥ b -h- cy 
whence eithei 2jr + = o, te yX^ + 
or + + + + 

ix*<^x^-^{a^b)x-Vab^v'^-^{a^rb)x + {a-c){b-^c\vih\ch gives no 
solution 

Thus X may have either of the values, o and -^(<2 + ^). But 
as such equations are mall> of the Second Degree in^r, and 
therefore to some extent Ifcyond the Entiance Course, we have 
contented ourselves with treating them as Linear Equations, and 
with giving only one solution. 


Ex 2 . Solve — — 4 - =0. M U. 1873. 

^ r-3 X 4-9 x-27 x-is 

’ • 3 4 5 

By transposition, 4 - H 

^ ^ -r~i^ r 4-9 a : -27 


3(r ~ 15)4 - ^ 7 S) 4(-r~27) ^.‘>(^± 9 ) . 
(i- 3 )(>-i 5 ) (■r + 9 )(*^-- 27 ) ' ’ 

9 r -«03 9^-63 

i^x + 45“jir2 - i8jr- 243 ’ 
-putting gx -63 (;V, common factor)=^o, 
we have a — 7* 


Ex. 3 . Solve 

* (xA-dr 


Xj^ 2 C-d 
X Ac 2 d^C 


. {XArcf , 

Adding 1, = 


X^ 2 C — d, 
X-\-ld- c 


+ I 


. iX’^ 2 c-'d)^{x->t 2 d-c) 2 x^c-hd 

•• {x-^-df ^ x + 2d^c ^x + 2d-c^ 

factomuig, 
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Now, X’^C'^xArd^2XArC’ird ; 

xr+^+i/is a factor of both sides ; 

/. putting 2 ;ir + ^+^/*=o,jr» Ans» 

N. B* For another mode of solution see Ex. 2, Art. l66. 


^ EXAMPLES 86. 

Solve 


1 


2 . 

24 - - I 24 - — 3 

2 r + 2 Jr+io jr +4 ar + 8 ‘ 

32 :- i“ 34 -+r 

3 . 

I 1 I 1 

2 r + 5 ;r + 3 " jr + 2 4 : + 6 

4 . 

I I _J I 

x- 5 ~ 4 r- 7 “ 4 r~ 6 “' 4'-8 

S. 

III I 

6 . 

x^a x^b x-c 

1. - 1 igip *5 

x^a^ x^b~X’^a--’C^x-^d + c 

b-»rC C-^ or a Jr b “■ 

7. 

3166 

8 . 

/;r+a+^y x+a+^b 

5^+1 4r+l 64-4-1 62r+7* 

^x+a-^J “4r+<2-3^’ 

9. 

f^-7y _^-5 

Vr-q/ 4r-ii 

10 

\ 4 : - 17 / 4--2I' 


168. Terms with Decimal Coeffloients The difficulty' 
here is only arithmetical 


EX. 1 Solve 65r+‘5i5?^‘91.5-'-56_-3^:^ 
o 2 *9 

Divide both sides by *13 ; then we have 4- - ■■ '*^7 ^ ^ ^ 

0 2 *0 


4 5^-7'5_4*5^-7*5^io.-45J*^-75_.Li^-25 . 
» 7 *= rz ^Tiy ^ $ 


Nowj 


. - , 32^-6 3Qr-6o iQr-20 ^ 12 , 

similarly, — — « — - — , and ^ *•^1® “*60. 


the above equation reduces to ; 

multiplying by 6, 3Qr-f-452r-75»36a-2or+4o. 

/. 9 S^« 475 » whence 5. 
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£z. S. Solve 

gx 

3-6 . C.U.188,. 

- 2ir X 2*4 - 6r 

Now, 

gx x' 

, 3*6 3x1*2* 1*2 

and — -- — ^.•*“0 • 

2-4-64: 3(8-24:) *8-24: 

. .1. * j * *45 ‘3 1*8 1*2 

. . the given eqn. reduces to g _ " x w' 

/. by transposition 

• 

1-2 _ •? jji 

‘S-2X ■i — 2X X X ’ , 

• 

•9 _>‘ 35 . 


* * ' 8 - 24 : X * 

dividing by '9, 

* 

*8-24: 4:* 


. ' jr=i-5(-8-ir)-r2-3ar ; 

transposing) 

• 4*'“ T 2, whence jr=‘3. 


1 . 

a 

3. 


EXAMPLES 86. 
2*5(;r-2)-4*s(;r- i) = 7*5^ -6-25(4:- 2) 
*9r--8 6r-i-i jr-6*8 i 

2*5 " 12' “ S. *2* 

(4:- i)«*3 x^- — 

209 ^^ ^ 95 *9 

7 ’S~Sy 

3 “72 i + 

2’25 i’35 ^ *9 0 

•Sr+2 - 5^+1 '54r + 3 ’ r-if, 


5 - 


5^+1 
1*44:- 2 
1-3- 6r’ 


' 5 ^ + 3 
5£_^5 

• 54 r-i ' 


-24: -I 4r-2*5 


2*6 X 


I + -24r , 2 4- *2&ir . r6^ 

I -♦-4: 3+4r “ 


Hardei 


CHAPTER XXVIL.a 

QUATIONS IN ONE UNKNOWN. 


5^^ 


168. Special forme of Equations of Higher Degree. 
Some equations of higher degree than the first are easily solved 
by evolution) 1* extraction of roots. 



algebra 


Bx. 1 Solve x\x - 3a) - a - ^x) 

We have x^ • 3aj:^s=«*-3a*jir ; 

transpos'ing^ Jt* - ^x^ + ^a^x - a* «= o , 

. i (x-a)^-=o\ 

extracting cubic root, ;r-««o ; whence .r-s-ci. Ans, 


EX. a. S«lv=.6C^f)' 

= “— C. U. 1886 
a—x 

Multiply bj ; 

.fa-x\* a-x a^-x a-x 
* \a+x) ^ a-x^ a-hx * 

\a+x/ 

Extracting the 4th loot, 

a-^x 

3.x— 


=» I or — I Art 146. 

Firbl, let 

a ~*;i 

2 X c=,I J 

a+ji r 

then 

2(^i-r)«-a4 X ; 


-3;r- , 


3 

Secondly, let 

^ a -ji 

then 

20?-t;= -;r, 

/. - » « - 3a. 

/. ;r«3a 


u 

there are fwo roois^ vts , - and 3a. 


N. B. The student may easily see that each of these vj^lues of x 
will satisfy the given equation. For, take x^^a. Then a-jr=a~3<i 
and On substitution the given equation reduces to 



which IS evidently true, each Side being equal to 


- 2 . 


Ex 9. Solve 


i) *_ 

(:r4*l)*-h(3r-0*” 


10. M. U. 1877 
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By Art* 143, (4r4-i)® + (4r-^i)®«(4rfi+5ar*,+ iCLar®+iair 2 + 5ar4-i) 

+(;r®-5r* + ior*- ipr^ + s^r-i) 
«i2i.r*+2at^ + I 04 r ; 

and (4r + i)» + (jr- i)*»(^^ + 3r* + 3Jr+,i)-f*(;ir« + 

/. the given equition reduces to 
3:t^+2o:r”4- lo;r_ 

2;i^ + 6;tr 


»lo ; 


lOr^+S 

or - -^==10; 

-r* + lar® + 5 ^ io(j:» + 3) 
= 10*-®+ 30 ; 

.'. ^*“25 


/,• 5 01 “ 5. 

Now, for a real value of a, cannot — - 5. Art. 146 
rejecting — 5, we have 

Ans, 

Hence, there are two roots, 77r, Js and - J5, usually written 
± fJS' (Venfy). 


EXA-MPLES 87. -j 


Solve 

• 


{x-\‘ay~^ax. 

2 

jr-f - *= 2 . 

3 . - + - = 2 . 

a X 

4. 

(.r+ i)* + (jr- 1)8 


6 . 


"Crn’-S!- 

8 . 

(2jr4 ■^)® + (2Jr-3)* 
{2X+j)*+ llX- 3 )» “ 

170. Irrational Equations : 



Irrational Equations are those which contain one or more 
terms involving the vaiiable in the form of surds. The general 
mode of solution depends upon the following ; • 


(i) Repeated ir^mpositton of terms so as 
convenient the irrational terms on one side and 
on the other. 




\ - V - - ^ */ 

(2) Repeated process of involution. 


to keep as far as 
the rational terms 
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algefr^. 


Ex. 1. Solve 

C. U. 1878. 

Squaring, + 20Jr 4 - 1 7 - k/i 6 a' 2 + i ijr-h ia*= 4 (-*'® + 4 ^ ‘<" 4 ) ; 
transposing, 

“ ,^i^La?+liTr+io-4(4r2 + 42 ' + 4)-(4.r* + 2Cur+l7)« -4^*"! : 
squaring again, 16.1^+ 1 1. ■+ io«- i6flr® + &^+ i ; 

cancelling i6;r*, and transposing, 32^=*"9 ; 

Ans. 

N. B. Putting “3 for the givcMi tquatum stands as - 7 - ^121 
= -2. If we take ij 121 ~-ii instead of ii, we have /^~7fii or 
sf 4 ^ ~2, so that the square roots must he taken negatively in order that 
the equation may be satisfied. The proper form should therefore he 

V^4A‘‘ + 20;i + 17+ Jl 6 x‘ +&C. +2(l +2) = 0. 


Ex, 2. Solve n/j^+ n/( 4 +-'•)“ -T C. U. 1873. 

V t 

Multiplying hy x-^ »Jx.J4 4 ’A ; 

transposing, Jx, j4 4-x-^2-x ; 

squaring, a (4+^ )-4-4tr+:i'® , 

cancelling ;r^ and liansposing, 8r=*4 ; 

/. .t==\ Am. 


Ex, 3 . Solve + 

Raise both sides to the 2mh power , then 

1 

.r^-p -p<‘ - {(r4-^/)**}^* 

«=(.r + £/)2 
^x^ + 2 dx-^d^; 


transposing, 


2 ^ — d)x - £ * ; 


Ans. 


Ex. 4 . Solve 
By transposition, 
squaring, 

transposing, 
dividing by 6, 
squaring again, 
whence 


i.r + 20 - + 52:- 1 = 3 . C, U, 18 S 1 . 

^j:*+Ii2r + 20«=3+ ^/2r»+54r- I ; 

.r* + tir-P 2 o ~9 + !r*4'5A-- I 4- 6 1 

.= 2 r« 4 - 5 ^ 4 “ 84 - 6 <^;r* + 5 r- i ; 
tX’>t\ 2 ^t Jx^Ar^-*l ; 

.r4-2- v/4r*4-52r-l ; 

.r* 4- 4^' 4* 4 52: -I ; 

2r=*5. * 



HARDEK EQUATIONS IN ONE UNKNOWN. 


249 


• EXAMPLES 88. 

• • 

1. s/2r + 3= ,y*' + 6. 2. ^x+j. 

8. 4. Ja+6ic=*Jt^+ 2 dx +#*i*. 

6 Jx*~2-yx^x*-3) 8. ^(X/x+20+i)^i. 

7. 4^‘i^+J +6-7. 8. J5*^i-i+ ^/5!r-2 

3 • 

9 Jx^a^ Jx. 10 . A/r+48+ ^/;r« 12, ^ 

11 . + ^/r 4-<5= ^/<J4■^.l2 J2X’\‘^- tj2X^ri^ 

18 Jx-^a-b-fr ^•r-\‘b -a^2 Jx +<2 + ^. 

14. ^a:r-(^-i)“+ ^^<21 -(^+ i)® = 2 9 /^. 

16 ;r4-i« V' 

10. x-^a^\f x'^’\‘C^- 2 ab^ 2 apJyc^‘¥b^. 

17. 

18 /?-i '^rm^yf ii^x^ - 2<2« + w* + 27/ + 2mb + a*. 

19 *20- v'a+Tr+ 

21 . .yi^~i - s/iy^- 10= I 22. .y&r+i - s/ar+3“ is/2(^- i). 

23. 2^2J+T+ j2Ff8= 24 ^/9»-+4+ ^/r+4*'»■• 

26 N/WJ-Vio+iV^ ^^-2= s/27 j 5 -+ia 

28. V* J:r+'i + 5+ V ^/jr+i + 12 = 7. 

'27 ^^> + 2+ JX/x + 7= JaUx+i- 

28. \/ <ur»+i+ \/ 4«**+^" v/ 9^.r»‘ + ///. 

4 " 1 

28. J 7 X+ 1 + J 2 x + y’“3+ 90. Jx + i- — — ^^x-S. 

J • 

81. a{a+x)*'¥c‘‘d-x{a+x)* 32.,J V-*’+3+^V'*'+3“V3a^' 

33. Jx‘+i+ JxT's=‘ - — 84. J 2 X + 3 + jixTy’^—- - . 

s/xr+i fj3x+3 
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as. • ' 

ae. y-^-a+r- y*'-j.+,.5. 

39 . x-~b-^ Ja-b, Jix -a-b. 40 . + + ^ 4 -^:). 


171. Method of Identity. 'Phis method is best illustrated 
by examples. 


Ex. 1 . Solve the equation + ^ ” ^/5,r-6 = 2. 
By simple subtraction, we have 

r5;r + 6)-(5;r-6)=5;r + 6- 5r + ^» 

(i) is true identically^ i c.^jo) a! I values ofx ; 

( n/ 5^ + “ ( v'5'^ “ 6)’^ = 1 2 

Now, the given equation is 

^/Sjr + 6- s/S-r-^ 2 

Dividing (2) by (3), we have 

V(5''*^ + 6)- ^(5.r-6) ^ 2 ‘ 


reducing, x/5jr4-6 + 


6 

Adding (4) to (3;, : 


6-*-2«b 

dividing by 2, 

,y^/5Ar + 0« 

4 ; 

squaring, 

5a: + 6=* 

16 ; 

transposing, 

5,r- 

10 ; 



2. Ans. 


.(0 

.(2) 

.(3) 

(4) 


N. B. It will he observed that (i) has been deduced by simple sub- 
traction^ the result of which is always the same^ whatever values be 
assigned to A. Hence also (i) ts true for the particular value that x 
has in the given equation^ which fact may b<* readily varified. The next 
step is the division of the identity [\) by the given equation^ This gives 

us the fraction — ^-rr ""^r» which is of the form r- 

\^a^b). The last step of the artifice is the operation of (or 

subtraction, if convenient), applied to the given equation (3) and the* 
deduced equation (4) ; the rest of the work is easy. The studebt is advised 
to attempt the solution by the ordinary method from the beginning. 



HARDER EQUATIONS IN ONE UNKNOWN. 2^1 

• 

Ex. 2. Solve V 5 ^-% 7 + + \/5-^+~64' 

By transposition, Jsx^y- jy/ 4 j:+io*- ^/ 4 J ?+9 (0 


How, ( 5 r + 7 )-(S^ + 6 )= 5 ^ + 7 - 5^-6 »'.•> ...Ry subtraction, 
and (4r+ lo)-(4.ir-|»9)«4r+io-4;r-9«l ;J 
/. whatevei may be the value of f (/ tdeniitally), 
we have (5^ + 7)“(5^ + 6) = (4t'+ lo) -(4;r + 9) ; 

/> , ( ^/5-‘»^’+7 )® n/s^ + 6)2== ( J4r + lo)'^ - ( s/4^ + 9)* (2) 


Divide (<!) by (i) ; thus we have 

\/S*' + 7+ ^/5■*+o- 10+ (3) 

Add (i) and (3) ; then 2 ^54r + 7 ~=2j^+\o-. (3> 

\/ 5 -* + 7 = ^Z+^r+io ; 
bquaring, 5a: + 7 — 4Jr+ lo ; 


whence • r — 3 Ans 

EXAMPLES 89. 

1 . x/ 2 r + 3 - ay^- 5--2 2 1^73^8+ 

3. ^/4^^ + 5 = 2+ ay4Jr- 1 1 4. Jax +^+ x/a(.r4* t)«^. 

6. ^/2iT3 + 2 aw/.:t‘ + I ^ ^/4^ ‘*^13 + n/2-^ - 6. 

^ +7+ + n/3^ + H- 

7. ^/7^^+ v/i 3 r + 6 * *^13^79+ 

• 8 . ^/II ^/.r4-54- v'lo^^r-i x/io ^'' 1 + 6 + ^/II ^Ji :-2 

•9. 2^/.r + 2 + 3^/r+3- n/4^+ 5+ n/3n/3i^+ lo- 

10. (s/.r*+ ci^ + 7 - ^/?+ 7-^ + 5^ I- 

11 . x/.r+i(^ 9 r+i+ v/9-^-5)=^i- 

• 12 . n/^-~« + n/-+‘-^(V_- 3 )- 

172. Beduotion and Bationalization of Benoinin* 
ator. To prepare foi the methods illustrated below, the student 
should revise the chapter on Surds. 

E,. 1 . Solve -lfc^+ -5^--"= 

-s/S^ + 4 + 3 VS*'+n-3 s/5* + 4 





ALGEBRA. 


252 


Now, 5 (^-i)-5^+4-9-(n/s^+4)*-3*i \ 

and S^+2“S*+ii-9-(^/5jr+ii)*-3* ;/ 

. . we ha^e ^ 

VSAr+ 4+3 /v,'’s*’+n-3 n/5»^ + 4 

. reducing, ,^5J+4_3+ ,^52:+ n . 3- ; 

I 

*•«•» <^ 5 ^+ 4 + JS^+ii = . 

naultiplying by 5 ^+ 4 + -s/(S^+ 4 )( 5 ^+ n)“ i- 

by transposition, \/(5^ + 4)(5-=»^+ i0“= “ 5^“* 3 ; 

squaring, ( 5 ^ + 4 )( 5 ^ + 1 1)« 25^*+ 30^ + 9 ; 

simplifying, 25^1^-1-75,^ -t- 44 «= 2 5:1*^ + 302 -1-9 ; 

transposing and simplifying, 45^=" - 35 J 

^ Afjs 


Ex. 2. Solve 


2 

>/(-*^ + 0 + v/('t — 1 ) 
Rationalize the denomin<itors [See Art 140] 


1 

2’ 


2 ^ _2 Jx^^l 

x-{> Jx^-i 1 x^-{X^-i) 

_ 2 (r~ I) 

I ’ 

, J(x-hi)- J(x-i) v/(.y - 1 ) ^/(^^H )-^ ^/U~l) 

0 J(x-hi)+ ^(x-i) J{x->t\)- s!{x-\) 

(r-Pi>-{jr-i) 

^ (;t 4- O + i)-2tJ{x^-‘ i) 

2 

^2r- 2j{x^- 1 ) 

2 


.X-J(x^-l) 

/. the given equation reduces to 

2x-2j(x*--i)--{x-j{x^-i)}^i ; 
->implifying, x - J(x* - 1 ) •« ^ ; 

transposing, ;r- i) ; 

squaring, ^*-;ir4- i 

. . x^^, Ahs* 



hakdkr equations in one unknown. 


aS3 


Solve 

1 4A^-« 


4X’ 




EXAMPLES 90. 
zr- Ja 


4 . 

6. 

7. 

8 

10. 


2 X-Ja 2 X-\- Ja 

lx I - 

— pt 

IX’^l ^ f __ 

y- — 7“ “ V 2;r - 

/iy2ir + 3 + 2 


«zr- - 


3. 


5. 


' Jax-’h, 


* 1 n. 

i^^+i + 3 ^/4J*f+3 + 4 Ay9^+i + i’ 


Jax-\-b^ tjc 

* N/y-r6 

^/3r + i6+4 3 

9^ 


3£+I 




Jgx+7+2 Jgx+i6+s 3 


I + .Ji -.** 
I 


+ -j 


a. 




s/'(a*+Ar*) 




v2r4'2+ ,^(2;r+i) V(^+6)- n/(«^+5) 


%/(-^+5)+ s/(2X’¥‘2). 


173« Special form, The method in the following example 
deserves special attention. 

Ex. Solve (i +.*‘)^4*(i C U i88s. 

Cubing both sides^ we get^ 

(i +^} + (i -^) + 3(i -x*)^{(F +.r)^ -f (i ; 

/. e, 2 + 3(i -:r*)^((i+jir)^ + (i -x)^}^2 ; 

cancelling 2, 3(1 +jr)^ + (i -jr)^>=o (i). 

But by the given equation ( i +jr)^ + ( i - jr)^ « 2^. 

• /. substitute 2^ for (i 4-.r)- +(i in (i) ; thus 

3(1 -r*)^ 2^«*o ; 
cubing again, 27(1 -x^), 2 ^o ; 

I -.ar^=*o ; 

2 r«ior-i. Ans. • 

EXAMPLES 01. 

Solve 

1* (4 + 3^)^+(4“3^)^-*2. 2. («-;r)^»(2a4-3)^. 
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3. {m^nx)^ 4. (;ir + 2)^ + (^-4)^=“(24r-2)^. 

5 . Xft s/x ^ Jx ' ^Jax ’k-b^A-lJetx ^ b^^Xfietx, 

7. V27+7-V2^"5 = 2. 8 


174. Componendo and Bivideado If two fraciiom be 
equaU ike sum of the numeratot and denyminator of om of them 
divided by their difference U equal to a dnulat fraction formed from 
the oihef 

r .,,0 + 6 r* + <l 

That IS, It y then will _ = , 

’ h d a-h e-d 

Proof Let '! = -i (i) 

D (1 

Add I to both sides ; 7 + i«‘ +i ; 

0 a 

. n^b iArd ^ 

b d 

Again from (i), ^ - 1 =*^^- i, taking i from each side ; 

" f> d 

Divide ( 2 ) by ( 3 ) ; thus, by 'Vit 113 , we ge* 
n-^’h h i-\-d d 

h ^ a-y~ d ^ L -7i' 

. a+b c-^d 

s,mpl.fying, a-b^c-i 

<')therwise thus : Let 

n (I 

Then •.• -^^k, a=bk ; 

o 

, uA'b bk + b b{k + i) 44'T . 

a-b^bk^b^bifi^) i 

Again, V , 

‘ • i±i^ dk‘\-d_d{kj^) k+i 

c-^dT d{k-- 

/. from .(«) and (/?), — 

a^o C’^a 
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176 . Useful ^urd identities. By expansion, we get 
( ^/( I ^x) + J { = 2 + 2 ; 

[ J(a +^) + J(a-x)y^ 2 a + 2 ; 

[JOi+x)- J{a-xy?^2a- 2 J{a^ 


T-. , o 1 ^ n/-^+ 1 - r 1 

Ex. 1 . ^^olve I 

x/j: +■ i + x/.r - I 2 

By Componciido and Dividendo, 

( Jx-ir I - Jx- i) + ( r 4 - Jx- 0 

( x/5T7- ^/.r~ r)-( I 4- J\ ~\) 

2 x/JTi 

‘t.fi - ■ ■ .. ssi i 


B. U. 1863,. 


1+2 



a' -4 T 9 

reducing and sqnarisg, * 

Again by Componendo and Dividendo, 

(;r 4ji)+_[£;^)^0;tl ■ 

(,r 4 i)-(r-i) 9 - 7 ’ 


simplifying, 

i^y 


2r_ io_ 5 
2 8'“‘4 ’ 
r==J. 


Ex. 2 . Solve 


<j 4- ^ ”£!— 

Ja+x- Ja-x ' sfU’^x-^r tja-x 


and 


<»4- x/a*-r^ = 4(2<2 4 2 Ay/2*-.r*) 

- tja^—x^ « ^(2i? - 2 Ja^-x^) 

= l{,JaTx- Ja-x)\ 


> See Art. 175. 


we have 


I { x/(o4-.r) + x/(^“.y)P 
2* x^(<* 4 -r)- J{a-x) ' 


x/(a4-;ir)4- v'(s-:r) * 


multiply both sides by 


2{ x/f«+^)+ n/('**-^)} 


then 


1 x/(g4-:r)4 J(a-x) )^ , 
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i u * N/(«+2r)+ 3 

extracting the cube root, ; 

. { <»/(g+jr)4‘ ^/ (tf-r;r)^4•< J{a~-x)) ^ 

** { J{a^x))-{ J{a-¥x)- s/(a-x)}^ s-V 


Comp., Oiv. 


t,ej 


squaring, 


J(a+x ) _^_2 ^ 
s/(a-x) 2**i ’ 

a+^r 4 ^ 


fr<* 


(«+^)-"(<*-^) 4 - 1 * 


Comp , Div. 


/ reducing, 


"-5 . 
^ 3 ’ 


whence 5r=*3a, and 


x~^a. A ns 


Ex. 3 . Solve 




By transposition, we can put the equation as 



«o, 


;. ewnniiig sq. tool, ^ (^)- ^ i 


transposing^ 




raising to the 4th power, 

/. by Art, 160, 

ie.. 


m n 
m-^x u^x* 

m(»+x)"'rt(m+x) ; 
mn^MX^ntn’^'ftx \ 
(w-«>r«o ; 

xmtQ, Ans. 


transposing, 
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Ex. 4 . Solve V(^+**^)**| V-^* 

The left side —(* +-^) •t/(^ + -^) 
\axf ax 

, (a+x)fa-hx)^ x^ 

. . the given eqn. reduces to = ; 

ax b 

^ 5 i 

(^4x)^ 


multiplying by ajr, 

+ 

f^Oi 

II 

^ S> 

raising to the fouith powei, 


taking the 5 th root, 


• 

transposing, 



a^-6* 

=^. -4 ; 

• 

4 

/f 

■*■“ 1 !• 


EXAMPLES 92, 

Solve 

, J(2X + l)^ sl^ _ O 

sl{2X‘\-i)- s/x ' * ‘^b)- J(ax-b) 

3 n/(»?.^)+ ^/(;gjr-4 <^) _ 

\J{fax)- ^/(w-r + ^) Jx-c 
J{2x^j) + x/(J - 2jr) ^ 3 ) 

\/(-^ + 5)+ v(5-i) "" + v'v5-'^) * 

- a+ s! 

a-J{a^-x^) V(«+Jir)+ ^'(^z-;ir)* 

« I + n/(i ^ _ f +'^lr 

r+a- + J(x4-2a)-- J x 

^ * jr + dfV N/(a? + + -f a; + 


17 



ALGEBRA. 


258 


g :r + 3- + , J{x + 6)+ Jx 

■*■+3+ A,/(^“ + 6r) n/(^ + 6)^ ^/i' 


9 . 

10 . 

12 . 

13. 

16. 


( sjyax^b)-\r J{ar-h) \ ^ I, 

I J{ax -h /^) - J{ax - b)i ^ \(n + J{a^x^ - b^)) 

[ " 7nr //I +;?r \ 
i + ;/z;i v \l -;/.r/ 

y 9 y 

\/ 7 a -^-x V 


r 4 - ^+ J(x^-n*) ^x 


4 “^jr+jr 3 


_ *_ + ' - =- 14 

^(l+j:) ./(l-jt) n/^+ ^/(•*•-■^^*) 

7(r::)*’y(,^3)-vTT-.-,- 


18. ^ . / —=2 */ /" , 

'V a-k'X V jr 


17. 

/2 + ^^ 18. 
V I V 2 -H 

s/(/ +Jx) - ^'x\ g 

Vx * V’"' 

19. 

{ax ’k'hy At dfax - by ^ -b^y . 

20. 



21. 

is/(a;+^)+^x'(a+^) = |v'*'. 

22. lM + 3=3V^+,j^. 

23. 



24. 

4^/^•*-^) .^-2 



170 Exponential Equations. These aie equations in 
which the x^anable occuis as some powei of a quantity ; for exam- 
ple, In an elementaiy tieatise only those forms of such 

equations can be treated which mav after a little leduclion be 
made to depend upon the following : — 

( 1 ) If we have then x^?/t. 

(2) If we have <2’"®"“—!, ihen, knowing that from 

Art we have mx 

The student is refeired back to the chapter on the 
Theory of Indices. 



HARDER EQUATIONS IN ONE UNKNOWN, 


m 


Ex. 1 . Solve 2x4^ 


8 *‘S 


- _ _ 

2 


Observe that we can express all the terms of the given equa- 
tion in powers of 2 j for, by Arts 135 and 134, 

Qs-S /^SNX-** 58 X -9 

I 2 2 “ 2 ^ * 

/. the given equation reduced to 


/ e.s 


2I ^ -i3x“5! ^ • 

-2c-l >Sx-10 . 


22 c-i_ 2 « 

/, 2t - I -5^- 10 ; 

-i^g* A ns 

Ex 2 . Solve 2^' 1 44 ‘ 

We shall express each teim in poweis of 2 and 3 ; 144** 16x9 ■•2*, 3®. 
/, the given equaliin 1 educes to 

Divide both sides by the light-hand member ; 

2 ^'S 


then 


= 1 ; 


• 3<‘ ^ *>-2« I ; 

z.f’., 2 ^'’’^ . 3''‘i= I ; 

(2 . 3)'”^==* ; Art 136- 

JI - I «o ; Art. 130. 

r — I. An?. 

Ex. 3 . Solve 3=^^®-* 3"''^+ 18. 

I 5 y transposition, 3*^^®-- 18 . 

3 x+i( 3 .,;»i 8 , V 

3C + IX 2 = 18 ; 

r - n ^ ■a® 
j “ 9^3 f 

4- 1 -= 2 ; 

.jr==i. A ns. 

EXAMPLES 93 . 

2 . 3 . 2 -*'“'r«« 24 . 


nJ!-» 1 -a .^* + 2 . 


Solve 

1. 2*-'- 16 
4 . yt"**-". 


6 . 2 »-*= 


3 , 

= 4 a*-«. 
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e. 


7. 

28«-6 ^*-2as2*''*.2a^ 


.j!U-4 -8x-6 


2 

8. 

3 *- -A«*-S 

3.+X « 

9. 

«* 

10. 

«*->(«*'*» + fli-*) =a-»(a» + o«). 

11. 

3*'^ 5*«- 16875 

12. 

2»+i_2*-8=o. 

13. 


14. 

3.+s^3x+«^|^ 

16. 

4-+S-2*^+i+i4. 


177. In the following examples, the student is expected 
find out the most convenient method applicable to each. 


1 . 

2 . 

3. 


4. 


6. 

6 

7. 


8 . 


10 . 


11 . 


12 . 


13. 


14. 


16. 


16 . 


Solve 


EXAMPLES 04. 


5(jr + 2) + ii(3jr+i)-4^i '^3* 

r(rt + 4) + (r + 4)a«(^-h4)(^ + «) + ^(-=^ + 0- 

2(;r-2)(jr- i) + 4)(-=>^ - 0“(5^ 

(i7r + 3)2-.(iu -7)^=(i3r + io)^ + (io+Ji)^i4-x) 
(.ir+i)(;r + 4)(^ + 6)-(r + 2;*(^ + 7) 

«y(i3^ + 9)+ x/(i3^“3)"= n/(52^+80 


± 9 _ 3/ 1 

.r-^ X’irc X * ' -c'-i 5U-1 


^(jr*+l3r+i)-t 4 . 7^1 2 ) ^ 3 . 


AT 

b 


jr+5 ;r4'6 Qjr 

2^+T 2;r + 3 


5 ) 


23 


+ — - 


+ -r 


-o. / 


2;r+i jr+i 2;r4-i+2<, jr+l-r* 
15*^- 14 47-281^ 9 ^4- -^7 
32r-4 ^ 10-74: "* 4: + 4 

J 24:+l 24r4-C 2 L 4 4 7 

4: "* 4r+I ”4r + 3 4r + 4' 


+Jir+a- ^ . 

4r-2 
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17. 

18. 

18. 

20 . 

22 . 

24. 

26. 

27. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 
38. 
37. 

OA 


■5-£ 

2 


^ 2ft j.7~5i-r' 

^/(^ + ^)+ ^ J(x^rh'¥c). 


j7xirf-8x-L+?^+^!. 

i+jr r-2jr+.r2 


.r + <» .r' 


‘ + aLr4^ 


21. 


4 . 3£z3r == 5£-i3i 

“ -- .r-7 • 


X‘^C X^-\‘CX-\‘d' X-k-l^ ■ JT-IO 

23. n/(iij- + 3)+ -s/(«i-»^-5)”6+2^/7. 

5>/(2r + i) + 3^a + 2) = 3^/(r+3)+ j2j(2SX + S). 

x- 2 - Jt.^I{ 2 X-\\). 38. • 

' . \x-c/ x-io 

2*-3*-^»«6. 28. 

^ • 4r-S V2.«^-II/ 

■* + J{x^-W ) ^ f •Ji.x + 2 a) - ^/(j: - 5o)\ ' 

I v'(’^ + 2«)+ 

.r+ 1 .f'+3'^4r4-2* 


3 

Jlx-a) 


_ 4 . 

x -2 x-^ ;r + 8 j: + 3 


Jlx~b) 


4 . J(Xj-^ 

>J{x-6).^{x-a) ‘‘ 


-J{x-c) J[x- 

sl{a-¥x) - ^,/(a -.r) ’"jr* 


l6a« 


Ji^a^rx)-^ J{a-x) 


~ V(-=«^ + 6)«io|- 2 V(-^ + 6). 
ar+i ar + 9 <m: + 3 ajr+7 


38. 


L±£tt y I +_'^;+5^ * 
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40 

41 . 

42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 


(ax + — (ax - ^ = (<i + b'^, 

2^-1 4^-5 . 2(x^xi) 

»J{2X + s) + 2'^ 2 J{x i) + \/(4^ + i3) + i ^/(2;r-^)) + 4 

-w^(5-*' + 9)+ ^/(5^-9) = 4+ ^/34. 


“+ a/ 

« V 


- c)(af bx) + ac* 



J(a- Jx)-T Ja^ n/(<*+ Ja'^^ V r’ 

U" n/(- ^-4 ) _ n/(.^ -4)- I 
i + 2^/(.r-4) x-s 

[■^-3 N/{(^-i)tr+ 5)tr+[('^-3)- A./{(^- i)(.« +5)f? 

== 2(x - 3)^ 4- (jr + 2)(6^'‘* - 6jt + I ). 

2 (f-h.r) 4 - V(i 2 r 4 > 3 ;r^) ^ ^ 

2(1 +^)- V(^ + 4)+ ^^(3-1^)* 

//v/(^i* - r*)4-?w (a4-.r) It^md ^ 
m{a A-x) - / s/id^ - 7nd- h' 


(.:i * + ^d^)( + b^) _ 

( 3 ^^ + d^)(d^ 4* 3^0 




CHAPTER XXVIII. 

Problems ieading lo Simple Equations involving 
ONE Unknown Qlantity. 

178. The student is lefened back to Chapter XI. We begin 
by solving a few easy problems. 

Ex. 1. Find a ‘number such that if one-fouith of the neAt 
lower number be subtracted from one third of the next higher, the 
remainder will be less than one-sixth of the number by 5 . 

Let X «the number required. 

Then .r+i «next higher number, 

and .r-iB= „ lower „ . 

By the question, J of the next higher number -i of the next 
lower of the number - 5 . 

. .r4-i jr-i X 

“4 


3 
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Multiply both si^es by i2 ( = L. C. M. of 3, 4, 6,) ; 

then, 4(jr+i)-y^-i)=2Jr-6o ; 

, . • • 

;r + 7 » 2jir CO ; 

by transposition, jr-2jr=* -'^o — 7 ; ^ 

• • “ “ 67 > 

A ns. 

N. B. In order to te‘?t the correctness of the answer, it will he well 
to verify it, * When the required number = 67, 4 the next higher number 
- J of the next lowcr= - ‘V =.V - V ^ " V’“' = V ; 

A of the number ~ 5 - V “ 5 “ V* 

4 the next higher number ~i of the next lower 
„ — J of the number -5. 

Hence the answer is correct. 

• 

Ex, 2. A bankiu^t paid only 17?. 6^. in tin pound to his 
creditors, and then gave j of what he still owed to the lawyers. 
This left him /20 for his current expenses. What was the amount 
of his debt? C. U. 1886. 

Let .r«the amount of his debt in pounds. 

In £u he paid lyij*. or ; 

. • tn ,, ,, ^ .r., or £ , z ^ , £ ^ \ 

he still owed ) “*■ > 

and of this amount he j;ave awa^ Jths. 

X X 

i of or remained with him. 

By the question, he had ^20 left ; 

X 

--20 ; 

40 

.r=5oo ; 

the amount of the debt — £800. Ans, [Verify] 

• 

Ex. 3. A farmer bought equal numbers of two kinds of sheep, 
one at £^ each, the other at £4 each. Had he expended his 
money equally in the two kinds, he would have had two more 
sheep than be had. How many did he buy ? A. U. 1891. 



264 


algepra. 


Let AT — the niimbei of each kind of sheep bought. 

Then 24 r»»ihe total number of sheep bought 

The sum spent on one kind of sheep 

„ „ „ „ the other kind 

the total sum spent==;£( 3 ;r + 4 ;i)*/ 7 u 

If he spent his money equ illy m the two kinds, 

71* nx 

L ^ 0*1^^ kind and £ ~ on the other, 

7 a. 7.1 

then the number he would have had of onekind = / / 3 s= 

^2 6’ 


and that of the othei kind ; 

2 o 

then would the total numbei =- 

o o 

By the question, this total — a tual number ( = 24 :) + 2 ; 
IX 71 


/, by transposition, -4:^ 

l X 

o“8 


2 ; 


44:- 34: X 

^ ^ . ox - =2. 


24 


24 


•\ ^“48. 

/. the total numbei of#heep bought = 24 =96. 


Am* 


Ex 4 Two bo>s own together 13 mangoes and 17 apples ; 
wishing to divide, one take^ ii mangoes and 7 apples, and pays 
the other 3 as 4^ p If mangoes be an anna dearer pei doz*“ii 
than apples, find the total value of the fruits 

Let X denote the price of an apple in annas. 

Then, by the question, the puce of a dozen mangoes in annas 
** that of a dozen apples + 1 = 124:+ i ; 

. .1. • f 124 *+! , , 

. . the price of a mangoe= = + i >n annas ; 

/. the total value of the fiuits in annas = i 3(4: +xV)+ * 7 ^ 

- 3 ar+t|; <A) 

/. the value of the half share in annas « i s^ + lf. 
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The value of 1 1 mangoes and 7 apples 

® “in annas=n(jir + ^) + 7j|r-i&r+Ji ; 
the boy taking 1 1 mangoes and 7 apples takes in money 
value { i8r + lJ -(i 5;r4*^J)} atinas more than his proper share 
This sum he ought to pay to the other. * 

by the question, { + 4 - J 2 )}annas — 3 as. 44p =3|as.; 


simplifying, we gitt 3.*' + 3 = 3 ? 
by (y 4 ),the total value sought = 


whence x = 


I ; 
‘Re. 


I \p. Arts, 


N.B. The slucfent should notice that instead of* denoting the total 
value sought by a, we have denoted the price of an apple by a, upoi^ 
which the total value evidently depenfls. It is often a matter of great 
convenience to so denote the simplest quantity in a problem, and to 
express the others in terms of it. 


Ex. 6. I spend a pence and b pence upon eggs, when they 
aie dealer per dozen by a pence and b pence respectively, and find 
that on the aveiage they aie only c pence deaier per dozen. Find 
the ordinary baz 11 price per dozen. 

Let V denote the price sought (in pence) ; 

then the buying prices are {.v^a) and + pence pet dozen, 

the fraction of a dozen bought loi a pence— ^7-^. 


and „ ,, ,, „ „ 

the total no. bought 
the same total also 




” ^ ” ~x+d' 

= ( “ + ^ , Vf a dozen ; 

V;r + ^ x-^b/ 

_ total su m spent a-^b 

aveiage price per dozen ^ + r‘ 


transposing, 


a b a-¥b a ^ b 

x^a^x^b X-\-C X->rC X-trC 

a ^ ^ ^ 

x-^-a^X’k'c' x + c x-tcb ’ 


, . a{,-a) b{b-c) 

s.inphfy.ng, + = 

multiplying both sides by (x-^a {X’trb){x +c), 
ai^c ~ a)ix + b) —b(b - eXx + a) ; 

multiplying out and transposing, -a® — — 2^) ; 


• +b-~ 2c) 

^ c(a + b)^c^ - ^ 

. , . , ab'a^h-2c) 

. . the price sought pence. 


A ns. 
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EXAMPLES 96 . ' 

♦ ' 1. Find a number such that a third and a fourth part of it 

together exceed one-fifth of the same by 46. 

*• 2. 2 is added to § of a certain number, and 3 is subtracted 

from j of the same number ; then the sum is divided by the re; 
mainder, and the result is Y. Find the number. 

* 3 . Find the number which increased by 5 is equal to double 

the next lower number. 

4 A ti action is equal to if, and the denominator is greater 
than the numerator by 16 ; find it. 

^ 6. The numeiator of a ceitain fraction is two-sevenths of the 

denominator, and if both the numerator and denominator be 
increased by 4, the new fiaciion is equal to \ ; find the fraction. 

^ 6 . 20 is divided into two paits, so that the quotient on di- 

viding one part bv the othei is equal to what it would be if the 
parts were increased by 4 and 6 respectiyely ; find the parts. 

.p 7 . In an examination the number of passes was at fiist equal 
to Jrds. of the number of failures ; on a le examination of papers, 
4 more passed, and the number of pas'ies was then found to be 
fths of the number of failures. IJow many appeared ? 

8. Divide 560 rupees between A, B and C so that A*s share 
will be equal to twice B's and B^s share will be equal to thrice Cs. 

- 9 . Divide 13^ between At B and C, so that twice A^s 

share** thrice 5 ’s - four times Cs 

. 10. Divide ;C3i8, gj. amongst A, B^ C and /?, so that y 4 ’s 
share will exceed twice B\ by ^2, thnce C’s by £1, and four times 
by £a 

IL At By C arjd D have amongst them 726 apples ; B has as 
much again as A and 3 moie, C twice as much again as B and 3 
more, and Z>thricl§as much again as C and 3 more; find the 
number that each has, 

12 Rs. 49 were disliibuled amongst a gang of men and 
women, numbering 150, so that each woman received 4 as , and 
each man 8 as. liow many men and how many women were 
there ? 

13 . A man bequeathed of bis properly to one son, *3 of 
the remainder to another, and the surplus to his widow. The 
difference of his sons’ legacies was £ 71 ^* How much did the 
widow receive ? 

14 . A person finds that if he invest a certain sum in railway 
shares paying j£6 per share when the ;^ioo share is at /i32, he 
will obtain £10 164. a year more for his money than if he invest 
it in 3 per cent, consols at 93. What sum has he to invest? 
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16 . A man invfests Rs. 163000, part in Government 4 per 
cent, stock at 108 and tloe remainder* in muniripal 5 per cent, 
debenture stock at 109^. Find how much he must irrvest in each 
in order that he may have an equal income from the two sources. 

10 . A man*s age is three times that of his son } 10 years 
hence the father’s age will be double that of his son. Find the 
present age of each. 

17. How much^tea at 3?. 6 ^. per lb. should he mixed with 10 

lbs. of tea at 2s gd per lb., that the mixture may be worth 3r. 3d 
per lb. ? • — ' “ 

18 . ^ and B gamble, stipulating that the loser shall pay the, 

winner half the money the former has and is. more ; they begin 
with equal sums of money. A loses first, but wins afterwards, 
and now finds tliat he is richer by than when he began 

gambling. Find the sum with eacl\ at first. 

19 . At a cricket match a contractor provided luncheon for 24 
and fixed the price to gai^ one-eigluh of his outlay. Three persons 
were absent. The remJining 21 paid the fixed price and the 
contractor lost 2 rupees. What was the charge ? 

20 . A ma^ wants to buy a certain number of mangoes for a 
certain sum ; if he pays 2 as for each, he will have k as. left : 
but if he pays 3 as. for each, he will want 7 as. What sum has he ? 

21 . Two kinds of eggs are selling, one at 5 per anna and the 
other at 6 per anna. A person wanting to buy a certain number 
of eggs finds that if he buysinp the required number out of the 
first kind, the money in his pocket will fall short by 2 as., but that 
if he selects the other kind, he will have i a. left. Find the 
number of eggs he has to buy, and the money in his pocket. 

22. In course of 24 hours a clock loses for some hours 6 5 
secs an hour, and for the rest gains 3 9 secs an hour, but on the 
whole it neither gains nor loses ; how long in the 24 hours does 
it go fast ? 

• 23 . A and B rent a field for Rs. 355 a year. A puts in 6 
horses for 12 months ; ^ puts in 5 horses for ii months, and 
three more for 5 months. How much should each contribute 
towards the rent ? 

[Let ;r«» charge in Rs per horse per month. Then charge on 
6 horses for 12 months* that on 6 x 12 horses per month — 6 x i2:r 
in Rs.] 1 

24 . A' bag contains a certain number of rupees, half as many 
again two-anna pieces, and four times as many pysas, and the 
value of the whole is Rs. 300 ; find how many rupees, how many 
two-anna pieces, and how many pysas are there ? 
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25 . A bag contains i6o coins con«iisting cff half-crowns, shill- 
ings, sixpences, and fourpences, a^id tfie values of the sums of 
money reprcfsented by each kind of coin are the same ; how many 
of each are there ? 

26 . The denomi water of a certain fraction exceeds the 
n^imerator by 5, and if the numerator be inci eased by 7, the 
fraction is increased by unity ; find the fraction. 

27 . The denominator of a certain fractiorf exceeds the numer- 
ator by 5 ; if 16 be added to each, the fraction is incieased by 
two-thifds the excess of unity over itself Find the fraction. 

28 The denominator of a fraction is less than the numerator 
by and if b be added to each, the fraction diminishes by one- 
fourth of its excess ovei unity ; find the fraction. 

29 . A poultry-keeper obtained 150 more eggs in July than in 
June, and the daily av'erage in July was 4 more than in June ; 
how many did he get in the two months ? 

30 . A person bought 34 lbs of tea of two different sorts, and 

paid for the whole *» ^he better soft cost 2^. per lb , and 

the woise u. %d, per lb.; how many lbs. weie theie of each sort ? 

31 . How much are plums a gross when one-fifth the number 
more for a sovereign lowers the price 2\d a score ? 

32 . The number of months in the age of a peison on his 
birth-day in 1918 will be just two third-, of the number denoting 
the year in which he was born ; in whgt year was be born ? 

33 . In the lains the depth of 1 liver at mid-stream is twice 
as great as near a bank, but in summer the depth of the river 
having fallen by 10 ft., the depth at mid-stream is thrice that near 
the bank. What were the depths in the lair.v season ? 

34 . A having three times as much money as B gave Rs. 10 to 

and then he had twice as much as B had. How much had 

each at first ? 

36 . Two brothers own together 200 shares in a railway com- 
pany. They agree to divide, and one of them takes 90 shares, 
while the other takes 110 shares and pays ;^iooo to the first. 
Find the value of a share. 

30 . Two farmers own equally 130 cows and 70 sheep ; wish- 
ing to separate their business, one farmer takes 70 cows and 40 
sheep, and leaves the rest to the other, paying him Rs. 30 ; if a 
cow be 19 times as valuable as a sheep, find the total value of the 
flock. 

37. A gentleman bequeaths part of ;£ 14 100 to a charity, and 
twelve times as much to his eldest son, whose share is half as 
much again as that of each of his two brothers, and double that 
of each of his three sisters ; find the sum left to each sister. 
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B8. A farmer bftys a flock of sheep at the rate of £7 for every 
5 sheep ; he afterwards^ loses 9, arfd sells the remainder at the 
rate of £1(3 for every 1 1, and the sum for which the seHs the flock 
is £21^ mote than what he gave tor it ; how many sheep did he 
buy ? 

• 

39. A person takes a fancy to dispose of his geese at as ina||y 

shillings each as the numbei he has, and paying ir. to his coone 
finds that if be hiid had one more to sell and had paid to the 
coolie, he would have received £\ more by the transaction ; what 
number did he dispose of ? • 

40. A -sold a certain number of watches at a guinea each, 
and gave one-thud of the proceeds to one-fourth of the lemain- 
der to C, and one-fifth of the last lemainder to Z?, after which he 
had £2.0 remaining • how many did he sell ^ 

41. A reservoir is to be emptied^ the rate of discharge of the 
contents being diminished by 100 gallons eveiv hour The first 
half will be emptied in 3 hours, the second in 4 hours How many 
gallons does the le^ervojf contain ? 

42. In a ciicket match the extras in the first innings are one- 
thiiteenih of the score, and in the second innings the extras are 
one-fifteenth of the score ; find the score in each innings, if the 
grand total be 338, in which there are 22 extras. 

43 When the income-tax was yd in the £., a person had to 
pay £f>'^ le^s than wdien it was doubled, his income having in the 
interim diminished by ;^225o. What was his first income ? 

44 A railw’ay passenger iiPallowed to take 30 seers free of 
charge, and is charged foi the excess of luggage at the rate of Rs. 
7 per maund ; had his luggage been twice as heavy, he would have 
been chaiged Ks 7 more than he was How much luggage had 
he? 

45. A gentleman travels first class in a railway, while his 
servant travels third class. A first class passenger is allowed i cwt. 
of luggage and a thiid class passenger i qr. of luggage free of 
charge, and the excess is charged at a uniform rate of is per cwt 
If the servant’s amount for luggage exceeds the gentleman’s bv 
twice as much as when the luggages aie interchanged, and if they 
have 13 cvvts between them, what aie their sepaiate charges 
oti account of luggage ? 

46. A ceUain number of persons paid a bill ; had there been 
12 more, each would have paid as much less than he did as*he 
would have paid more had there been 10 few'er. How mgny 
pel sons were theie ? 

47. A sum of money is to be divided among a number of 
persons : if Sas. be given to each, there are izas, short, and if yas. 
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4/^. be given to each, there are Re. i. 4as» over : find the amount 
to be divided. . f 

48. The prich of pictures is raised to 2 S. 6d per dozen, and 
customers consequently receive 24 less than before for £i ; what 
was the original price per dozen ? 

49 . A man buys r certain number of sheep for ^60 : if he 
had bought onc*ihird more for the same money, each would have 
cost los. less How many sheep did he buy h 

60.^ A woman finding her apples partly damaged sells one 
more apple for a rupee than she bought for thd same sum, and 
finds that hei loss per apple is one-third its selling price ; how 
much per dozen docs she now get ? 

61 A peison after paying a poor rate and also an income-tax 
of 5</. in the pound, has ^4^50 in hand ; the poor-rate amounts to 
le‘'S than the income-tav. Find the oiiginal income and the 
number of pence in the pound in the poor-rate. 

62. A merchant increases his propertv eveiy year by a fourth 
part, but allows ;f40o for his annual expcmdiluie, and at the end 
of two \ ears is ^2250 richer than at fust ; what properly does 
he begin w^lh r 

63, A farmer transplants a number of cane-cuttings, arrang- 
ing them in row's so as to put in a row as many cuttings and one 
more than there are rows ; he could as well have five fewer rows, 
but seven more cuttings in a row. Ilow many cuHings are there ? 

54. A shop keeper sells away his stock of maibles in the 
following manner : to one person he sells half the numbei and 
one more, to a second the number which is just the greater half 
of the remainder, to a third half the reraalnder and one more, and 
to a fourth only three. How many marbles had he ? 

65. A purse is divided amongst 4 boys, Uie first receiving half 
of it and 15. moie, the second half of the remainder and il more, 
the third a similar share, and the fourth ^s. yi. ; find the whole 
value of the purse. 

66 A faimer wants to enclose a piece of land w'ith a certain 
number of hurdles ; if he place them one foot distant from each 
other, he has not enough huidles by 28 ; but if he place them a 
yard apart he has 12 hurdles to spare. Ilow many hurdles has he ? 

67. The first edition of a book had 600 pages and was 
divided into two parts. In the second edition one quarter of the 
second part was omitied, and 30 pages were added to the first 
part ; this change made the two parts of the same length. Find 
the number of pages in each part in the first edition. 

68. 1 bought a certain number of pictures for Re. i, and a 
few more for Ks. 3 at 4 as. more apiece ; if each picture had been 
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only 2 as. clearer thfwi in the first case, the same total number of 
pictures might have beer^ bought for -the total sum spent. Find 
the lowest rate paid per picture, and the total number, bought. 

69 . A certain number of sheep was bought for a certain sum, 
and thrice as many oxen and two more and, seven times as many 
horses and two moie for thrice and fourteen times that sum tiM- 
pectively ; if one sheep and one ox could be exchanged for a sin^e 
horse, find the total|pumbcr of animals bought. 

60 . A boy was sent out foui times, each time with tlie same 
numbei of p’ce trf buy grapes ; he always biought in ^fewef grapes 
than the mfinbei of pice lie paid for them, and returned fiist time 
wMth n pice, second time with ^ pice, and third and fourth times 
with cpice moie than in the first and second respectively ; it was 
now found that the sum of the rates per giape in the fiist and last 
puichases was the same as that in the others How many pice 
had the boy wuth him each lime he went out ? 

17 0 . Provisioning. If <2 be the quantity of food consumed 
by a man in a month, then the quantity that will last a men for d 
months Q. 

For, Q — quantity eaten in i month by i man ; 

• • „ ,» „ „ „ a men j 

A abQ^ „ „ „ b months „ a men ; 

In other w^oids, il\c total que^tiiy of food consumed 

“ 7 iumbcr of men x time x tale of allou*ance fer mafu 

Ex. 1 . A gairison had sufficient piovisions for 30 months, 
but at the end of 4 months the number of tioops w\as doubled, and 
3 months after, it was le-infoiced with 400 men more, on which 
accounts the provisions lasted only 15 months altogether. Re- 
quired the number of men in the garrison before the augmenta- 
tion took place. B U. 1871 — 72. 

' Let .r»ihe number requiied. 

Let quantity of food allowed to a man pei month. 

Then the total quantity of piovisions 

— that reqd. by x men for 30 months 
= » by 30.r men per mopth 

of monthsxno. of 
men X monthly allowance per man ] 

This total quantity was eaten by men for 4 months, hy 2X 
men for 3 months, and by (2:r + 40o) men for 8 months. 
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the quantity consumed in the first 4 nv)nths *=4:r 
I, in the next 3 9, 

„ * „ in the last 8 „ =*8.(2;r + 4oo).2 

/. the total quantity = 4Jr2 4 - 6jr2 + 8(2jr + 40o)Q — 26jr 2 + 3200Q. 
lJut this total quantity has been found to be SCxrQ. 

/. 30^2 = 26;r2 + 32002 ; on division by 2» and then by trans- 
position, 3ar-26;r — 3:00. t 

/, 4^' = 3200, whence foo. 


J 


EXAMPLES 90 . 


1 . A ship with 1200 men on board had sufficient provisions to 
last 17 veeks. The survivors of a wreck having been taken 
aboard, the piovisions weie consumed in 15 weeks. How many 
men were taken aboard? ♦ 


2 . A party of merchants had provisions sufficient to last them 
a week, in which time they expected to>cross a desert ; but being 
detained longer on the way by accidents, they had to reduce their 
usual rations by a quarter from after the fourth day. How long 
did the journey take? 

3 . A shooting party of 12 men has provisions to last 8 days ; 
2 men leaving immediately, by what part should their daily allow- 
ance be diminished in order that the rest may continue 2 days 
longer ? 

4 . A garrison has provisions for 12 months, but a re-inforce- 
ment of 100 men coming in after 3 months, the provisions last 
altogether for 9 months ; find the number of men in the gairison 
before the re-iniorcement. 


6. A vessel leaves port on a voyage of 30 days with provisions 
just sufficient for it. After 12 days have elapsed, it picks up 10 
men who have been ship-wrecked, and accordingly the daily 
allowance of food per man is reduced by one-ninth for the remain- 
der of the voyage. Find the number of men on board at starimg. 

0 . The inmates of a poor-house, consisting of men and w'omen, 
number 150, and they can be fed for 20 days with the funds in 
hand, 4 women eating as much as 3 men ; but if ^5 men be re- 
placed by as many women, and if 5 women eat as much as 3 men, 
they can be fed for 5 days more. Find the number of each sex. 

7. A besieged garrison consists of 300 men, 120 women and 
40 children, and has provisions enough for 200 men for 30 days ; 
if a woman eats ? as much as a man, and a child i as much, and 
if after 6 days 100 men with all the women and children escape, 
for how long will the remaining provisions last the garrison ? 
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8 . A ship left Bombay on a voyage of 3 weeks, with provisions 
for that time at the rate pf i §eer a day for each man. At the 
end of a week a storm arose which washed 4 men overboard and 
so damaged the vessel that the speed was reduced by half, and 
each man could be allowed only f of a seer per diem. What was 
the original number of the crew ? 


180 . Work and Cistern. If "W be the amount of work 
done by a peison in a days, then the average daily woik of the 

man == - . Similaily if Q denote the quantity of water that'a given 

cistein holds, and if it be emptied uniformly by a tap in a hours, 

the qqpntity let out pei houi 

Conversely, if — 01 ^ be the fates as above, the time re- 
a a 

quired for completion = days 01 hoiiis. 

If 71 / denote the amoAit of work done by a person in a days 

7 t/ 

woiking // hours a day, then the hoinly rate of work — ^^. 


Ex 1 A can do a piece of work in 4 houis, and in 6 hours ; 
how long will it take A ^nd B to do the woik together ? 

Let X — the niimlicr of houis required, 
and ZL' — the whole woik 
By the question, 

4 bouts’ woik of A -n/, 

and 6 hours’ work of 


A\ work pel houi — ~ ; 


5’s 


w 

/. the joint work of A and B pei hour + ^ = 

4 6 12 

Now, by supposition, x hours’ loint woik of A and B^w \ 


57d/ 

12 * 




Ans 

Ex. 2 . A and B can together do a piece of work in 30 da*ys. 
B and C in 40 days, and C and A in 50 days. How long will 
B and C work together to do it ? 


Let jr — the number of days required, 
and 7 c/=athe whole work. 


18 
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By the question, the joint work of A and B |)er day«— , (i) 

I 30 

w 

»» “ 


and 


»> ji B and C* „ 

>» ji C and A ,, „ 


40 * 

= . (3) 

50 

* (4) 


By supposition, the joint work of Ay B and C p'cr day 
Adding up ( 0 > (2) and (3), we have 

^itj *tv uu 

— H h— “twice the joint work of Ay By C per day 

30 40 50 


2 W 


, from (4) ; 


I I . I 2 
/. dividing out 7 U. — h ~ + — -- 

^ ’ 30 40 50 

Multiply both sides by 6 oor ; then 2ar +**1 Jji: + 1 2 x = 1 200 ; 

whence 

/, the time requiied* 25 jfhrs.-f 4 «J. 


Ex. 3 . A alone can do a piece of work in a hours, A and C 

together can do it in b hours, and Cs work of B*s. The work 

n 

has to be completed in c hours. Find how long after A has com- 
menced, B and C should relieve him, so as to finish the w^ork m 
time ? M, U. 1867. 

Let :rc»the number of hours required, 
and 22/ “the whole work 

w 

A^s w'ork per hour = 


and the joint work of A and C per hour . 

Os work per hour 


By^the question, 


Cs work “-th of B's ; 


B*s work per hour — « times Cs work per hr., 

( w w\ 

J-a)’ 
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/. the joint work of B and C.per hour ~ 

f . \ b -a / a a 

V A works for x hours, ^ and C work * for (r-jr) hours, and 
jr hours* work of A'^ic^x) hours* work of ^ and C= the whole 
work=7e/. 

multiply both sides by ^ ; then bx + (n-^i){c-x){a-b)^ab ; 
w 

* bx-\-{n+i)c(n-~b)-x(n-^t){a-b) = abf 

/. x{b - (n -t- i)(a - b)l-ab - (fi -h iXa - b)c 
ab (n -^r i)(a ~~ b)c 


i 




Ex. 4. A cistern can be filled by two pipes in 3 and 4 hours 
respectively, and can be emptied by a thud in 6 hours ; how long 
will it be in filling, when all three aie open ? 

Let jrt=»the number of hours requited. 

Let {?==the quantity of water the cistern can hold. 

The quantity poured in per hour by one pipe 

• 3 

„ „ „ „ „ „ by anolher=^, 

4 

s. 

6 * 

/, . the total quantity retained per honr=*- . 

^ ^ ^ 3 4 6 12 

. By supposition, the cistern is filled in x hours. 

-SS^-e; 

12 


out 


■¥ = 2 


the time required =» 2 hrs. 24 min. Ans, 


EXAMPLES 97. 

1. A can do in 20 days a piece of work which B can do in 
30 days ; how long would they take to do it working together ? 
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а. A and B together can reap a field in 4 days, while B alone 
can reap it in 6 days ; in whAt time can A alone reap it ? 

3. A and B together can do a pieceof work in 8 days, and 
B alone can do it in 12 days ; supposing B works at it for 3 days, 
how long would A now take to finish it alone ? 

4 . A does half as much work again as B in the same time, 
and B docs one-third as much again as C ; working together they 
can do a certain vvoik in 15 days ; if after working at it alone for 
6 days A leaves off, how long will B and C take to finish it ? 

б. After a ceitain number of men had been employed on a 
certain work for 16 days and had half finished it, 24 more were 
employed, and the remaining work was completed in 10 days ; 
how many men weie employed at first ? 

6. Three men can do as much woik as five boys : the wages 

of 3 boys aie equal to those of 2 men A voik on uhich 10 boys, 
and 15 men aie employed tikes 7 weeks ,ind costs ^350, how 
long would It take if -’o boys and 20 men were employed, and 
how much would it cost ? \ 

7 . One man and two boys together do as much work in a 
time as 3 women ; it takes a woman one day more and a boy 
three days moie than a man to reip a field sepaiaiely ; how long 
would it take a man and a boy together to leap it ? 

8. A boy and a woman together finish a piece ot woik m the 
same time as a man alone ; if a min works §ths of a day longer 
than the time the wonian alone takes to do it. he will do a piece of 
woik twice as gieat, which latter wbrk will take a boy a day more 
to do than a woman. How long will it take a boy alone to finish it ? 

9 . A cistern is filled by two pipes in 20 and 30 minutes, res- 
pectively ; how long will it be in filing, when both are open ? 

10 . In course of digging a well a spring is struck and begins 
feeding the well at a late which will fill it in 5 hours ; after some 
time a pump is got to work at a rate sufficient to dry up the full 
well without the spring in 3 hours. If 7 hours elapse fiom the 
time the spring is opened before the well is pumped dry, when 
did the pump begin work ? 

11 Two taps can separately fill a cistern in 5 and 6 hours, 
and when the waste-pipe is open, the three together take 7J hours 
to fill It ; in what time can the waste-pipe empty it ? 

? 2 . A bucket is twenty times filled with water and each time 
emptied into a cistern ; three pipes are then turned on, one of 
which can fill the empty cistern in 15 minutes, and another in 10 
minutes, while the third can empty the cistern, when full, in 12 
minutes. If the cistern be now filled in 2 minutes, how many 
bucketfuls can it hold ? 
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13 . Two pipes* A and fill a cistern in 25 and 30 minutes 
respectively. Both pipe* being opened, find when the first must 
be closed that the cistern may be just filled in 1*5 minhtes. 

14 , A bath is supplied ‘ with water from two pipes one of 
which can fill it in 12^ minutes, and the other in 15 min ; there 
is also a discharging pipe* which would empty it, when filled, in 10 
minutes. The first pipe is open alone for 4 minutes, and then 
the first and secc*id are open together for i minute ; if now the 
third pipe be opened as well, how long will it take to fill the bath ? 


181 . Percentage. Let a quantity, <2, increase b per cent. 
Then every 100 increases to 100 + ^ ; 

100 * 
b 


unity 


i + - 


i b \ 

In the case of decrease, the result is evidently i - j* 


a units increase to < 

.f 


Thus, if the selling puce of an article be a certain per cent. 
higher than its cost, then 

the selling prices ^ i + ^ 

When the selling price is than the cost, we have 


the selling price = ^ i — 


7 ate f)Ci cent ^ 
100 


I x^cost. 


Ex. 1 . Of the candidates in a certain examination 45 percent, 
passed. If there had been 30 more candidates of whom 19 failed, 
the number of successful candidates would have been 44 8 per 
cent. How many candidates were there ? C. U, 1890. 

Let:r»»ihe required number of candidates ; 

then the number that passed 


19 of the additional 30 failing, the inci eased number of success- 
ful candidates would have been + (30 - 19), and this, by the 
question, would be 44 8 per cent, of the new total, .r + 30. 


• 

’ * 20 


+ (3o-I9)=”(-«^ + 30)- 


Multiply each side by too ; 4S4: + iioo=448(r + 3o)=44‘&r + i344. 

/. •2.»r=244. /. .ar«i22o. Ans* 
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Ex 2 . A man sells an article at 12 per cent, profit ; if he 
had bought it at 4 per cent, less, and sold it for Rs. 4 more, he 
would have gained 22| per cent.; what was the cost price ? 

Let:f*»ihe cost price in rupees. 

Then the actual selling pi ice at a profit of 12 per cent, in lupees 

If thp article had been bought at 4 per cent. Ipss, the cost price 
in rupees would have been •^( i “ t^^)- 

The selling price in Rs. at 22| per cent, profit on this supposed cost 

Hut, by the question, this selling pi ice *= the actual selling 
price + Rs. 4. { 

. 8^jr 28:1 

'* 75 

multiply each side by 75 ; 88^-84.1' + 300 ; 

4r — 300. whence 75 ; 

the required cost =Rs. 75, /Ins. 


Ex, 3 . A tradesman sells tLo articles together for Rs. 46, 
making 10 per cent profit on one and 20 per cent, on the other. 
If he had sold each aiticle at 15 per cent profit, the result would 
have been the same. At what price does he sell each article ? 

Let.r*sthe selling pnee in Rs of the article sold at 10 per cent, 
profit. 

Then 46 -.r — the selling pi ice in Rs. of the article sold at 20 
per cent, profit 


The cost in Rs. of the fiist article* 


* +iV5j 


4?^ 


.. •, » .. .. .. second „ = 

the total cost of the two in Rs.«»}Jjr + f(46-jr) 

loar Sir 5x46 

“ II '6 6 


5f+y5 

66^ 3 • 



PROBLEMS. 


279 


If both were s(Jld at 15 per cent, profit, then would the selling 
f price in rupees « the total cost x (i 



By the question, this supposed selling price would have been 
still the same, Rs. 46. 




multiply -each side by |§ ; + ; 

66 3 3’ 

/. jr = 22, and 46 -.r«24 ; 

/. the man sells the articles for Rs. 22 and Rs. 24 respectively. 

m A ns. 


EXAMPLES 98 . 

1 . Divide 620 into two parts such that 15 per cent, of one part 
will exceed 12 per cent, of the other by 12. 

2 . A number is divided into two paits, so that their difference 
is 25 ; 36 per cent, of the higher pan added to 35 per cent, of the 
lower yields 40 per cent, of the remainder after subtracting 25 
from the whole number. Finfl the number. 

3 . A man sold a ship at a loss of 8 per cent ; if he had 
received Rs. 16800 more for it, he would have gained 6 per cent. ; 
what did the ship cost him ? 

4 . I buy two pictures for Rs. 175, and sell one so as to lose 
4 per cent, and the other so as to gain 3 per cent. ; and on the 
whole t neither gain nor lose ; what did each picture cost me, 
and what was each picture sold for ? 

6. I bought a horse and a carriage for ;£i5o ; I sold the horse 
at a gain of 12 per cent, and the carriage at a loss of 4 per cent., 
and gained on the whole 6 per cent. What was the selling price 
of%ach ? [First find the prime cost of each.] 

6, How many bundles of hay at Rs. 5 per thousand must a 
ghaswalla mix with 5600 bundles at rupees 6 per thousand in 
order that he may gain 20 per cent, by selling the whole at 
II annas per hundred ? 

7 . How much water must be added to 6 maunds of milk cost- 
ing 2 annas a seer, so that by selling the mixture at ]| annas a 
seer the milkman may secure a profit i6| per cent, on his outlay ? 
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8. A merchant buys 1260 cwts. of corn, ^ of which he sells at 
a gain of 5 per cent., J at a gain of 8 per cent., and the remainder 
at a gain of 12 per cent. If he had sold the whole at a gain of 
10 per cent., he would have obtained £2'^, 2s. more. What was 
the cost price per cwt. ? 

9 . Two sorts of mangoes are selling, one of which is 20 per 

cent, dearer than the other, and 1 find that for the money in my 
pocket I can have two more of the cheapei sort than of the other ; 
how many of each soit can I buy ? ' 

10 . By how much per cent, must the pi ice of horses rise in 
order that only 25 horses can be purchased for a certain sum for 
which 4 more could be had at the original price ? 

11 . A boy buys a certain number of oianges at 3 for 2^., and 
one-third of that number at 2 for ; at what price must he sell 
them to get 20 per cent, profit ? If his profit be 5,y. 4^', find the 
number bought. 

12 . A person buys 5 shares in a company, and sells 3 of them 
at a gain of 10 per cent, and the reinamiil^ 2 at a gain of 1655 per 
cent The gain on the latter sale is £2. 19^ yhi more than on 
the former. Find the pi ice of a single share. 

13 . How much per cent, must be added to the cost price of 
goods that a profit of 20 per cent, may be made after throwing off 
a discount of 10 per cent, from the labelled price ? 

14 . An article of commerce passes successively through the 
hands of three dealers, each of whom in selling adds as his profit 
10 per cent of the price at which hc'’oought it. If under these cir- 
cumstances goods are sold by the third dealer for Rs. 665. ^as.y 
what did the first dealer pay for them ? 

IB, A whole-sale dealer sells an article at a gain of 20 per cent, 
to a retail dealer, who selling it for 12 rupees gains 20 per cent. ; 
what did the whole-sale dealer my for it ? 

16 . One-third of a population can read : of the remainder 45 
per cent can read and write ; of what still remains, 9 per cent, can 
read, write and count : the balance is ^00500, who can neither 
read, write, nor count. Find the total population. 

17 . A man is 20 per cent, a better hand than a woman, but his 
wages aie 25 per cent higher ; how much per cent, more mooey 
do I spend by having a work done by a man than by a woman ^ 
By how much am I a gainer in respect of time ? 

IB! A party of coolies consists of 5 per cent, more women than 
men, and 20 per cent, more boys than women • a woman does 
4 per cent, more work than a boy, but i6| per cent, less work than 
a man in the same time ; if a certain work be finished by the party 
in 13 days, how long would it take the men alone to finish it ? 
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182 . Motion. If a man walks a miles in b houis, bis hourly 
rate of motion milesR Iir brief, 

. , distance cone over 

" HmefaJTh ' 

distance ^ speed y> time^ 

^ . distance 

time ^ - 

speied 

!Bx. 1 . A who travels 3J miles an hour starts 2^ hours'before 
B who goes the same 7oad at 4^ miles an hour ; where will he 
overtake A ? A. U. 1889. 

Let O be the starting point, O P 

and /*, the place where they meet ; 
let OP~x in miles. . 

The time taken by A to go to P— houis, 

t 3 *^ 7 

and ,, ,, „ ,, IS j, jj „ „ ~ “tt »» * 

4 j 9 

By the question, A takes 2f, hours more to tiavel the distance OP ; 


whence .a: ==39!, 

/, the place sought is 398 miles distant from the startingpoint. Ansn 

Ex. 2. From two towns 561 miles apart two men start, one 
from each, at the same time ; one goes 24 and the othei 27 miles 
a day ; in how many days will they meet ? C. U. J879, 

^ c ^ 

Let jr— the number of days required. 

A and B arc the two towns, and C the place where the men 
meet, so that AC>^24x, and BC-^2yx ; 

by addition, {24X + 27X) 01 5i;r»=i56l ; 


the time required =» 11 days. Ans, 
[i 4 C’= 24 X 11=264, and PC— 27 X II =297]. 

Ex. 3 . A hare is 100 of her leaps before a greyhound, and 
takes 5 leaps to the greyhound’s 4, but 2 of the greyhound’s leaps 
cover as much ground as 5 of the hare’s ; how many leaps must 
the greyhound take to catch the hare ? 
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Let jr = the number of leaps the greyhound should take. 


Draw the line of chase ABC^ and suppose the greyhound is at 
A when the hare is at /so that AB^\c.o of the harems leaps ; 
and suppose that the hound catches the hare at C*, so that AC^x 
of the hound’s leaps. 

Th^ time in which the hound runs the distance AC is the same 
in which the hare runs the distance BC. 

Now, the hare takes 5 leaps in the time in which the hound takes 4, 

• . >1 »» »» »i »» *» If If If It If ji 


CJt* 

BC = ~ of the hare’s leaps. 

Since AB-^BC^AQ, 

^100+ of the hare’s leaps ==jr leaps of the hound, 

CjJT 

— ~ of the hare’s leaps, *.* 2 of the 


^x 

100+ - = 


100= 


hound’s leaps* 

2 ’ 

5 ^ 

s - , 

4 

^-80. 


> 5 of the hare’s. 


[The studenL should cut short the above work alter he has thoroughly 
understood it.] 


Six. 4 . A B is Si railway 220 miles long, and three trains 
(^1 Qi B) travel upon it at the rate of 25, 20 and 30 miles per hour 
respectively. P and Q leave ^4 at 7 a. m. and 8-15 A. M. respec- 
tively, and R leaves B at 10-30 a. m When and where will P be 
equidistant from Q and R. C U. 1870. 


Let.*‘=*the number of Aours after 10-30 A.M., after which P is 
equidistant from Q and R. 

In the annexed diagram, PQ^PR, 

/. AP-^AQ^AR-AP, 

2AP^AQ + AR.... ( 1 ) 
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Now, />hai5 been running (34 +;r) hours, /. AP‘=2S{^i+x) miles ; 

Q Ji » jj »» (2^+-^) » I . • AQ^20{i^-\’X) „ ; 

^ >» »» )» )j »j * * • »> 5 

AR^AB--BR^{ 22 o-iox) Yniles, 

/. by substitution in (i) 5o(3^+jr)«2o(2j+4:) + 22o-3oar. 

• i75 + 5Q;r = 45 + 2o;r + 22o-3o;r ; 

6aa: — 265- 175— 90 ; 

* • 

. /. Jir=ii. 

-4/’=2 5(34 + ij)miles = i25 miles ;* 
P is equidistant from Q and /? at 12 d clock (noon) at a 
distance of 125 miles from A* 


Sx. 6 . A pel son sets out to walk to a certain town. But 
when he has accomplished a quarter of his journey, he finds that 
if he continues at the same pace, he will have gone only Jths of 
the whole distance wherfhe ought iq be at his desL'u>ation. He 
therefore increases his speed by a mile per hour, and arrives just 
in time. Find his rates of walking. M. U. 1875. 

Let his speed at first miles per hour, 
and let the length of the journey miles. 

By the question, the lime that he will have taken to go Jths of 
the whole jouiney at his original speed « the time taken to travel 
}iYi of the journey at his original speed + the time taken by him to 
travel |ths of the journey at the increased rate. 

[ . distanceT 

time=^ — , 

speed J 




" X i' 


12 


Multiply both sides by 


then — ™ 

X X JT+I 


the man’s original speed- 
an d his increased speed- 


7 ^ . 

• x^x+i ’ 

9,r«7(;r+i) 

.r=3|. 

« 3I miles per hour, 

* 4^ miles per hour. 




Arts. 


EXAMPLES 00. 


1. A train going 20 miles an hour leaves Bristol for London, 
and another going 30 miles per hour leaves London for Bristol at 
the same time ; when and where will they meet ? [London to 
Bristol is 150 miles.] 
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2 . A train going 25 miles per hour leaves Howrah for Madhu- 
pur at i“i2 P. M., and another going miles per hour leaves 
Madhupur for Howrah at 2-6 P M. ; when and where will they 
meet, the distance between Howrah and Madhupur being 182 
miles ? 

3 . A mail train lea\es Howrah for Jubbulpore at 10-30 A. M,, 
and travels 30 miles per hour ; an expiess leaves Howrah for 
Jubbulpore at noon and travels 40 miles ;’er hour ; when and 
wheie will it overtake the mail ? 

4 . Two persons staited at the same time from A. One rode 
on hoise back at the late of 7V miles an hour and arrived at B 30 
minutes later than the other, who tiavelled the same distance by 
train at the rate of 30 miles an hour Find the distance between 
A and B. 

6. Two cyclists start to run to a post and back. The quicker 
meets the other 75 yards from the post on his way back, and 
arrives at the starting point 2 minutes sooner. How long does 
each take to run to the post, the distancef being 250 yaids ? 

6. A train, 176 ft. long, runs at the lale of 20 miles per hour ; 
another, 264 ft. long, runs on a parallel rail in the opposite direc- 
tion at the rate of 30 miles per hour ; how long will they take to 
pass each other ? 


A B 


D 

C~ 

A , — 

~D' 


The position v/hcii the trains 
just meet. 

The position when the trains 
just separate. 


The first distance from to ^^—176 ft +264^. ««440 ft — I’.^mile, 
The time reqd.* that in which A and D meet, [see Ex. 2, 
Art. 182.] 


7 . If in Ex 6 the trains inn in the same diiection, how long 
will they take to pass each other ? 

E A - - »• B A — i? 2nd position. 

C I) 1st position ; P. 

[The time required** that in which C and B meet from a dis- 
tance of yV mile.] 

8. At a paper chase the hares had 8 minutes* start, and ran 
the whole distance at the rate of 3 miles per hour. A hound that 
ran the same course at the rate of 5 miles per hour, anived 2 
minutes after the hares. How long was the run ? 

9 . A thief spies a constable in pursuit from a distance of 40 
yds., and tries to make off, taking 4 steps to the constable’s 3 ; 
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each step of the constable covers a yard, while the thiefs covers 
2 feet ; how many steps c^ses the constable take before he catches 
the thief ? * , • 

10 . A person ran out a certain distance at the rate of 5 miles 
per hour, and then rode part of the way bacjc at the rate of 12 
miles per hour, running the remaining distance at the same rate as 
before in 3 minutes ; he was out 8 min. 50 sec. How far did he go ? 

11 . A person se^ out to ride from A to but after proceeding 
one-third of the distance, slackens his speed by one-fourth ; on his 
way back he rides^at a uniform rate less by a mile per hour than 
his rate at. starling, and finds that the return journey takes as 
much time as the fiist. Find his speed at starting. 

12. A person walks from A to /y, a distance of 7i miles, in 
2 hours 173* minutes, and returns in 2 hours 20 minutes» his rates 
of walking up-hdl, down-hill, and on a level road being 3, 3^ and 
3i miles per hour respectively. Fin(Mhe length of the level road 

In going from A to CD 
is up-hill, and in coming from 
B to is up-hill ; the 

distance walked at the up-hill 
rate in the whole jouiney 
— Find the whole 

time taken in going and 
coming back.] 

13 . The distance from /^•to Q is 3?. miles ; two persons A 
and B start together from P to go to the former by carriage 
which travels at the rate of 6 miles i)er hour, the latter walking at 
the rate of 3 miles an hour. If A remains at Q for 15 minutes 
and then returns by the carriage to /*, find vv-bere he will meet B, 

14 . A fugitive having a start of 16 miles was pursued so as to 
be gained upon 2 miles an hour. After the pursuers had travelled 
2 hours, they met a cyclist coming at the same rate as themselves, 
who had met the fugitive ij hours before. Find his rate of flight. 

16 . A cloud is estimated to be at a height of a ft. above the 
ground ; whenever a flash of lightning is seen, the accompanying 
peals of thunder are heard b seconds later, although the flash and 
the peals are known to originate simultaneously ; supposing sound 
to travel c ft. per .second, find the rate at which the light of a flash 
travels. • 

10. Two pel sons start simultaneously from .<4 and B respec- 
tively, and continue going to and fro between those places at the 
respective rates of a miles and b miles per hour ; if the distance 
be ^ miles, when and where will they meet for the second 


between A and B. (B. U. 18S4). 
r D ^ 
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time, supposing that they do so while going in opposite directions. 
What will be the answers, if they be moving in the same direction 
at the time \ ^ 


163 . Motion up or down a river. 

When a boat is rowed on still water, the late at which it 
moves gives the power of its crew 

When it is rowed down a river^ the current* helps it forwards, 
so that the resultant rate of motion down stream 

^raie on still water at ^ of current. 

When a boat is rowed up a river^ the current retards the 
motion, so that the resultant rate of motion up stieam 

* fate on still water - ; ate of current. 


Ex, 1 . A boat goes up a river a certain distance in the time 
in which it goes down the iiver | of the same distance ; the cur- 
rent flowing at the rale of 3 miles per h<Pir, find the rate at which 
the crew can pull on still water. 


Let X miles per honr=the rate at which the crew can pull on 
still water, t the rate of rowing on still water. 

Then, the rate of motion up the river ««(x- 3) miles per hour, 

and the time taken to go up a distance, (/, ^ hours ; the late 

of motion down the iiver=(;r + c) miles per hour, and the time 

^d 

taken to go down a distance, hours. Since, by the 

question, the two times are equal, 

%d _ d 

^+3 'x-l' 

S(-»^-3)=-»^+3 ; 
multiply each side by 3 ; 4^-12 — 3;!: + 9 


the crew can row on still water at the rate of 21 miles per 
hour. A ns. 


, EXAMPLES 100 . 

1 * A boat goes up stream 20 miles in the same time in which 
it goes down stream 30 miles ; the current flowing at the rate of 2 
miles per hour, find the rate at which the boat could be rowed 
on still water ; find also the rate of motion up stream. 
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2 . A boat* is rowed 3 miles up a river, after which it enters a 
pool of still water, and is rowed 4 miles further on in 20 minutes ; 
if the whole trip occupies 50 minutes, hnd the Tate ^t which the 
current flows. 

8. A piece of cork, when thrown on a river, is seen to float 
down 1 1 yards in $ seconds. A steamer, which runs against the 
current at the rate of 2o miles per hour, is found to go from A 
to B and back again to ^ m 4 hours 5 minutes. Find the dis- 
tance from -^4 to • 

4. A boat has* 1 2 roweis and starts from A towards B down- 
stream ; another has 9 equally good rowers, and starts at the 
same time (10 A.M.) from B towards A. The boats pass each * 
other on the way at 1 1-30 a.m , the men rowing as hard as they 
can. If the distance from .*4 to 5 is 42 miles, and if the current 
flows at the rate of 4 miles per hour, how much sooner will one 
of the boats reach its destination than the other? 

6. It is found that between two given stations 12 roweis pull 
a boat up-stream in the <feame time as 8 rowers poM it down- 
stream ; what fraction of the time may be saved in the down- 
stream trip, if all the twelve be set to woik, supposing the rate 
of the cuirent is i mile per hour? 

6. A boat sails up 3 miles in 12 minutes more time than it 
takes to sail down the same distance ; supposing the wind to be 
blowing uniformly in the same direction, and the rate of the 
stieam to be 2 miles per houi, how far can the wind move the 
boat on still water in an hour ? * 

7. A boat has to be rowed 4 miles up-stream ; after proceed- 
ing a certain distance, the rate of the current which has hitherto 
been 2 miles per hour, is seen to fall suddenly by half the amount 
’and to continue the same thenceforwaid ; had the weaker current 
been met a mile further back, and while on it had the ciew been 
putting forth only two-thirds their usual strength, the time re- 
quired for the trip would have been the same. Find this time, 
supposing the crew to pull at the rate of miles per hour on 
still water. 

8 . A boat has to be rowed with the stream just as many miles 
as it can be rowed on still water in an hour ; the actual time 
required is the same in which the boat can be rowed 3 miles 
further down with the strength of the current trebled ; if the r^e 
of the current be 2 miles per hour, find the time taken. 

184. Clocks and Watches. The minute-hand of a clock 
moves over 60 minute-spaces while the hour-hand moves over 5. 
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Therefore the minute-hand moves 12 times as fast as the hour- 

X 

hand. Hence, inx minutes the hout-hcti'd moves over — minute- 
' 12 

spaces. 

When the hands are exactly opposite each other, they are in a 
straight line having the position of a diameter of the dial. In 
this case the circumference of the dial containing 60 minute- 
spaces is divided into two equal paits by the line of the hands. 
Hence, when the hond^ are in exactly oppoi>ifv directions.^ they are 
separated by jo minute- spacer. 

Of course when the hands aie in the same diiection, i e, coin- 
cident in position^ there are no spaces between them. 

In the annexed diagram, AC and BD are two diameters of 
the dial of the clock, at light 
angles to each other. They evi- 
dently divide the vNhole circiim- 
feieiice into foiii equal patts, 
each of which contains 15 
minute-spaces. Now, when the 
hoin-hand points against the 
minute-hand, in oidei to make a 
right angle with the hoiii-hand, 
must point against B 01 D ; that 
is, the hands must be sepaiated 
by the arcs AB 01 ABD, which 
lespectivelv contain 15 and 45 
minule-sjiaces, llenre, wheneve}- the hand^ aic at ri^ht any;les., 
they are separated by or 4^ minute- 'pace 

It should be caiefully home in mind that the hands of a 
clock are at light angles to each other twico, but ore in one line 
either in the same direction or iv opposite direiiions only once, 
in course of an hour. 

The following staiemeiiis deserve attention, and will be appa- 
rent to the student on a little leflection When the hands are at 
right angles to eauh other 

(1) between 12 and 3 ohlock^ the minute-hand is in advance of 
the hour-hand by 13 01 43 minute-spaces ; 

(2) between 3 and g d^clock, the minute-hand is either behind 
or in advance of the houi-hand by 13 minute-spaces ; 

(3) between g and 12 o'clock^ the minute-hand is behind the 
hour-hand by 43 or 13 minute-spaces. 

Ex. 1. Find {a) the instant of time between 3 and 4 o’clock 
at which the hour hand and minute-hand are exactly in the same 
direction, (fi) that at which they are exactly opposite each other. 




; ROBLtMi, 289 

(a) Let:r = tbe required number of minutes past 3, in the ist 
case. In the annexed ftgure*, let A de- ^ 

note the 12 o’clock mark, and B the 3 * 

o’clock maik, and let OH represent the 
position of the two hands when they are , 
coincident. 

In ;r minutes the hour-hand passes 

X * 

over minute-spaces j 

* X 

the arc contains —minute-spaces, 

while,, ,, AH ,, ^ j» » 

and ,,,, A B „ iq „ „ . 



Aic AH== 3 iTC AB + arc BH , 


^~T2 ; 


the hands are in the same duection at minutes past 3. Ans, 

(b) Let;r*the lequired number of minutes yiast 3, in the 2nd 
case. In the annexed figure, let 0 / 1 / lepresent the position of the 
hour-hand, and OH that of the minute-hand, when the hands are 
opposite each other, so that MON is a stiaight line, and the arc 
MRN contains 3') minute-spaces. In r mmutes the hour-hand 
•passes over .r/ 1 2 minute-spaces. 


the aiC B If contains -- minute-spaces, 

while ,) ,, AMN ,, us 

and „ „ AB ,, 15 „ „ . 

Arc A 1 /iV«arc AB-k-arc BM -k-aic MRN , 


-^“■i5 + -2 + 30 ; 



^-W*49tV- 

the hands are opposite each other at 49^ minutes past 3 Ans. 
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XiX. 2 « Find the time when the hour and minute hands of a 
clock arc at right angles to one -anotlier (a) between i and 
2 o’clock, (d) between 4 and 5 o’clock, (r) between 10 and 

11 o’clock. 

(a) Let jr«the number of minutes past i, when the hands are 
at right angles to one another. 

At I o’clock the hour-hand is separated from the 12 o’clock 
mark by 5 minute-spaces < 

/. in jr minutes more^he hour-hand is separated from the 

12 o’clock mark by ^54- —j minute-spaces, while the minute-hand 

is separated ft om it by .r minute-spaces Since in this problem 
the tmnufe^hand 75 in advance of the hour-hand^ when they are at 
right angles, 

( x\ , iix 

+ = 45* .. =20 or 50 

’ = or54iV 

/, the hands aie at light angles once at 21 mimiles past i, 
and a^am at SA\t minutes past i {t.e , niinutes to 2) Ans. 

0 ) Leta:=*the number of minutes past 4, A\hen the hands are 
at right angles to one another. 

At 4 the houi-hand is separated from the 12 o'clock mark by 
20 minute-spaces 

at r minutes past 4 the hour hand is separated from the 
same marh by ^20 minute-space 3. 

/. when the hands are at right angles, 

JT- ^20 + ^^ — 15 or — 15, according as the minute- 
hand IS the more or le%s advanced of the two. 

. I i;ir 

.. 2o«iS or -15 ; 


!!£ 

12 


35 01 5 ; 


«?; ie., 38Aor 5 * 

the hands are at right angles at minutes past 41 and 
again at 38A minutes past 4, Ans. 

{c) Let ;r i-the number of minutes past 10, when the hands are 
at right angles. 
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At X mi'nutes past lo the hour-band is separated from 12 o’dbck 
mark by ^50+ -^minute-spaces. ^ ^ 

Since in this problem /^e hpurhand is in advance of ihe minute* 
hand^ when the hands are at ri, Ls^ • 


(50+^) -^=■15 or 15 ; 


r \x 

— - 5 or 3 S i 


381V 


the hands are atr/. at minutes, and aj^ain at 38^ ^ 
minutes /^asi i o, A ns* 

EXAMPLE'S 101 . 


^i. Find the time whep the hour and minute-hands of a watch 
are exactly in the same Vlirection, {a) between 4 and 5 o’clock, 
(d) between 9 and 10 o’clock. 

2 . Find the time when the hour and minute-hands of a watch 
are exactly opposite each other, {a) between 2 and 3 o’clock, {^) 
between 7 and 8 o’clock 

w 3. When are the hour and minute-hands of a clock in the 
same line between 1 and 2 o’clock ? 

^ 4 When are the hour and minute-hands of a watch at right 

angles to one anothei, ^(<2) between i anti 2 o’clock, between 5 
and 6 o’clock, (c) between 8 and 9 o’clock, {d) between ii and 12 
o’clock ? 

6. When does the hour-hand make with the minute-hand, 
between 4 and s o’clock, an angle equal to that of an equilateral 
triangle? What is the time in the same case between ii and 12 
o’clock ? 

0. Find the interval that elapses between the two times at 
which the hands of a clock are 

v<i) at right angles lo each other between 3 and 4 o’clock ; 

(2) 20 minutes apart between 2 and 3 o’clock. 

7. It is between 4 and 5 o'clock that the hands of a W'atch 
|ire 25 min apart; how long after will they next be so far apart again? 

^ 8. How many minutes does it want to 5 o’clock if half an 

hour ago it was thrice as many minutes past 3 o’clock ? • 

\ 9 . It IS between 10 and ii o’clock when the hands of a watch 
are separated by two thirds the number of minute-spaces by which 
they were separated 10 minutes ago ; find the time. What is the 
answer, when the time is between 11 and 13 o’clock ? 
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10 . Find the time between 5 and 6 o?clock, so that in 20 
minutes more the minute-hand will he much in advance of, as 
it is now behind, the hour-hand. 

11. It is between 4 and 5 o’clock when, looking at a chrono- 
meter, I find the long hand behind the short hand by 10 minute- 
spaces ; looking at it again in course of the same hour, I find their 
relative positions exactly reversed : find the interval between the 
two observations. 

12 . It is between \ and 5 o’clock when a m'an is out for a long 
walk ; when he returns and asks the time, he is told that it is 
between 7 and 8 o’clock and the hands of the clock have exactly 
changed places since the time he went out. When did he go out, 
and how Jong did he spend out-doors ? 


185 . Arrangement into squares. When a number of 
men is arranged into a solid square, a men in each side, there are 
a rows with a men in each row ; therefore the total number of 
men=»^2. , 

In the annexed diagram 4 men are on Jach side, so that there 
are 4 rows and 4 men in each row ; theiefore v x x x 

the total number of men in the solid square ^ ^ 

= 4x4 = 4’. V V V V 


X X X X 

Hence, no. of men in a solid sghare = {no. in front 


Suppose there are 9 
men in front of a hol- 

X 

X 

X 

X 

X 

X 

X 

X 

X 

low square, 3 deep. In 
the annexed figure the 

X 

X 

X 

X 

X 

X 

X 

X 

X 

positions occupied by 
the men are marked 

X 

X 

X 

X 

X 

X 

X 

X 

X 

with cross lines X, while 
the vacant places are 

^ix 

X 

X 

oA 

0 

oB 

X 

X 

xN 

indicated by dots <>. 

X 

X 

X 

0 

6 

0 

X 

X 

X 

V 

X 

X 

X 

cZ? 

0 

c® 

X 

X 

X 


X 

X 

X 

X 

X 

X 

X 

X 

X 

% 

X 

X 

X 

X 

X 

X 

X 

X 

X 


X 

X 

X 

X 

X 

X 

X 

X 

X 


If there were no vacant places on the line there would have 
been 9 men in it ; but there are 3 occupied positions on one side 
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and three on the other^of Therefore there could have been 
(9-2 X 3) men in the part A /?*of the line MN. • • 

Therefore the square could have contained (9 — 2 x 3)® 

men. But the square, when full, would contain 9* men altogether. 
Therefore the square, when hollow and onlyThree deep, contains 
g 2 - (9-2x3)* men. Since the above reasoning is perlcctly 
general, we may infer that when there are^ men in the front line 
of a hollow square, a deep, the number of men in the squaie 

Hence, no, oj then in a hollow square 

* ^{no. in fronff-{no in Jront- twice deptKf* 

Ex. 1 . A person has a number of rupees which he tries to 
arrange in the form of a square On the first attempt he has 116 
over. When he increases the side of the square by 3 rupees, he 
wants 25 rupees to complete the Square. How many rupees has 

he? B. U. 1875. 

Let .r = the number of i-upees in the front line of t!.e ist square. 

Then the total number of rupees 1 16, being the num- 

ber in the square). 

Again, by the question, the total number of rupees-P2 5 — (:r + 3)*, 
being the number in a side of the new square ; 

(4r*4-li6) + 25 = (jr + 3)* ; 

:r*+i4i«.r* + 6ir-H9 ; 

• dr =132; 
r=22. 

the number of lupees required = (22)®+ r 16 = 600. Ans, 

Ex. 2. An officer can form his men into a hollow square 5 
•deep, and also into a hollow square 6 deep, but the front in the 
latter formation contains 4 men fewer than in the former ; find the 
number of men. C. U. 1887. 

Let X = the number of men in the front of the hollow square, 5 deep 
Then.r — 4^the number of men in front in the other formation. 

The total number of men in the firstcase=jr* — (jr — 2 x — 100, , 

and that in the second case = (jt — 4)* — { (r - 4) — 2 x 6 }* 

= (A'- 4 )*-( 4 r-l 6)2 
= 24.2: -240 • 

Since the number of men in each case is the same, 

24;r - 240 » 2ar - too. 

4^=140. 

•*^-= 35 - 

the number of men required « 20 x 35- ico«» 600. Ans. 
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EXAMPLES. lOa. 

1 . A number of men is airangjed into a solid square. Subse^ 
quently, 32 men being sent away, the lest are le-arranged into a 
soMd squaie, having 3 men fewer in each side than befoie. How 
many men were there at fust ? 

2. A number of m^n aiiangcd into a hollow square, 3 deep ; 
if the depth be incea^ed hv 2 m mi, there will |je 2 men fewer in 
each side Find the number of men 

3 . The men of a legiment aie aiianged into a hollow square, 
16 deep . upon an oidei to deploy, 11 spreads out into* a line 48 
times as long as the fiont in the squaie formation. If the men 
are as close logethei as possible in each formation, how many are 
there ? 

4 A numbei of men is aiianged into a hollow square, a deep, 
with 4 l>c men over ; had theie been ^i 7 C men fewer, they might 
have been le arranged into a hollow square, ^ deep, having the 
same Iront. How many men are iheic ?| 

186 . Special cases of Mixture 

Ex. 1 . A vessel contains a mixture of wine and watei, so that 
for every 3 gallons of wine there are 2 gallons of water ; another 
vessel contains a mixt^ne of 7 gallons of wine and 3 gallons of 
water. What quantity should be taken of each mixture so as to 
pioduce a new mixture of 12 gallons containing twice as much 
wine as water ? 

Let .r==the number of gallons taken Lorn the first vessel. 

Then 12 — the number of gallons from the 2nd vessel. 

In e\eiy 5 gal. fiom the ist vessel, we take 3 gal. of wine, and 
2 gal of water 

/, in X gal. from the ist vessel, we take gal. of wine, and ' 
lx of water. 

In 10 gal. from the 2nd vessel, there aie 7 gal, of Vine and 3 
gal, of watei, 

in 12 -Jr gal. from the 2nd vessel, there are -x) gal. 
of wine and ^*5(1 2 -.r) gal. of water, 

the quantity of wine in the new mixtuie«{5r + x’jj(i2 -:r)}gal., 
and that of water „ — (i^ + xVi2 -;ir)}gal. 

Since the new mixture contains twice as much wine as water, 

' 2Ur + ,»o(l2-4r)|-2jr + ^(l2-A:) ; 

multiply each side by 10; Sjit 4-72 — 6.r»: 6^ + 84 -7.^ ; 

34 r«‘i 2 ; 

/, ;i:«4, and i2-.r«s8, 

/. 4 gallons of the first mixture, and 8 gallons of the other 

are to be taken. Af?s. 
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Ex. 2 . A goldsmith was given lo tolas of pure gold to pre* 
pare a bangle, but he f'TiuduJently replaced part of it by silver. 
The bangle was found to weigh tolas under water ; knowing 
that a tola of pure gold weighs only J tola under water, and a tola 
of pure silver only j tola in the same case, find out the quantity of 
gold abstracted. 

Let .*■ denote the quantity in tolas of gold abstracted ; 

then the quantitijr of gold in the bangle = io—;r, 

and „ „• „ silver,, „ „ 

Since a tola of gold weighs | of a tola under water, and a tola 
of silver | of a tola in the same case, t^e weight of the whole 
bangle in tolas under water 

= + simplifying ; 

bv the question, the same — ; 

.. 

I 

84 2“^* 

.f — 2. 

the quantity of gold replaced = 2 tolas. /Ins. 

Ex. 3 . Lard is 3 times and castor oil is times as heavy as 
water, bulk for bulk ; find the proportion in which they should be 
miKed in order that the mixtuie may be just twice as heavy as 
water. 

Let there be ^ parts by volume of castor-oil for i part of lard, 
and let w denote the weight of i part of water. 

Then the weight of i part of lard =« 3 times that of water =3w ; 

• „ „ „ X parts of oil « x that ofx parts of water 

= ^X 7 a ; 

/. the total weight *=37f/ 4 - (A) 

Since the mixture consists of.r+i parts, and since by the 
question it is twice as heavy as water,# 

the total weight = 2(.r 4 - 1 )w. (B) 

/, fiom (A) and (B), 2{x+i)w^S'^-^ixw ; * 

4 (^ + i )-6 + 3 ^; 

4 - -2. 

/, the vols. of oil and lard are in the proportion of 2 ; i, Ans^ 
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EXAMPLES 103 . . 

1 . A vessel contains 6 gallons of win^ and 6 gallons of water ; 
what quantity of the mixture must be drawn off and replaced by 
an equal quantity of wine in order that there may be twice as much 
wine as water, 

2 . A vessel contains a mixture of 24 seers of milk and 12 
seers of water, and in a second there are 9 seers of milk and 7 seers 
of water ; what quantity should be drawn off (rom each so as to 
make a mixture of 2 ch seers of milk and iii seers of water ? 

3 . Two vessels contain mixtures of wine and water ; in one 
there is twice as much wine as water, and in the other three 
times as much water as wine. Find how much must be drawn off 
from each to fill a third vessel which holds 45 gallons, in order 
that its contents may be half wine and half water. 

4 . Each of two vessels holds 15 seers of adulterated milk, 
so that there are as much milk and water in one vessel as there 
are water and milk respectively in the other. 7 seers from the 
vessel richer in milk and 12 seers from the other are mixed up ; 
if the new mixture be estimated to contain 9^ seers of milk, find 
the quantities of milk and water in each vessel. 

6. A mixture of milk and water contains a gallons of milk 
and 3 gallons of water ; on replacing c gallons of the mixture by 
c gallons of milk, the quantities of milk and water in it are 
reversed. 

Shew that 

6. The total quantity of a mixture of wine and water is a 
gallons ; h gallons aie now replaced by an equal quantity of wine, 
and this operation is repeated a second tiu'c ; it is found at last 
that the proportion of wine and water has been reveised. Find 
the quantities of each at first. 

7. In a twelve-gallon mixture of wine and water, 3 gallons 
are drawn off thrice and are each time replaced by .an equal 
quantity of wine ; if the mixture contains at last 7§f gallons of 
wine, what quantity of wine was in it at first ? 

8. A certain metal is thnee as heavy, and cork is half as 
heavy as water, bulk for bulk ; find the quantity of each in a 
combination of cork and Jhe metal, whose volume is 10 cubic 
inches, and which is as heavy as an equal bulk of water. 

9. If 19 lbs. of gold weigh 18 lbs. in water, and 10 lbs. of 
silver weigh 9 lbs. in water, find the quantities of gold and silver in 
a mass of gold and silver weighing 106 lbs, in air and 99 lbs. in 
water. 

10 . An alloy consists of 4 parts of gold and 3 parts of silver, 
and another consists of 4 parts of gold and 5 parts of silver ; how 
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should the two be mi^jed so as to produce a new alloy containing 

parts of gold and 2/2 parts of silver ? 

187. Problems of a Geometrical nature. 

Ex. 1 * The height of a .triangle is greater than its base 
by t ft, ; if the base be diminished by 3 ft., and the height 
increased by 5 ft., the area remains unaltered. Find this area. 

Let .r denote the ^eiigth of the base in feet; then jr+ 1 — the 
length of the height jn ieet 

Since the area of a triangle — ^ height x base, 
the area of the given triangle = \r(;r+ i) sq. ft. 

When the base is diminished by 3 ft., and the height increased* 
by 5 ft, the area=^(jr- 3 X.r 4 - 1 4 - S)=^(.r- j)( 4 r 4 ' 6 ). 

Since, by the question, the area remains the same, 

^(jr-3)(;»r + 6) = ^rCr+i) ; 

2ar--.= i8 ; 

and -r+i — 10 

Since the aiea — ia:(jr+ i) sq. ft , 

/. the area sought — 1 xgx 10 sq. ft. 

*45 sq. ft. 

= ^ sq. yds. A ns. 

Ex. 2 . The interior angles of a closed polygon are together 
thrice the interior angles of a second polygon the number of whose 
sides is just half that of the other. Find the numbers of their 
sjdes. 

Let X d'enote the number of sides of the second polygon ; 

^hen 2.r = the number of sides of the other. 

Since by Euclid I. 32, Cor., the interior angles of a polygon 
= (twice the number of sides — 4) rt. Ls^ 

the angles of the first polygon =(2 x^x^^) right angles, 
and,, „ „ „ second „ =(2Jr-'4) ,, „ ; 

/. by the question, 2 x 2Jr-4=3(2:r--4) ; 

4;r-4*»62r- 12 ; 

— 7;r=-8; 

2Jr*=8, and .2r— 4 ; 

the sides of the polygons are 8 and 4 in number. A ns. 
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Ex. 3. The top of a lotus-bud was seen half a cubit above 
the water of a lake ; a strong breeze, comgnencin^ to blow, it slowly 
advanced and got under water at a distance of two cubits Find 
the depth of the water. (Lilavati). 


Let OA^ the depth of the water 
cubits, AB^ the pait of the stem above’ 
water cubit ; C is the point where the 
bud was submeiged. 

to ^ 

AC^2 cubits. 
ty'C— «= U' + i) cubits 
V OA is veitical, and AC hoiizontal, 

L. OAC = a It. L ; 
by Euclid I. 47, OA'^ + AC^^OC- ; 
ie, + 4 «(j' + + i ; 
x^A~i “3i- 

/, the required depth =3j cubits, jins. 
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1. The height and the base of a triangle aie together equal 
to 6 ft. ; if the height be increased by 3 it., and the base diminish- 
ed by the same amount, the area of the triangle lemains the 
same. Find the height and the base. 

^ 2. A rectangular park consi^s of a tank surrounded by a 

walk of the unifoim breadth of i foot ; the unequal sides of the 
park differ by i foot, and the cost of paving the walk at ir. per 
sq. foot is ;£ii. i8j. ; find the dimensions of the park. 

3. The angles of a polygon are together equal to as many^ 
right angles as the figure has sides increased by six light angles.* 
Find the number of its sides, 

4. The sides of a polygon are three fewer than those of 
another, and the angles of the latter are together double of tl}0se 
of the other ; how many sides are there in each polygon ? 

6. Each angle of a regular polygon is three-fifths of two light 
angles ; find the number of its sides. 

6 Three times the angle of a regular polygon equal eight 
times the angle of an equilateral triangle ; find the sum of the 
asigles of the polygon. 

7. In a right-angled Uiangle, the base is 8, and the sum of 
the hypotenuse and the perpendicular is 12 ; find them. 

8. A ladder is placed against a vertical wall, so that the 
length of the ladder plus the distance of its foot from the foot of 
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the wall ■•36 ft, ; if the top of the ladder be at a height of 12 ft, 
from the ground, find the length of the ladder. 

9. A rope is made straight by fastening one’end at the top of 
a vertical lamp-post, and fixing the other end on the ground at a 
distance from the foot of the post exceeding the length of the post 
by 3 ft. Had the post been 2 ft. shortei) the end of the rope touch- 
ing the ground would have been i ft. more distant from the foot 
of the post. How l^gh is it r 

10 . The perimeter of an isosceles tiiangle is 36 ft., and its 
height is 12 ft. Find the base and the equal sides. 

11 . One side of a rectangle exceeds the other by 3 ft, and the 
diagonal lemains unalteied by increasing the longer side by 2 ftt 
and diminishing the smallei side by 4 ft. Find the sides. 

12. If a square be transformed into a rectangle by increasing 
two opposite sides and diminishing the other two, each by i ft , the 
diagonal is increased by j J2 of a Toot. Find a side of the square. 


CHAPTER XXIX. 

SiMUi/iANEr us Equations of ihe 
First Dfgkee. 

188. Nature of Simultaneous Equations. 

Suppose we are given the e<!ifnaiion 2Ji' + 3y — 5. 

13 y transposition, 2Jt' — 5 - 


If we put 

7 = 

then 

will 

5 -* 3 x * 

i 

»j »j 

= 

u 


. ‘1-3X2 1 

2 “-2! 

« »> » 

y“ 7 i 



^ = 5 - 3''7 = _8. 


Thus giving y as many values as we please, we can make 
the values of x equally numerous. In fact there will be an 
infinite number of values of x corresponding to an infinite 
number of values given to y. Hence we cannot say what 
particular value x has in the given ecjuation. But suppose 
we are given another equation along with the first one, say 
x+y^2. 
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Thus, being given the two equations, 


c — "ly 

we muit have ^ 

2 

and x^2-‘y 



at one and the same 


time. 


Now it is clear that y cannot have afty value, if the equa- 
tions (i) and (2) be simultaneously true, y must have such 
a value, as, when substituted for it in (i) and (2), will make 
the right side of each of the equations the same, the 

value of X, • 


Hence must be found from the equation 


S-3y=-A-‘2y; 

j-r. 

Having found y, we can find jr’from any one of the 

equations (3) 

and x = 2-v. 

Thus, by substitution in (3), — - — -i. 

2 


Therefore x^i and jk=i will satisfy the given equations, 
2jr + 3y*=5 and ,r+y=2, simultaneously. For, if in 2:^ + 3;' 
= 5, we put :r = i, and y=i, we get 2 + 3 = 5, which is true; 
again, if in ;r+j = 2, we put the same values for x and y, 
we get 1 + 1=2, which is also true. No other values of x 
and y will satisfy both the given equations. For, suppose 
;r = 4, and - i. 

Then 2;ir + 3y= 5 becomes 2X4 + 3(-i) = s, which is true ; 
but x-{-y^2 „ 4 + (-i) = 2, which is not true. 

Thus 2x+5y=5 and = 2 are not true af one and 
the same iime for values of x and y other than those found 
above. We have seen then that if we are given only one 
equation, 2;r + 3y=5, we cannot say what particular values 
X and y may not have, the number of their values being 
infinite. But if we are given another equation, say .ar+^=2, 
along with the first, we can definitely say what values jr and >• 
will have, as in the present case the values are i and i. 

Hence to find two unknown quantities we must have tw'o- 
different equations. 

Similarly we can show that we must be given three equations 
to determine three unknown quantities, and so on. 
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180. DefLaition. The Equations that involve two or 
more unknown quantitie<|, an(d are simultaneously satisfied by 
the same values of the unknowns arc called .Simultaneous 
Equations. 

190. Two Unknowns. " The solution of Simultaneous Equa- 
tions involving two variables depends upon the elimination of 
one of the variables so as to form an equation in the other only. 
The elimination ma^ be effected in thiee ways, each equation 
being supposed to be m the typical form ax-^by^c. These are 
as follow ; * 

(I). Method of Comparison : 

Obtain separately ffom the tivo given equations two expressions 
each giving the value of one and the same unknown in terms of 
the other. Next equate these expressions. 


Let us solve 

+ (1) \ 


and 

s^r+sy-ii* (2) J 


F 10m (i), 

Ujr = 27-I5>' ; 


• 

• • 

.. 27-1 sy 

X = ...... 

1 1 

•••(3) 

From (2), 






-•(4) 


3 

from (3) and (4), 

^ 7 -tiy^n- ^y 
* 3 ’ 


dealing of fractions, 

00 

1 

II 

to 

en 


« 

• • 

IOJI/-40 ; 



y ^4 ; 



, /. from (4), by substitution, x =~ — 


we have ^ ^ ~ 3^ Ans. 

N. B. This method is less generally used than the two following. 

(II). Method of Substitution. Find the value of one of 
the variables from one of the equations in ter ms of the other vari- 
able y substitute this value in the other equation. 

Let us solve ii^4*i5y — 27, ... (i) T 

and ... (2) / 

From (2), 


y 


5 


(3) 



algebra. 


by substitution for y in (i), 

i.e, iir+33-9r-27 ; 

/. 2j:-27-33- -6 ; 

/. ^--3: 

from ( 3 ), 5-^=4 

Hence -3. , 


— 3,j 

t' = 4. ) 


as found before. 


(III). Method of Multipliers. Multiply the two given 
equations hy proper multipliers so a f to make the corfficient^ of one 
of the unknowns the same^ at least numerically^ in the two equa- 
tions Then add or subh act one of the equations to or ft om the 
other so as to obtain an equation in one unknown only. 


Let us solve 
and 

Multiply (i) by 2 ; then 
Multiply (2) by 5 ; then 
/, by subtraction, 


4^ + 5y^23, ( 

3r + 2j/-i2. ( 

iqy — 46. 

1 o. 

-yx —46-60 = 


To find y ; 

Multiply (1) by 3 ; then I2.;r+i5y = 69. 

Multiply (2) by 4 ; then izr+_8v— 

/. by subtraction, 7y-=2i ; 

x=-2, y==-3. A ns. 

N.B. Having found x, we may easily find y by substitution thus : 
Since je = 2, Irom (i), 4X2 + 5J = 23; 

5y^*5; 

y=3- 

This method is very commonly used. 

Bx. 1. So\vt and 

We have (i) ] 


a b ’ 
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Multiply (i) by ^4*^, and (2) by b ; then 





and x.-^-y—hia-c) 


Adding (3) and (4), x(^~^^ + ^^^{a-\-b){b + c)‘^b{a-- c ) ; 

~ "" “ + ^* 4 * + ^ 0 + r 

, a\a-^o) 

2nh-^ac-^b^ » . . la 

X, — -— — = 2 ab ] 

a{ai-b) 

X 

dividing by 2ah^rac-\rb'^y - Tx=* « 
a\a^ro) 

x^a{a-^b\ 

Substitute the value of x in (2), [(2) bein^ the ^'.mpler 0/ the 
iwo f^iven equation e\\ then 

V 

a'^rb - ,^(i — c ; 

0 


changing signs, 


Hence 




y^b{]b-\-C). 

x = n{a-¥b), and y^b{b-^c). A ns. 


N.B. Having found one of the unknowns, it is always practically best 
to substitute ‘Its value in the simpler of the tivo given equations, 

fix. 2 . Solve 1 6;*: 4- 65^ + 34*0, *1 

24 ^- 85 ^- 314 . / 

Putting the given equations in the usual foim, we have 

iex+ 6 sy~> - 34 , (>) \ 

24,r-85y=3i4 (2). J 

Multiplying (1) by 3, and (2) by 2, we have 


48 r + i95y--io2, \ 

48Lr-i7qy— 628. / 
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Fr^m the last two equations, by subtraction, 

365>^«-73 o;' 

Substituting for y in (i), we get 

16^-65 X2« - 34 ; 

/, idr«i3o-34*96 ; 


/* :rr=6, and - 2 . Ans^ 

N. B. In the above work we have fir';t nltemptofl (o transform by 
multipliers the equations (i) and (2) into two others in which the co-effi- 
cient of X is the same. This last co-cfficieni is then some common multiple 
of the original co-efficients of a* in (1) and (2) Hence it is practually moU 
convenient to choose the L. C. A/, of the o(yginal co-efficients. The co- 
efficient of ^ in (l) and (2) are l6 and 24, of which the L. C. M. is 48. 
By suitably multiplying (i), and aUo (2), we have made 48 the co-efficient 
of jc in the transformed equations (A). We luriher press another poittt 
upon the student’s attention. We have in the above examtile t liminated 
\ so as to find y first. Suppose we want to eliminate y fiom (i) ano (2) 
so as to find A first. The L. C M. ol 65 and 85 is 5 x 13 x 17. We should 
then multiply (i) by i;, and (2) by 13, and solve the resulting equations. 
But these large multipliers necessarily lead to loo much multiplication, 
which means much trouble besides bcung a fruitful source ot error. We 
have therefore preferred to find j first instead of x. The student should 
therefore always begin by first determining by simple inspection which of 
the tiiiknoions can be conveniently eliminated from the given equations. 


EXAMPLES 105. 

Solve by each of the fore going methods : 


1. 



2. 

24 : + 3y 

-36, 

3 

SX’^2y 



1 

II 



yc-^ry 

“ 33 - 


7 -^ + 3 y 

-9. 

4 . 

l^x~^y = 

42, 

6. 

\2x — ^y 

=- 44 > 

0. 

i 4 Ar- 5 y 

— 100, 


4 ^+ 3 ^ - 

34 - 



=-36. 


i3Ar- toy 

“ 50 . 

7 . 

i&r+24)'“ 

104, 

8. 

i 3 ^ + 24 y 

-610, 

9 . 

6x~* I7y 

“I, 


15* -2y = 

24. 


lity-x 

= 710. 


84 r + 9 jK 

-18. 

10. 

22r — liy« 

0. 

U. 

U^-3)- 


12. 

idr— y== 



Sjr+y = 

35 ’ 


lix « 

I ay- 


- 

6. 
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13 r 7 .*‘ + 8y **=51, 

14. 

x + 6 y =37, 15 . 

I 2 ^+I 3 y= 34 , 


I 

II 

« 

• 

1 

\ 

} 7 x+zgy= 7 . 

le. 

i6x-gy =31, 

17. 

22 jr- 15 ^+ 16 * 0 , 18 . 

23x-cy --61, 


lyr- i 2 y- - 17. 


-I2>'-25.r+2 “O. 

I 5 y + 7X -f. 

i0r 

20j: + 9y “218, 

20 . 

35 ;r« 13 ^ + 48 , 21 . 

MJr-i 5 y- 7 , 


3o.r + i2 =f56y. 

• 


26;/-45.r-7i. 

44X-i9y-4ii- 

22 . 

2i;r- i7y + 9r=-o, 

23 

2iJir-9v = o, 24. 

27jr- 55y + 23-o 


56;*:- 95^4-176* 

0 . 

3 Lr~i 5 j/+i 2 «o. 

99 y + 2 SJ:+ 7 |-o 


26. i2gx-24sy’=«44Sj/-2i5Jir=jO 


20. ax — by ™2ab^ 27. {a4-b)x4‘{a — by^2aCi 

2 bx->r 2 ay^lV^-a^. " {]b\ c)x c)y--^ 2 hc. 


28. 

;+^=8, 

2 3 

l9.-^+t =2, 

4 5 

f V 

30. “ + x =T, ^ 


X y 

3 *5 

^+7-^-9*. 

2 lO 

3a ^63 

31. 

X y 

32. ^ + -^i>4, 
a a-^-b 

qq ^ 4.J1L-* 
a+^ a-b p 


^+-=«. 

0 a 

{a 4-%^ — ay ==o 



a + c a-c b' 

34. 

X y 

a c 

85 

c b c a 

30. 

4 lo 3 9 


X y 

^ . y 

a b a b' 

«i. 

^37. 

a a + c 

38. 

b a b^’C a + c 

o/x 

3®- — -ay- 1. 


a — c c 

^a-b. 

*6y 

.r 4--^ =* 2 * 2 . 


*2jr + ‘^V“2's, 

V‘4y-*5- 

• 


101. Eeduction to the standard form. Very often 
equations have to be reduced to the form before apply-- 

ing the usual methods of solution. 


20 



3o6 


Aid BRA. 




Ek. 1. Solve (:r4-7X)'“3) + 7“fy+3)(-*'-i) + 5k'\ 
S^-nj + 35»o- ^ “ / 

PeifoivOrthe multipluTlinn in the fir^t equation ; 
then jrj + 7y-3r-2i+7«;ry + 3r-j/-3 + 5 , 

cancel . 1 / ; then 7>'-' 3 ^- M *■ 3 -*^-J' + 2 ; 

* by transposition, 8)^ —61 ■» i6 ; 

dividing by 2, 4>'*“3^ =b 

From the second of the qnen equations, we have 


C. 


U. 1888. 


(0 


Tiy-5 Jt-35 (2) 

Now solve (i) and {2) 

Miiltiph (i) by 5 and (2) b\ 3 ; 
then 2c^' - i$Jt ~ 40, 

and — T ;i 10:; , 


by SLibtiaction, - 1 -—55, * y 5 

Then by substitution foi y in O, 

4x5-31 b; 

M 8-4x5 J2 , 

r -4 

^ 4 . y ^ An^, 


Ex 2 Solve 


I-'’ 14-1 i-y-i v+»2' 

2 i| , b “ 4 » 

3 7 ■ - 


C.U 1882 


Multiply the ot the gi\en eqaauons by 
56 ( = L. C. M of >, 14, 8 am^ 4) 

Thus 28(ar- 2^4(1+))- 7(1^1 -y- i)- 14(^4. 12) ; 

3 c, -»8;i -56-4'i-4:) “7'i -■7 j'-7-i4^-i68 ; 

2 1^ -4; - 50-7J1 -2i> - 175, simplifying , 
/. by transposition, 17-^ + 17:>'~ 5^ - 1 75= - 1 19 ; 

dividing b> 17, :r+j«-7 (i) 

Multiply the second of the gi\<*n equations bv 
2to(«=L. C. M. of 3, 10 and 7) ; then 

7o(jir + 7) + 2i(y-5)-2io(i-.v)-3ox 5(y + i) ; 
te ^ 7or + 49o + 2i/- 105 — 210-210^- 150/- 150 ; 
simphf>in4, 70^ + 21^ + 385^ - 2ror- 150^ + 60 ; 



SlMUI.TANEOUa EQUATIONS OF THE FIKST DEGREE. 307 


• by transfSosition, 28c»ir+i7ij/» -325 (2) 

Multiply (i) by 171* i (3) 


Subtracting (3) from (2), io9;r = 1197 -325 **872? ; 

-r = 8 ; 

by •Dubstitntion in (i), (which is the simplest of the equa- 
tions obtained), we have 

8 +y «-7 ; 

r «8, " T t;. A ns 

EX\MPLES 106. 

Solve 

1 . 5^-2>>-7a +2j)'-a +y+ 11. 

R 3r + 2y- i-=- 2 r 4 - 5y-i8“ar + 4>-ii. 

3. 4t'- 6;/-3-7-r + 2ji'-4=- -2.r + 3>' + 2t. 

6 . i 7 r + 5 )'“ 5 "* 4 o- 13^-4^. 

1 1 r - 9>' + I ^ * I - 1 4.r -y. 


6 

5 r-( 2 r- 6 >')=-l 4 + 7 .r, 

1 

II 



V-!r+io=o. 

8 . 

%'+J' = 6 , 

9 . 


i(y-l)+ 4 r = 8 . 

x+y-ii{x-y). 

0 . 

5 r-.j/_.r + 3 v„^ 

17 3 

3 x-Ay 3 ^ + 4 )' 

*3 15 ' 

11 

lx~(\r + 2 y)-- to + Jr, 

12 '{--(lx-sy)‘^ 43 --^, 


+ + (,)')■ 


3 . 

34- y_7^-y_^_y_^ 



12 15 12 30 10 


4 . 

$ 

^-^-^-^^+8=0. 

2 2 ’ 

15. x~ 2 y ¥4==l{2x + iiy~\)), 


x-2y^l{x - V-J') 

l(v+ir)-|(A- + 2)-i,\j. , 

16. 

( 54: + 2)f,- + 3) - 27 = S;r)/ + 38, 

25;r-8y=ai9. 

/17. 

X+l X+2 

y-z’^y-s’ 3 -^ = 4 >'+ 5 - 

10 _I 

^ a-k-b -* 



algebra. 


•/ 19. 


V 20. - 

a+6x i+y’ 2 

c' d X 

c-^{(x c + dy 2 

I 1 *• _ -in ** “2 ' 


■*•■> + » -.. 


" ^ + #!■( M *• - « sy) = 50 - 5V(-f +>') ■{■ i(^ -J') 
+ 7y±? + + 1H± ^izl, £ + 

;r+y -4 5 -»■ 2 3 


21 . N/(^4-y + 6)- x/v^+y-i)«i, 




— =)^io+j 76. (Rationalize). 


192, Keciprooals of unkaoWiis The mode of tieatmcr 
here is i?enerally the same as usual. 


Ex. 1. Solve ^ + --2, ...(i) I 
X y ' I 


3 + 5^19 
X y 20 


C U. 1879 


Multiplying ( 2 ) by 5 , 




subtracting (i) fiom (3), ^-1 =— -2- 

XX 4 


-r«4 

Substitute the value of ;r in (i) ; then 

4 . ‘o 
2 + - - 2 : 


/• y-io. 

Hence, ^=4, y= lo* /4«j. 


eivi 
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• EXAMPLES 107, 



Solve 


m • 

V*i- 

Z+I_i+3, 

X y X y 

. a. 

X y ° 

^ a b 

•'X-. i + 


2 I . 

-+3 = -- + i- 
X y 

5 b, ah, 

X y X y 

4. 

ah ha 

X y X y 

VR ^ - 

V^5. --- - 

a, e. I7J^+^''59. . 


- 

a b 

i)X-qy=^ 

>9^ “ 4 “ '53 • 

7. 

a b 

xT^~y-\- I “ ’ 


to. -^+ — =tf, 

~ ?;/jr ny 


IX - d*^dy— c. 

% 

b a 

H »■ I- 

mx ny 


in %b 

to.-. Sgn C 

x-ky x-y 

• 

Id. 

4.ar + 6 y +3 ^ '^Zy-1 

2J'+3)'-i J^+_y+i ’ 


5 <z lb 

,r+j)/ x-y 


2 '^ + 3)'-4 , ^+7 - I 

2 .r + 3y-i .r + y+i"”^* 

193. Exponential ^Equations. The Index Law is 
specially needed here. 


Ex. 1. Solve 


1 C. U. 1879 . 


Since 

and 


the giyen equations reduce to 

(l) 

and flai^+8*+6«^3o ( 2 ) 

from ( 0 , ^+y+i«7 See Art. 176. 

z^., ^+>'“6 ( 3 ) 

and from ( 2 ), 2 y + 5 a: + s « 20 , 

z.^o 3^ + 2^-1 5 (4) 

Multiply ( 3 ) by 2 ; 24r4-2;''»i2 ; ( 5 ) 

subtracting ( 5 ) from ( 4 ), -^ = 3 I 


by substitution in ( 3 )» 3 +y =*6 ; i.e.^ 

Hence , 8 :^ 3 , y«3. Ans, 
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Ex. 2 . Solve 

Break ufp ternis thus : 2 *‘^^=sl2.2‘® ; 3 ^• 3 ^ 

Thus the first j;iven ^qn. is (2 2*®) (3* 3*^) f,* | x J ^ 

dividing by 2 x 3® ; 2**3*' = 2 3"®. (t) 

The second given equation becomes 


(2.2®» 

A .5 0 f .^8 3I “* 

dividing by 2 x 3®, 

'y^r -.Sy — ->-9 . 

cubing (Of 

oSJr 3 rf ; 

dividing (3) by (2) 

; 2*»2“®, /.<?, 

from (i), 

2-®./«2-2 3-3; y- ~ 


/. .r ^ - 2. j' = - 3. A ns. 


EXAMPLES 108 . 


Solve 

3 ^ir+i 

5. a^.a^»=-,, 

or 

7. 2*+i ^y+i = 

2*^ ^.3®^ ~ - 

jr®==>^^. 


2. 

4. 2-<+»=.22*-*'=- v'S 

e. 2^3^- 18, 

2^®^ 37/ =• 26, ' 

8 . 

2*-® 3 *^= 1 , 

10. ;r2^+i-2j^*, 


194. More than Two Unknowns. First Method : 

When ihert are more than Iwo unknowns, connected of course by 
an equal number of equal ionsy it IS iisuaf to adopt the following 
method of suocessive elimination : If there be three (^tven 
equations involvinct three unknown eliminate one of the «//- 
knowns between any two of the eguationSy and next eliminate 
the same unknown between any of these equations and the third \ 
we thus obtain iwo cquatiohs in the othe? two unknowns only^ 
to which equations now apply the method of einnination in the 
usual way to find these unknowns. Lastly substitute the values 
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of the two unhnozvN^ ^0 obtained in any of the given equations 
to find the third tmknoivn. * ^ , 

This method can evidently be extended to four or more given 
equations. 


Ex. 1 , Solve 4-r - 5>' + 6r = 3, 

(i)| 


8 ;r-i-7/-3xr*2, 

12 )\ 

B. U. 1862. 

• 7 x f 8>' + 9 £'-=i. 

( 3 )' 



We shall first eliminate c from (1) and (2). 

Multiplying (2) by 2, idt'+ 14^-6-s'- 4 ; 

adding this product to (r), ecjr + Qy*? (4 ) 

We shall next eliminate z from (2) and (3). 

Multiplying (2) by 3, ' 24.^ + 21^-95 = 6 ; 

adding this product to (3), 3 ijr 4- 29_y 7 ( 5 ) 

We shall now find jt and^ from (4) and (5). 

From (4) and (5), 3u* + 29j/-«2c:^ + 9y,*.'each-^7 

X]^ + 2o>/— o ; 

( 6 ) 

Substituting for j in (4)/ 2o,r- Jo^ = 7 ; 

• V ^ V 2 0 - 2 0 . 

from (6), 

I'o find z substitute the values of x and jk in any one of the 
given equations, say (1). (In practice the simplest of the equations 
• should be chosen as it gives the lesult very readily). 

43 

i.e, ?2 + il + 6ir = 3; 

€»“3-(|§+J5)^ 

lii -6* 

43 “ 43 ’ 

/. y° -U. -aV 


Thus 
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EXAMPLES 109. 


1 . 

2A* + 3y*+ 

2. 4 ''*^“ 5 ^ + 3 - = 5 * 


3 A + 4 y + 3 S'=* 7 , 

3 Ar+ 5 y- 2 j:r=-l 3 , 


5 ^+ 7 y + 3 - = 27 . 

x+ 

3 . 

4^-3)' + 2Sf-o, 

^ 4 . 2jr + 5y-62'«3, 


6 A + 4y-r =31, 

A-6^' + 3i =-9, 


S-r-Qy-^r «- 39 - 

• ^ — 2£r + 2 *0. 

5 . 

6 a - 7 jj/ + 92 ’+ 47 *o» 

8 8r+r «2(y-2r), 


2 A-- 3 ;/+i 4 =o» 

4 ^ + 5 y=?( 3 y+ 0 » 


4i-5:r4-il =0. 

2Ar + 6y- 1 12r = 2 ( 2 .r- 

K 7 . 

AT y r 5 

inn-s.V 

A- r . .S' 

* 14 17 

• 

AT y . rr 

I 

+ 

II 


-+^+-« 3 > 

234 

2a-3>' + 42 '- 11. 

2Ar + y - 2jsr "• 3. 

9 . 

,r + 2y + T _y 4 - 32'+ 2 

=.£± 4 i±i =^2 

2 “ 3 

"" 4 


10. I- 


11 . 




2 X 4 " 

9, 


= 


X y s: 


— - 

3^ y s 


12 


2x !}y '2.Z 

I 12 
3r y XT 

J- -_L +1 

IX 4y z 


7i 


20 J, 


82V 


13. j+j + f-.i. 

t ^ 

li;r + — **25. 

z 


14. 


ox hy 

h->rc C’\' a 




_Z£ . ^ 

aX’\‘hy’\-cz^a4rhArC* 
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j*16. + 

oca 

£+£_|=j, 

cab 

X y z 

a+^r^• ^ 

^17. Jr + 2>'+ S=.I3, 
jr - 3^'+ 2S “ 2» 
IX- > + 3«=5* 

2y- «“4- 


y 10. 


u 


19. 2;r-2y + 4r-w-io, 


4y — 3ir + « — 1 i 

3js-2.jr + 7/ — 7i • 

jr + 7/ + w = 2. 


aha I 

•gr 


. 18. ;r+;/-;?+2W=o, 

TV* 

y 22r->' + 2^-«=*4» 

.^+>^=7, 

^^0." .r+>'-3V + 2/-4i 
’ 2;r — — 22/+ W* — I» 

;r + 2/-2« = 0» 

;r + r + 3r>/-2, 
r + = - 2* 


186. special forms. The following examples are intended 
to illustrate how some equations having special foims may 
veiy readily and neatly solved. 


M. U. 1863. 


JBx. 1, Solve “ + -=®3 j (0 
X y 

i^r4,(=) 

>i=5.(3) 

Add together (t), (2) and (3) ; then + ’> 


I t I ^ 

X y z 


dividing by 2, *■+ + 

Subtract (i) from (4) ; thus ^ = 3» /• ^=“5* 
„ (2) „ (4) » 


z 

1 

X 

I 


(3) « (4) .. 

Hence .y-i, g-i - 
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3 H 


X. 2 . Solve z/ -H 2Ji; + 2ir 

‘ 2//+ ;i'+ 2y4- 

u + 2.r+ i2y+ z = 
U’\- x+ 6^^+ 


-' 3 , 

...(•)» 

3, ... 

....2) 

21,..« 

(3) 

10,... 

... (4)) 

0 ; 


0 y ■ • . 1 



subtracting (5) from (i), 

j) )i (2)* 

>> )» ^3^ 

}> ji (4)* 


+ ~ 3 : 

u+y ^3 ;•■■ 

jr+iy/-2j 
Sy- 10 .. 


/. from (0;, y=^2. 
Substituting fory in (7) and (8), //+ 2-^3, 
and ar + 22=-2i ; 
w 1, a: = 

Substituting fora* in ( dj - 1 + 3 ; 


Hence 


x=^ j:r«- -2, 2/ 


B, U 1872 


.( 5 ) 

.( 6 ) 

.( 7 ) 

.( 8 ) 

( 9 )- 


l . 


EXAMPLES no 


x+y = 6 , 

2 

2a'-!- 7, 

y + z=^io, 


ar + 2/+ s'-‘8, 

ir+ar-=8 


r+ y-f22'=^9 

ar+y-x; 

4 . 

2 ar 4 37-- ^ = 9 i 

a: + j8^-y=^, 


ar 4 - jr-2r- - ; 

y+jEr-ar = t. 


3a:- + 4 y-- 3 £r» 6 . 

1 +1-.* =i 

y St X d* 

6 . 

1 t , 

2ar4 “4 t\» 

y z 

i a* y 


y - 

X y z c 


2 I , 

-+ar-- = 2fii. 

z y 

ax+dy — a + bf 

8 . 

2^ + 3 )/* 5 » 

by-^-cz^b-^Ct 


3 y + 45 r» 7 , 

cZ'>rax°^c\a, 


2;?+ ar*=3. 
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9 




11 . 


a b a b a b. 

-4 = 4 >-^- 4 - • 

X y y z z X 

10. 

b c b c Jb c 

X y~*y z* z X a 

ar4>' + 3^" + 3 w --16 

12 

2a;.-4y43s’- 5«42o=^o, 

3^4-3>' + -S' + « = 24 , 


4 a -- 2 y 4 14 , 

a: - - 1 3 J 4 // -= - 67 , 


a — y u-\rz ^ 

_ r. 

a: - 2 y 4 7-2r 4 =- 2 - 




196. Theorem 


If r f 4- i 4? — o, (i) 

an fl a^x 4 b*y + <: V ~ o, ( 2 ) 

then \ m ]1 ^ ^ “ 


/ J — b\ ( a’ — ca ab* - a*b' 

Thio ihcortin is tjcncrally refured to the Hule of Cross' 
Multiplication 

Multiply ''i) hvf', ^LXi at' ^ ■\-b('y’^cc'z- ; 3) 

,, (2) b) then 4<^'nM a'r~ o. (4) 

Subtract ( 4 ) fioni( 3 ) , tlius {ac* - nU)x -^ibc' -bU)y —o\ 

{' (' -’bU)y^ —'at* — a'L)x -^{la * ; 

y - 


dn.ding each b\ {b *'-b\){ a 


Simihrlv — 


a' — I *a uh* — (th 


ta' -(fa be" - b'c 
Hence the theorem. 


(5) 


Rule 7o fmd the diviso) r of \, v and 7, wnte do'-un the co- 
efficients of V and z, 7 and \ and in oidet^ cones- 

pondin^ lOrJfniehts in the two equaluns one tirdei anot/iei, and 
encli sin^ the nifftfent sii\ by vcfitcal lines In tach set, mutiiply 
(he g nan titles dia^onady^ bcgnimng with the firsts and then sub ii act 
the secomt fiotwci from the first The three r emainders thus 
obtained are the d vis s of x, v ar d z in order. 

* VVe shall cle.u up the iiile still fuithei. 

The student should now note the irder of the symbols^ viz , y 
and F, z and .r, x and y 

Write donn the coefficients of y and r, z and ar, x and y as just 
dll ected, with vertical lines to enclose the different sets. Thus 
we have • 


First set 

2nd set 

31 d set. 

b c 


c a 


a b h 

X 


X 


X 

d 


d a* 
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Now, in the first set multiply the dijagonally opposite quan- 
tities ; b*hy i',,and chy b' We then get bt^ and bU, Subtract- 
ing the second product from the first, we get, — which we 

see is the denominatoi of the fraction of which ;r is the 

numerator. 

The second set similaily treated gives us to ! which is the 
divisor of in 


y_ 

ta' da 

The third set treated in the same manner gives us ab'-a'b^ 


which is the divisor of z in 7,. 

no —ao 


N. B. It is practice ratht^r than any rule that enables the student to 
■niakt" a correct use ot the theorem. Its ap[)lication is so very wide that 
it n extremely ne-cessary It) acquire the utmost facility in its use. Wt* 
like here simply to mention that any order of s}inbol&, say three in 
number, in which we pass from any one of ilu.n to a second, next from 
the second to the third, and Lastly from the third to the first, is called .1 
cyclic order The r<MSon for this nomenclatuie, is obvious from the 
consideration that if «, b and t b<‘ thne points in order on the circum> 
ference of a ciicle, then in going lound it siaiting from a, we pa'^o from a 
to next Irom b to and then from i to a back. 


Ex. 1 . Solve x-2y-f- o, (i) ^ 

9r-S;y + 32’- o, (2) j- C. U 18S7. 

2.;t'4 3y4-5r = 36 (3) J 

The first two equations aie 

I v-2.y-^ i.c*o, 

9.r-8.y + 3JC=o. 

Arrange the coefficients of y and z, z and .r, and x and y thus : 


Hence 


- 2, 1 j 

«, 1 

-8, 3 1 

3, 9 

X 


2X3-(-8)xi 1X9 

4r y 

z 


h ”2 

9,-8 


-6-1-8 9-3 -8-hi8’ 

(In practice this result is written down at once by performing the 
preceding operations mentally.) 


r.ir, 


y z r /V 

suppose (4) 
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Now since by (4),* - x^ 2 h ; 

2o 

y 

» *> j> 0 




Substiiiue these^values of;r, / anti r in (3) (which we have not 

as yet touched) ; then 

• • 

, 4^'+ i8/l’+ 5 o/& = 36 ; 

z.e, 72^’“36 ; 

from (5) .r— 2X^ = 1, \ 

^=* 6 X ?, = 3 , - 

£'=iox^«=6. ] 

\ • 

Ez. Solve immediatcl) by Cross Mnltiplicaiion 
ax "j 

ajX-^fi^y + Ci-^o J 

We have a x + S^j' + r x t —o, 

and +<^iy + iiX 1 =0. 


X 


I 

b, c 

r, a 

b 

^1> 0 


<7p bi 

X 

_ ^ y 

_ I 

bi^-b 

ca^-c^a 

o-bi~-a^h 

bcy 

-b,c 

t a^ “• c^a 



abi~-a^b' 


N. B. The above is the reavUest Method of solving Simple Simultane- 
ous Equations in two unknowns. Consult the other methods. Art. 190. 


E±. 3 . Solve ax + fy + r: 7 =^a + ^, \ 

+ + r 

cx-bay j 

By transposition the first equation becomes 
aX‘\'^y^cs-’a-d^o ; 

*>., a(x-i)’^d(y-i)‘tcz=o 


M. U. 1879. 



algebra. 


5tS 


The and equation similarly treated jjives 
^(x ^ i) + 

Let * ^ y-i 


Then (i) and ( 2 ) reduce to 

^7i‘' -k-hy + i‘: 
bx* + ty + az 



From ( 3 ) and ( 4 ), 


X 

1 " 1 
1 

y 

c, a 


rt, h 

1 (, a 

1 1 

<'/, h 


b,c 


L e.. 


X* y r 
ah — c^~bc—a^ ac—b'^ 


- ?x\ suppose. 


Then x'^l{ab-t^\ 

y — k{hc-a^)^ 
r^l{ac‘b^). 
Bi\\.x*-=‘X-i \ 

y^y-i J 


-r-=i + /:{iib'-i^)y 

y-^ 1 + Wa 
'-~k(ac^b‘^). 


,( 2 ) 


(3) 

.(4)- 



Subblitute these values of 1 , and r in the thiid of the given 
equations, vrz cx av + bz^r-^/r. 

Then i ’^/x{db-r)} +/:{ 1 -^libc- rt^)) c + a : 

< -\‘/x{abi - c^) ^ fi /.{cibc ~ c*) /x(abc - b^) ^c+a ; 

^c\St^bc-ct^ ^o; 

from ( 5 ), x=^ r, r=x i, g- o. Afts^ 


N. B. Ahlioufjh Ex- 1 Rh’Ca the topical set ol < quat ions to which 
die Ruh* of Cioss Multiplif'.ition is applicable, Ex 3 is mean^ to show 
how some nilu r s( ts, apnir- nlv not .Amenahlf to tin /^u/r, tuay some- 
times hronq;ht ur.ler it on lh''ir r' duclion by simple inspection to the 
form of EX- 1- 


EXAMPLES 111 


‘Solve the following equations : 
1. jr + y4-^-=o, 2. 

2x ^^y+4z=^o, 

74r + 2j' + 8r»ii* 


2;r + 4y + 5£r“*o, 
7Jr-f 5y + 45'-o, 
9-^+3)' + 4JS' = 8. 
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4 *^- 3 !'+ 

4 . 

2r-y-2r-iO, 


2jr+>/ + 3^ =0, • 


-«^-"2y-3S'-o, 


.r 4 ->' + 5’ + 6«0. 


1 i;r + 9 ^+ 7 «'=. 25 , . 

6. 

2 X-\rAy-\rS =0, 

6 

92r-9y+r-o, 


2^ - + 62" =* 0, 


3^- i3;r+fej-o, 


^+;' + cr -39. 


(2r+i)(3ff+l'l = (5ar + 7)(2^-3) 

7 . 

ii;r + 9>'^0, • 

8. 

3y+cr..-o, 


4 ;f +;' + 52 '=*o,‘ 


8t +;'-92’ =0, 


r + 2y + 3 £r- 35 . 


2 51 

- - 4 - — = 0 * 

(IHit isteqn ; i ir + 9;/ + c.«’-=o). 

y 2 

JP® 

r+ j/-r-=o, 

^10. 

+y + ir«o, 


2^ + 3)/- C', 




r+j' + 2r=-6 

• 

+ 3 j' + 4«"9 

11 

;r y 2r 

12 

t y 

-2n‘‘> 


^+>'- 
4 5 100 


43 ^ « 

1 ’ y e jo’ 


S ^ 75 

• 

4 5 2 15 16 

13 

^ 3.7 ^ 

“ =0, 
i y a 

14 

1 T 3 

- + ^=0, 

2t .y 5 ^ 

• 



-1. 4. ' - ^ 42 ^- 3 £ 


jr _j/ 2^ ’ 


3,r 4y xr I'^y-"’ 

, 

r 5' 's’ 

= 3 - 


r 4 - 2 y+ 5- _i 

11 ^ 5 r + I ^2 

V\ 

15 

2^ +3;/+ I =0, 

10* 

4 .r + 9y-*26, 


5 ;r 4 nj/+6=o. 


7 ^ 4 -Sy^ 3 o 

\ 

a;ir + ^y Vcc«^Q, 

IR. 

ar-^by^cz^Oi » 

\ 

.f+y+r-^o, 


(^ + rlr + (r + <z)y + {a\ b)z «• o. 

• 

f +j' +_^. . 

a- c a 

a^x 

I. 

+ b^y -1- + (^ - rX^ “ a){^ - ^ ) «s o. 
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19. ax 20. .f+y + rr==o, 

X + jgr a® (<2 ^ b){b — c){a — d)^ ax -^-by-^cz’^ — < 2 ® — ^ . 

a®;*r4-d*y + f’F*o. bx + cy-^aS’=^n-^ay-\‘bz. 


21. x-\ray + a^s-^Oi 

_)/ + ^r + ^®ra=o, 


22. /wr + 4 - rsr «o, 

air + <^iy + ^:ir = n, 
/ro;*r + /5^ + fj2’ = o 


3-r r— <1 « — /> a b c 

23. —x->r ,-y4- j«o, 24 -+ - 

^ b ^ c X y z 


o, 


r V £7 

+ — — 4* 

c+a a + b b •\‘ c 


^ ^ ^ y, 4 
<34-^ b c C-^cd 


4- , T , 4- “ 4“ .» 

a b c be ca ab 


x — v z—x 

a^b b + c a-^c 


__ 2(rt + ^4-0 
~(<j+3)(^+f)’ 

o» b^ cS 

— s=C 

X y z 


25. r 4-;/4-r«ii!4-^4-r, 

tf;r4-^y4-^r =^r®4-3® 4*<*, 

a^x 4- b^y 4- r®£r — a® 4- 4- r’ 


26. r4-y-»'£r-6, 

^r4-<^y4'fr“ <2 4-2^4'3f, 
{a-‘b)x 4'(^'-flf)r 

=b\c- 2fl 


27. X‘{-y + z^a-k-b4-r, 

{b - r)^ 4- (<: - a)y 4- (/i - -o, 

- c^)x + (r® — <2*)j/ 4- {a^ — « (^ - r)(f — a)(a - ^). 

[Since ^if^-r)4-^(r-a) 4-r(a-^) = o, ihe second equation is the 
same as (b - r)(r - a) (r - a)(y - b) (a - b (sr- r)«o.l 


28 ax + byArCz^2a-\-ib^-4Cy 

mx 4- wy 4- rr = 2 w 4- 3 « 4* 4 r, 
X y z 

-4.^--«i. 

234 


29. < 2 *jr 4- 4- c®£r = 3 , 

< 2 ®jr 4-3®^4-t:®2'~^4*^4-c^ 

£+|+£=Jj+«+i 

a ^ ^ <2® C® 


?o. 


X .y z * » » j 

<-^^4- -=■=“4', 4-“. and 
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197. The method of Indeterminate Multipliers. 
Suppose we are given the following equations *: 


•¥by-\‘C^z — di^ 

(O’! 

a^x -A-b^’A-c^z^d^^ 

(s) ■ 

afX + b^ Arc^z = d^ 

i^....'.( 3 ). 


Multiply (i) by / ; then a^lx-\-bJyArC^l2^dJ ; (4) 

„ (2) fig \ „ a^mx-\rb^my-^c^mz^d^fn (5) 

Add (4) and (5) to (3) ; thus we have 
(ixj. + a^m + a^x + {JbJ, + b^m + b^ + (c^l + c^m + c^z 
^ d^l At d^m -ir ( 6 ) 

To find x determine I and m such that the coefficients of y and 
z in (6) may be zero. 

We have ^i/+^2W + <^*o, 1 

c-J -A- c^mAr C^—o ; J 

and (6) reduces to {a^l^d^vtAra^x=^dJ.Ard^m-A-d^ ; 

^_d^lArd^ 7 nArd^ 

t.e y x=^ ~r- — (b; 

ailAr€tn,mAra^ % 

■r- , K ^ in I 

From (7), r | = (i- r i=s~>ri- 

^ 2 > ^Sl ^ 3 > 0 '^V ^31 

I ^ m #1 

b^c^-^b^c^ b^ix^b^c^ b^Ct^ — b^^i 

- ^ ^ro-Vi’ V2-V1* 


Substitute the values of I and m in ( 8 ) ; thus 

j ^2^1 . j b%c I - biC<^ , _ 

~ + « 2 -T 1 rrtfa 

' ~ b^Cy ” bxCt* — 


_ b^c^^ b^c^ , _ biiCi~-hiC^ J ^ 

— —7 r 1 — +^9. 

J ~ *2^1 — V.fj 

d-iip^f^ ” ^ 3 ^?) ^ 2 (^ 3 ^! "" ^ 1 ^ 3 ) d^ {b^Ci^ — ^ 2 ^]) 

” - ^8^2! + « 2 (^S ^1 ~ ^l^s) + - ^ 2 ^'j )’ 

• i 

The values of y and z can be similarly obtained. It is usual 
now to write down the values of y and z by comparison. For this 
^purpose examine the denominator in the value of x. Observe 
that osi, and are the coefficients of x m the given equations, 
and the first terms of are respectively ^3(ra,f^3Cj 
and b^c^ so that the corresponding products ace and 


31 
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The order of the suffixes in these products is — i, 2, 3 ; 2> 
3, I ; and 3, i, 2. Further, if in the denominator of the value of 
X we replace d,, and by 4 and d^ respectively, we get the 
numerator 

Let us now find y. We should now start with ^1, ^2 and 
which are the coefficients of /. The products similar to those 
mentioned above are and the order of the 

suffixes being cyclic^ as already explained. Note also that the 
symbols c, n, are conveniently taken in cyclia order. Hence the 
denominator in the present case is 

— ^ 3 *^ 2 ) b^(^c^aji "*■ 

To find the numerator replace 61, ^o, b^ by d,, d,. d,. 

Thus I . 

^ - h'h) + - ^ 1 ^ 3 ) + ^ 3 (^ 1^2 - ’ 

and ~ ^^bo) -f* a ^bt^ 4 - d i ^{a ap }) 

Ci { a ^ b ^ — ^5^2) + ^2(^3^! “ ^\ b ^ + “ ^2^1) 


EXAMPLES 112 . 


Determine;!: only in the following equations : 

1. 

2^ + 3)' + 42’ = 20, 

2. 4 X + gy-\~3s:"»26f 



34 : 4 -j 4 22'*> 13, 


6 x+y + s:= 1 1. 

x-^gy + ff=?o. 

3 . 

r + 3y+s’~38 = o, 

4. 9-r-f^4 j 8 . 


;r + S;' - 22* — 64, 

3 r- 7 + 4 £r = 4 , 


x- 3 y’\- 3 s^o. 

y -z^g-4^. 

Determine j only in the following equations ; 

5. 

qy+ i 65 '= 9 - 4 ''*'» 

0. y4raz = 


3j/ + 4 ^ = 3-24:, 



2;r + 2^ + 3£'==?^. 

^ + rr + 6 ®.?: = tS. 

Solve the following equations : 


7. 

2-r + =13, 

8. r— ;r4-2y~2, 


3 ;Cj- 4 y + 3 ^= 8 , 

^- 4 J + r + 4 = 0 , 


x-y-^ 2 jC'— 9 . 

6r + 5;^ — 9^= 19. 

9. 

X+ jz + jb-^Yi 

10. 8;r + 9;/+ ioo;7= 12, 


2^ “ Jy + 3^ + 1 =* 0, 

4 ;r+tj'+ io^ = V» 


+ + V* 
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198 . IndopeiK^ence of Equations. Take the equations 
2r -3y I, and The first equation is easily seen to 

be satisfied when x an^ y are equal respectively to 2 and i, or 
3 and j, or 5 and 3, &c. The second equation also is readily 
seen to be satisfied by the same values of x and y. Thus there 
are no iwo determinate values of the unknowns satisfying the 
given equations, but innumerable pairs of values satisfying them 
both. Tliis is due to the fact that the second equation is not 
essentially different from the fiist^ hut results from the latter by 
only multiflyine^ it by a conUanf 4. 

Hence the above equations aie not independent of each other. 

Now let us take the equations 

2-^-5y+3-“ - 1) (') 

and 3,r + 2y“6£:«7 (2) 

Multiply (i) by 3 and (2) by 2, and add the resulting equa- 
tions ; thus 

3(2jr- 5jy+3r) + 2(3.r 4-7^-6xr)--3x(-- 1) + 2 X7 ; 

simplifying, i2.r-^i ij/- 3::= 1 1 '3) 

It will be found that all the equations (i), (2; and (3) are 
satisfied by anv of the following sets of values of -r, y and s : 3, 2, 

* ; ib 9 > 7J J Thus there are no ihiec determinate values oi 
r, y and from ( i), (2) and (3), as is generally the case. This 
is because the thiid equation results fiom simply multiplying {\\ 
and {2) by certain cointantv^ viz ^ 3 and 2, and then addiUt^ up the 
equations thus obtained Hence the equations (i), (2) and ^3) 
do not form an independent system. 

Ex. 1 . Examine if the fidlowing equations form an indepen- 
dent system : 


2X-sy^Az^-iiy,.. 

•••(>) ) 


...(=) [ 

i&*'+ ny+ 4 £''“ 85 .... 



We shall examine if any of the given equations can be ob- 
tained fiom the other two by multiplying the latter by some 
constants, and then adding up the resulting equations. 

Multiply (i) by /, and (2) by w. and add up the resulting equa- 
tions. Thus (2/-P37;0-^ + (5^^^"“3^))'+(4<^”2^^0c=Ti/-f-i3w. ... (4) 
Now find f and m so that the coefficients of .a: and y in (4) 
may be the same as in (3) ; thus 

^ 2/-f-3w — 18, y whence we find /— 3, 

; f w = 4 ( 

/. by substitution, (4) becomes i8r+iiy-l-4^»ilX34-i3X4 
= 85» which is identical with (3). 
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Hence (3) results from multiplying (i) an(i (2) respectively by 
3 and 4, and then adding up the equations so obtained. There- 
fore (i), (2) and (5) are not an independent system. 


199. Consistency of Equations, Let us examine the 
equations ^4-1 = 3, and 3Jr + 2*-8. Each is satisfied by 
Hence the two equations are consistent^ i.e., true fot the same 
value of thg unknown. 

Again, take the equations and 

Evidently each is satisfied by JJT =«o, and ^=l. Hence the three 
equations are consistent. 


Ex. Examine if the following equations are consistent : 


+ 9,... 


2.r4-3y4-42' = 29 ,... 

...(2) 1 

5^'4‘2y4‘52r = 32 ,.., 

....( 3 ) 1 

4;r4“3j'4-2s-=*25,.., 

....(4) J 


First find JT, y and r from any three of the four equations, and 
then examine if the fourth is satisfied by the values obtained. 

^ From (i), (2) and (3), we get by the usual method ;ir«2, y~3, 


By substitution, (4) becomes 4 x 2 + 3 x 3 + 2 x 4 *25, which is 
evidently true. 

Hence the given equations aie consistent-. Ans. 

Otherwise thus : Multiply (i), (2) and (3) by /, m and n res- 
pectively, and add the resulting equations ; thus 

(/+ 2 7)1 -I- yt)x + (/-!- 3 w ■^ 2 n}y + (l+ 4 ;« + = 9/ + 29W + 32^. ( 5 ) 

Now find /, m and n so that the co-efficients of x, y and a in (5) 
may be the same as in (4), Thus 

/-l-2w4 3«»4, \ whence/— 6, “1 

/-l-3w4-2««3, j- W--I, I 

and /4*4 w + 5« = 2 ; j «« o. J 

By substitution, (5) becomes 42r4-3>'4-2fif-9x64-29 x(-i) 4- 
32XOs«25, which is identical with (4). 

Hence the given equations are consistent. 
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• PXAMPLES 113. 

Do the following equations form independent systems ? 


1. 

8 

1 

2. 

3r+5^-£r»26, 


3r+y+s -32, 


3y + 9 ^ = 20, 




2jr+>' + 42'«23. 

3 . 

7x-4y+gg=i4, 

4 . 

x^y-{‘Z »= 53 , 


5 *’- 2 j'+ 3 »= 6 , 


.r+2;/+32'«io5, ' 


x-y + ys =4. 


.r + 3 y + 4 ^«i 34 . 

5 . 

Sx+8y =72, 

6. 

ax+by 


I2y-5J =93, 


bx + cz =^+r, 


3 X + 2 Z =6. 


x^y^z —3. 

Are the following equations consistent? 

7 . 

x~- 2 y+£: =0, 

• 8. 

;«•+>' + £' «2, 


5 ^ + 4 >'- 55 '«o, 


2^+j + 3ir =9, 


2x+y-^z =-4, 


4T-)' + 2S' «I2, 


3^:+ 5/ + 22' = 48. 


7 .r+ 5 ;' + 4 ir=i 3 . 

For what value of 

a are the following equations consistent 

9 . 

^x-y^z ~o, 

10. 

44 :- 2 y+ 52 '«i 8 , 


4.r-3j + 2r =0, 

# 

2Jir + 4 y— 3^ = 22, 


3;r + 2j/ + 42'= 16, 


6jr+7j/-£' **63, 


«r- 4 y + 62 r=* 4 . 


Sjr-sy + s’ =rt. 


CHAPTER XXX, 

Some Higher Simultaneous Equations. 


200. Mode of solution. Some equations of higher degree 
are easily reduced to simpler ones, and then solved. 

Ex. 1. Solve aX’irby^mxyy 1 
' bX’>roy^fixy* / 

Divide each of the given equations by xy ; thus • 

a b 

y ^ 
y X 



I ) 



(2) 
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A 1 HRA 


ab 

Multiply (i) by <2 ; then 4 - 

» ( 2 ) „ ^ , „ + --nb , 

} 

/. by subtiaction, ^ma-no. 

y 

I ma - ffb 


^ ;//i 7 - mb' 


inveitin^. 

To find r : 

multiply {i) by a ; then + > 

„ .1 

. . • / 

.*, by subtraction, ^ia-mo\ 


inverting, 


(i^-b'^ fia — mb* 

' na- mb 

o^-b^ a^-b^ 

;r=» >• 

;/t/ ~ mb ma - nb 

Ex. 2 . Solve xyz = rj +;r£r -yz = 4(^2” + ry --xz) = 6(;r2- - jrj) 

M U 1864. 


We are given the equations, 

Dividing (i) hy xyz^ we get 
Dividing (2) by 4 ^yZt we get 
Dividing (3) by 6 xyz, we get 


Ay + xz -yz = xyz, 

(I) 

^[yz-^xy--Az)^xyz 

,....(2) 

(i[xz + yz -xy) —xyz 

(3) 

Ill - 



(4) 



rzy 

(5) 

y X z ^ 

( 6 ) 
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Now solve (4), (§) and (6). 
Adding (4) and (5), 

„ (5) and (6), 


Ex. 3 . Solve 


- = and£?^t ; •] 


) --7 

^ til . 

•• H' 

.r=V.y= 

¥.*=«• 

xy'^ 6 

(0 •) 

yz-^i 2 ,... 

. ... (2) • 

zx = 8 

(3) . 




A ns. 


Multiply (i), (2) and (3) together; then 

r*;/-2* = 6x 12X.8~6 x6x2 X 8 — 62X4* ; 
extiact the square r|)ot ; thus 

either jry2'=6 X 4, or -6x4. 

First let jrys — 6x4 (4) 

Divide (4) by (i)» (2) and (3) respectively ; 

thus 5=4, jr=2,j/«3. 

2ndly, if — 6x 4=* -24,...(5) 

divide (5) by each of (i), ^2) and (3) ; thus 

Thus we have found two sets of values, 


Either 


^ = 2, I 

y-s* \ 

0-4 ; J 


.r« -2, 
r* -31 

S'* -4* 


(Verify). 


1 . ,r + y^6:ry, 

/3. xy-{-j:z^ys^2Jfryz, 
xs -^yz-xy’^^xys, 
yz + ry- xz ~ ^xyz. 


EXAMPLES 114 . 
2 . 


i y"xy'^^^^' 
xy=^l(y-x). 


4 . x{y+2z) =>' 5 ( 3 +A-), 
y(,2x+3e)=xs(4+y), 
«( 3 ^+ 4 y)“-^(S+*’)* 


xy+yz -zx_yz-^zx-xy zx +x y -yz 
5 " - - - - 


3^r 


5 . 
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6. 

ay+bx=^S;ty, 

7. xy^Sf 



yj8'«4, 


cx-^az^ 4 zx. 

zx « 20. 

9. 

. 14 

18 , 20 
y z 

10 . 

x^-y^^a\ X- 

yamh. 


8 ' x(y+g)= 22 , 
s(,x+y)=^42. 


i 


201. We conclude the present chapter with a few examples 
as an additional exercise upon this as well as the preceding 
chapter. The student is required to find out the most convenient 
method in each case. 


1. M-o. 

X y 

fix-\-gy=r. 


3. ;r+j'+r'=6, 
jr->+2s-7, 
4x+3y-r=7 


8. ?£±3>:„4_i^ 

xy X y 

3r+2j'=ii;ry. 


EXAMPLES 116. 

^+6 % 


2 


I 

4*1 y — z 2 


?_U4_p 1^1.1^37 

;ir ^ 6o ^ x y e to 


5_5+2_4^„. 

X y s II 


0. ;r+^+s' = 2rt + 3^ + 4f, 

ax’\‘by-^ cz = 2^® + 3^* + 4^*, 

(/2 + Ajir + == 2a^ + + 4^^. 


7. + 

+ ax) = ^(^2 + 
z{ax + ^) « 


8. x-k-y + e “O, 
y-8r-22' = 0, 
;r-3y-4J8r==7. 

9. ;r2-ya*=i2, ;r + v=6. 10. x-y=s^ Jy- 

^(]^^+3y“3h2y(x+i)~3x-i. 

3jy+«y£r-7Aj:_3rj.-4y^ + 5s'A' 

12. xye= ;; ; = ^ • 


^ 18 . xye 


y+x s+x x+y 

^ ""a*+ 
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;r+y x^y 
X’-y x-iry 


_y S' _ 

a-{-d^ d + c^ C‘k‘a'~^ ** 




I2(;i: + y) 30 10* 


^+y-3 10 


(ii-<5);i: + (^-ir)^+(a-ir)£r=o, j/- 1 gjr- 1 _ y + U 


18 . (^+i)(2jr+j/ + 7), 

= (.r + I )(2;r + 3) + (y + I )f;ir + 2), 
^ + >/ + 6 «■ o. 


8 x-^y^3 S 

19 . 2*2*-®*'= 4, 
2S*«8 2S», 
2* '-»+• = 64. 


80 . sxy-^ff + 2 ax=‘ 0 , syz- 4 sx=^o,x-^y=^ 7 . 

a 2b 2C _ ix^\y 6(^2 + /^) 

^ ^ 3 ^ + 2y 9 a + 4 ^’ 

(j-j)£-(r:)^(rj)rL->- 

y-z II 

n/(^+>')+ *J{X’irz)~ ijz^rs; 


CHAPTER XXXI. 

Problems leading to Simultaneous Equations involving 

TWO OR MORE UNKNOWN QUANTITIES. 

202 . Mode of Solution. Express symbolically all ike 
conditions of the problem, and solve the resulting equations. 

Ex. 1 . Four times a certain number added to five times 
another equal 50, and five times the first diminished by lour times 
* the second equal i, find the numbers. 

Let X and>^ denote the numbers. 

Then by the first condition of the problem, 4^+ Si'— 50, (i) 1 
and „ „ second,, „ „ „ ,52r-4>'-i. (2)/ 
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Now solve the equati ons (i ) and (2) ♦ 

Multiplying (1) by 4, i6Ar + 2oy = 2co, 

and „ (2) by 5, 2 5^-20/=» 5. J 

Adding the Iasi two equations, 4i;r-=205 ; 

By substitution for .v in (i), 20 4- 5)/ =» 50 ; 

Sy^'io ;* 

/. jy--6. 

/. the required numbers are 5 and 6. A/is 

Ex. 2. In a mixed number the fractional part equals I when 
the numerator is increased by i ; the integral part together with the 
numeiator equals 5 ; and if the integial part and the nuineratoi 
be inteichanget], the resulting mixed number together with the 
original number becomes Find the number. 

LetJtr denote the integral ^nait, 


and let ^ be the fractional 

part 


y 

Then the entire number--jir+ 



By the ist condition of the pioblern, 

y + i , 

(0 

,» ,» 2nd ,) „ 

x+y^S ; 

(2) 

11 j» 3**^ >1 >> I* i 


1 


-= 5&* 

(3) 


We have to solve the equations (1), (2) and (3). 

«y(3). ■■r+y+^^^=‘Sii . 

Using (2) ill the last eqn , 5 + -“5f: 

5_5. 

•• 

e = 9 ; 

«l 

V ^ J 

by substitution for s in (1), > 

y-2. 

Lastly, by substitution for / in (2), .r+2 — 5, — 

\ the required mixed number«3 + f — 3I as usually written. Arts* 
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% j; y y 

N. B. Note that ji + - ib different trom a-, which means ^ x 
z z z 


£x* 3. A pound of tea and three pounds of sugar cost 6 shill- 
ings, but if sugar were to rise 50 per cent., and tea 10 per cent, 

in price, they would cost ys. Find the price of tea and sugar. 

B. U. 1366. 

Let the price of tea shillings per lb , 

and „ ,, „ sugar shillings per lb. 

Then the piice in shillings of i lb. of tea + that of 3 lbs. of sugar 
"(■*^+3/): 

by the question, ;ir+3)'=6 (i). 

The prices being supposed to use 10 per cent, and 50 per cent. 

I \x 

respectivelj^ the price in shillings of 4 lb. of tea— .r(i + T(5o)’- 'o'* 


0 Qy 

and that of 3 lbs. of bugar«3>'(i 4-x®crty)~ ^ * 

the total pi ice ^ ~ shillings 


by the question 
Multiply (l) by 3 ; thus 
Multiply (2) by 2 ; thus 


1 IX gy 
o 3 
3^ + 9;/= 


7... 

18. 


1 IX 


-h9J'=M 


/. by subtraction, 3^'- 


I IX 

1 ’ 


ze. 



(2) 


t 


substituting 5 for x in (i), 5 + 3/=«6 : 

the required price of tea = 5J. per lb 

and that of sugar=ir. or per lb. 


j- Arts. 


Ex. 4 Two passengers have together 5 cwt. of luggage, and 
are charged for the excess above the weight allowed 5^ 2d. and 
gs. lod respectively ; but if the luggage had all belonged to one of 
them, he would have been charged igs. 2d, How much luggage 
is each passenger allowed to Cirry free of charge, and how much 
luggage had each passenger ? C. U. 1877. 

Let X cwt. — the luggage each is allowed to carry free of charge," 
and y cwt. — the whole luggage with the ist man ; 
then(5->')cwt.« „ „ „ „ „ 2nd man 
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The 1st man pays 5 j. 2 d. for iy-x) cwt, 

the charge per cwt. 

The 2nd pays 9^. 10^. for cwt., 


62 


d. 


118 


/. the charge per cwt. — 

5 “~y 

Had the higgage all belonged to one man, he would have had 
to pay for (5 - jt) cwt., and the total charge in this case being 
195 2dt 

Since the charge per cwt. is the same in every case, 

62 * 118 230 


the charge per cwt 


Since 


y-jir 5“>-^ 5 “-^ 

62 _ 118 

y~x~s-y-x’ 

. e ^ sum of nnmrs. 

each fraction = - — ^ , 

sum of denrs. 


(i) 


62 + 118 


y^X+S-y- 


from (i) and (2), 


180 _ 2 30 


18 


Since from (i), 
by substitution for x, 


180 
_ 23 

5-2r 5-.r' ' 5-2;r 

i8(5-x)-23(5 -ix) ; 

90 — i8.r = 1 1 5 - 40.t-. 

28Lr»25, 

.r=2| 

62 'J^3o 
y-x 5-.r’ 

62 2^0 _230 230X28_ 

y-it~5-irv/ ■* 


..(a) 


56 ; 


S 6 (y-M )=62 ; 
te, 5^-50=62; 

56y-ii2, /. and 5->^=«3. 

the luggage allowed to each«|g cwt. or 100 lbs , \ 
and one has 2 owt., and the other 3 owt.« q^f luggage./ 


A ns. 
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Ex. 5. A knd B went out to shoot. A shot 3 pheasants for 
«very 5 , partridges, ahd B 5 pheasants for every 9 partridges. A 
shot 4 birds to B’s 5 ; how many pheasants, and how rnany par- 
tridges had they brought down when they had shot 120 birds ? 

M. U. 1866. 

Let 3;ir = the number of pheasants brought down by A^ 
and 5y“ »> u »» n >1 >1 >» 

Now, A shot 5 partridges for every 3 pheasants ; 

„ „ \x „ „ „ 3^ pheasants ; 

.the number of partridges shot by A^^S^t 
and the total number shot by him =Sjr + 3.r = &r. 

For a similar reason, while /?shot pheasants, he brought down 

9y partridges, so that the total number shot by him— 5y + 9y« I4y. 


Since, the two together shot 126 birds, 8jir4' 14^ * 126 (l) 

Since on the whole A shot 4 bir^s to^ B^s S, 

• &ir 

Sx and 14^ must be in the ratio of 4 to 5, so that (2) 

From (2), 56;'=4CMr, ^=y (3) 


by substitution for y in (i), 8r+ 14X 126, 

i8.r== 126, and .r=7. 
from (3), ;/=fx 7 = 5- 

Hence the number of pheasants shot down by A = 3^ = 21 , 1 

and „ „ of partridges „ „ „ A — s^^S6;f 

the number of pheasants „ „ „ i 5 » 5 y — 25 , I 

and „ „ ofpaitridges „ „ „ i 9 == 9 y= 46 . / 

/, the total no. of pheasants — 46, and that of partridges = 80. Ans, 

•Ex. e. Two men A and B are employed on a piece of work 
which has to be finished in 14 days. In 3 days they do Jth of the 
work, and then A^s place is taken by C. B and C work for one * 
day, and do ^th of the whole work, and then 5 ’s place is taken 
by /I. A and C finish the work a day before the appointed time. 
Find the tirrtte in which the work could have been done by each 
working separately. M. U. 1886. ^ 

Let Jr- the number of days in which A can do the work, 

V\ »> 19 99 99 99 ^ 99 H 99 9 

andfiTss jj ,, ,, ,y C „ I, I, „ . 
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Let 7c/«^the whole work. 


the daily woik il A 


and „ 


of 

of C. 


IV 

z , 

y 

7V 

Z ’ 


V / 7£/ 7 V\ W 

Sine? A and do Jth of the work in 3 days, 3 ^^ + ^, j--* (0 

7V 7if TV 

Since B and C do 2*0 th of the work in i day, ^ ^ ^20' 

Since the work is finished a day earlier, ;V, in 13 days, 


/7V 7V ' 

7-1 + - 

\ 5 20 

) in (is-; 

ll 

7V 7V \ 

+j-i\-. 

(4). 


(s)- 




Z X ^ ^ 


( 7 ^ 


Divide (3) bv then 

Add (4). (5) and (6), and take half the su^'o on each side 

^ -i + - = 

V z 

„4 + 3 -bS_ 1 

2Xfo 

From (7) subtract each of (4), (5) ^ind (6) , then 

^—1 la *1 . ^ , 

-'^TrF“nf ^ — 1<7 ST)" ja » 

\ -—so, .r = 2o, y = 6o. 

A, B and C can do the woik in 20,00 and 30 days respectively. 

An^ 

N. B. It is evident that we mieht have beeun by representing w by i. 

Ex. 7 A train running from ^4 to ^ meets with an accident 
50 miles from A^ after which it moves with Jihs of its original 
velocity and at rives at B 3 hours late. Had the accident happened 


Thus ^ + - + ;.^i(TV <-55 + 13) 


, 1 _ 1 _ 1 . 
1 ft 12 “ 6ft > 
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56 miles further on, it would have been only 2 hours late. Find 
the distance from A\o and the original speed of the train. 

U. 1857. 

Let the distance from A to B—x miles, 

and the original velocity of -the train miles per hour, 

X 

the usual time (without any accident) hours. 

The accident occurring c;o miles from A, the train runs the first 
50 miles at the rate of y miles per hour, and the remainder, (ir-50) 
miles, at the rate of Jy miles per hour, and the time taken 

5?\ since the train is in this case 3 hours - 

late, the time just found the usual time + 3 hours “^“ + 3^bours* 


.( 0 . 




y iy y* 

Supposing the accident to have occurred 100 miles from A, 
and the train to have been 2 hours late, we shall get the equation, 


100 . X- ^00 X 
+ «“ *■ 4-2. 

y y 


..(2). 


Subtracting- (2) fiom (i), we have + 

Multiply both sidcb by_y j thcnj'-= - 50 + 5o( — i + 3)-=^S®*'33^ ■ 

M 111 ti pi y ( I ) by _y ; th en 50 + ?,(r - 50) —x^ 3ji' ; 

by substitution for y, 50+ 50) 3 x “[J® — 100 

by transposition, §;r -r= 100- 50+ = 

' /. .t' =» 200. [Veiify the results.} 

AB ^200 miles, and the required rate = 334 miles per hour. 

Ans* 


Ex. 8. A criminal having escaped from prison, travelled 10 
hours before his Ciscape was kn^\^n. He was pursued so as to 
be gained upon *3 miles an hour. After his pursuers had Ira* 
veiled 3 hours, they met an express going at the same rate as 
themselves, who met the ciiminal 2 hours 24 minutes before. In 
what time after the commencement of the pursuit will they 
overtake him? B. U. 1883. 



336 


ALGEBRA. 


Let the pursuit last for x hours. 

Suppose the criminal to go at the rate of y miles per hour ; 
then the pursuers go at the rate of (y + 3) miles per hour, as also 
the express. 

Since in x hours the pursueis go as far as the criminal in (jr + 10) 
hours, ^(y + 3)«(4r+ io)y (i). [D 1 stance *=■ time x rate.] 

A C 


Suppose A to be the starting point, the point where the 
pursueis meet the expiess, and C the point where the express met 
the criminal. When the express an ives at the pursueis have 
been travelling foi 3 hours, and the criminal has been travelling 
for (10 + 3) or 13 hours ; and since the criminal was met by the 
expiess 2 1 hours before the time of its arrival at 


the distance passed over by the criminal in 13 -2| hours 
*• miles. 

hour’s run of the pursuers = -h 3) miles, 
andJ5C«2f „ „ „ „ express + 3) miles. 

S’lTiCQAC^AB + BC, 30 ' + 3 ) + 3 ) = ¥>'+^ 5 ^ 5 

multiplying by 5, 53y=27y+8i ; 

26y-8i ; 


from (i), cancelling ary, 




yc^ioy *=iox 


^ 5 ^^^ . 

13 ' 


x8i 
’ 3 >^ 13“ 


26 
SX 27 

13 


= .o-i. 

>3 


the required time— iOj®g hours. Arts, 


Ex. 9 . A challenged B to ride a bicycle race of S040 yds ; 
he first gave B a stait of 120 yds. and lost by 5 seconds ; he then 
gave B ^ second’s start and won by 120 ft. How long does each 
take to ride the distance ? C. U. 1881. 

Let A take x seconds and y seconds to ride the whole distance. 

In the first race A rode 1040 yds , and ^ (1040- 120) or 920 yds , 
and since A lost by 5 sec , and therefore took a longer time, 

^ ./4’stimeof riding 1040 yds. — ^’s time of riding 920 yds. + 5 sec. 

•^*TViV+5='?|)'+S (t). 

In the second race A rode 1040 yds. and B 1040 yds. — 120 ft, 
or 1000 yds., and since B had been given a start of 5 sec , he was 
out 5 sec. longer. 



PROBLEMS. 


337 


A's time of 1040 yds. + 5 sec.“i?*s time of riding 

1000 yds. * 

-^+s=i8£8y=5l)' ( 2 ): 

2 V 

Subtracting (i) from (2), we have ^ “ 13”“ 5’ 

^=130 

from (i), 4r==2^*xi3o + 5^ii5 + 5*-i20. 
/. A lakes 120 sec. ^r 2 min , Z? 130 sec. 01 2 min 10 sec. A ns 

Ex. 10. A boat goes ui>stream 30 miles and down-stream 
44 miles in lo hours ; it also goes up sticam 40 miles and down- 
stieam 55 miles in 13 hours : find the rate of the stream and of - 
the boat C. U. 1880. 

Let the rate of the stieam=;ir mt/es pet houf, 
and that of the boat, 7. e , the rate at which it can be rowed on 
still water—)/ miles per horn, 

the rate of motion up stieam — (y- r) miles per hour, 
and „ „ „ „ down-stream = ()/+.ar) „ „ „ ; 

\ the time taken to go 30 miles up-stieam~^^°^ hours, 

44 

and „ „ „ „ „ 44 „ down-stream „ ; 

and since the total time = 10 hows, =10... ...(1) 

^ y-x y-^x 


In like mannei, we get 


_ 4£_^_55 ^ 
y-x y-\-x~ 


Subtract 3 times (2) fiom 4 times (1) , thus I, 

y-vx 

Subtract 5 times (i) from 4 times (2) ; thus ^^ = 2, ' , y (4) 

y—x 

Add (4) to (3), and take (4) fiom (3) ; thus 2)/= 16, 2.2: — 6 ; 

y=:8, x^s* 

the rate of the stream « 3 miles per hour.l 
and that of the boat =8 miles per hour./ 


y EXAMPLES lie. 

^ 1, Find two numbers such that twice one of them plus thrice 
the other will yield 54,*and thrice the fiist plus twice the second 
number will yield 51. 
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’i. 4 lbs. of te-x ind 3 Ib^. of coff-e together cost igs. 6^, and 
3 lbs of tciaud 2 lbs of offee to^etlici cost 131’, ; find the 

prices per lb/ of tea and coffee. 

3 . A number is divided into two parts such that thiice one 
part exceeds four times the other by 7, and if each part be in- 
creased by I, the largei divided by tlie smiller gives | as quotient ; 
find the number. 

4 A says to B ; Two-fifths of my salary is of yours, and 
the difference between our salaries is Rs 600. What is 
salary ? 

6. Whnt fiaction is that which, if 3 be added to each of the 
numeiator and deiiomin itoi, equals jj, and if 3 be sublracted from 
eich of them, etiuals (Let riv be the fraction). 

6. Wliat fraction is that which is equal to J, and of which the 
numerator exceeds 20 pei cent of the denominatoi by 6 

7 A and B together own 50 homes in unequal numbeis. If 
A has 10 move horscs than />*, how many has each ? 

8 If 7 cows and ii sheep be woitlr Rs. 162, and 5 cows and 
7 sheep be woith Rs. 114, find the value of each kind of animal. 

9 . A man pud a bill of Rs. 20 with 8-anna and 4-anna pieces 
and used in all 66 coins ; how many coins of each sort did he 
give ? 

10. Two boys have Rs. 12. 8 as between them; one spends 
J of his money, and the other ? of his own, and then they have 
only Rs. ^ 2 as ; how much haseijCh at first? 

11 . A faimer sold to one person 9 homes and 7 cows for 
Rs. 3000, and to another 6 horses and T3 cows at the same prices 
and for the same sum ; what was the price of a horse and of a 
cow ? 

12 A lump composed of gold and silver measures 6 cubic 
inches and weighs 100 ; if a cubic inch of gold weighs 20 

and an equal bulk of silver 12 as , find the weight of 6ach metal 
in the mixture. 

13 . In a comjjany of xco people of whom some are rich and 
some are poor, the rich subsciibe and give ia sp. to each poor 
man ; this costs the rich men yas, \p, each ; how many rich and 
how many poor men ate there ? 

14 . If A were to give B one-third of his money, the latter 
could pay off a debt of Rs 63 ; the same debt could be paid off 

A^xiB assisted him with three-eighths of his own money. How 
much had each ? 

15 . A fruiterer spent Rs. 1 1. 8 as. in buying mangoes, some at 
Rs. 10 and the lest at Rs. 15 per hundred ; he sold them for 
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Rs. 17. 2^1 r. and gained one anna per mango ; how many of each 
kind did he buy ? . 

10. The expenses of a family when rice is 12 seers for a rupee 
are Rs. 50 a month ; when rice is 14 seers for a rupee the expenses 
are Rs. 48 a month, other expenses remaining unalterable ; what 
will they be when rice is 16 seers for a rupee ? 

17. Divide Rs. 750 among A, B and C, so that if A were to 
give Rs, 100 to each of B and C\ his share would be half as much 
as B'^Sy or one-thircf as much as Cs share. 

v'is. Djvide ;f226 among B and C, so that as often as A 
receives /o, B will receive and as often as B receives 
C will receive 

19. 8 men, 10 women and 12 children together earn Rs. ii. 
2<7j ; each man earn® \a. more than a child and a woman together* 
and the men altogether earn as much as 8 women and 10 children 
together. How much does each man earn ? 

20. A g<MUleinan ji^iid off his workmen engaged for a definite 
sum of money ; had there been 4 mote w'orkmen, each would have 
received 1 anna less than he did ; if there had been 4 fewer men, 
each would have received ilas more. Find the number of men 
and the amount for which they were engaged. 

21. A person bought a number of apples for a certain sum ; 
had the price apiece been 8 annas higher a dozen, he would have 
got 2 less for the same Mim ; but if the price fell by the same 
amount, he would have got 6«nore. Find the number of apples 
bought and the amount spent. 

22. A man sold a horse and a carriage together for Rs. 562, 
the horse at a profit of 10 per cent., and the caniage at a profit of 
16 per cent. ; if he had sold each at a profit of 15 per cent., he 
would have got Rs. 13 more. Find the prime cost of each. 

23. <r lbs. of infeiior tea are mixed with ^ lbs of superior tea, 
> and by selling the mixture at c shillings per lb. the grocer cleared 

33J per cent, on his outlay ; had the proportion of the different 
sorts of tea in the same total quantity of the mixture been reversed* 
he would have lost 25 per cent. Find the prime cost per lb. of 
each sort. 

24. There are three numbers such that the sum of the first 
and second equals of their product ; the sum of the second and 
third equals of their product ; and the sum of the first ana“ 
third equals of their product. Find the numbers. 

26. The expression ax - $h is equal to 3 when x is 7, and to 
27 when.jr is 13 ; what is its value when x is 9, and for what value 
of X is it zero ? 
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20. A man allowed a pauper 3?. 6//. per w(>ek until the number 
of shillingfs left was the same as the nnmblr of weeks he bad been 
paying ; he then increased the allowance to 4J per week ; had he 
continued his former rate, his money would have lasted a week 
longer. Find how much he gave away. 

27. A person taking two tickets (a first and a second class) 
from Norwich to Stonemaiket receives 7s. hd. change out of^a 
sovereign ; how much had he to pay foi each ticket sepaiately, 
supposing that the fir-^t and second class fares <^from Noiwich to 
Diss are 3^. 6<f. and ^s. respectively ? Of course the fares 
throughout are supposed pioportional to the distances. ■ 

28. Two vessels A and B contain different mixtures of wine 
and water, the one in the propoition of 2 ; 5, and the other in that 
of 5 I 9. What quantity must be taken from each to form a mixture 
which shall contain 5 quarts of nine and 12 of water ? 

29. In a mixed number the fractional part equals J when the 
denominator is increased by 1 ; the integial part exceeds the 
numerator of the fractional part by 3 ; anti if the integral part and 
the numerator be intetchanged, the entire number is diminished 
by 2^. Find the number 

30. Being asked to find the value of the algebfaical fraction 

by ascribing to y and s ceitain given values, a boy interpiets 

it like 3f and gives a value exceeding the correct one by 4g ; the 
given value of z exceeds that of y b>j 2, and the 'ium of the values 
of x^ y and z is 18. What is the correct answer wanted from 
the boy ? 

31. A man was 24 years old when his first child was boin ; 
some years hence the wife’s age wdl be double that of the child, 
and in 4 years more the sum of the ages of the man and the wife 
will be four times the age of the child. Find the age of each at 
the last time 

32. One-third the sum of the ages of some children exceeds 
one-fourth of their number by 2, and 2 years hen^e the united ages 
of the children will be 17. Find the number of children. 

[If ,tr — number of children, and^ years — their united ages now, 
their united ages 2 years hence will«/+2jr (2 years being acMed 
for each child)]. 

33. The united ages of a man and his wife are six times the 
united ages of their children. Two years ago their united ages 
were ten times the united ages of the children, and six years hence 
their united ages will be three times the united ages of the 
children. How many children have they ? 
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34 . The dimensions of a rectangular court are such that if 
the length were increased hy 3 yds , and the breadth diminished 
by the same, its area would be diminished by i8 sq.*^ds. ; and if 
its length were increased by 3 yds., and its breadth increased by 
the same, its area would be increased by 60 sq. yds. ; find the 
dimensions. 

35 . If a rectangular plot of land were i ft. longer and 2 ft. 
less broad, its area would have been 13 sq ft. less ; if it were a 
square of the sam^ perimeter, its area would have been i sq. ft, 
greater. Find the area 

38 . A* room of which the flooi is rectangular is such that the 
addition of a foot to the he*ght will increase the area of the waJIs 
as much as the addition of a foot to both the length and breadth, 
the inciease in each case being 60 sq. ft ; and if the floor be made 
square, the peiimeter remaining the same as befoie, its area will 
be increased bv 9 sq. ft. P'lnd die length, breadth and height of 
the room. M U. 1868. 

37 . An officer travtls by a tiain with an assistant and a 
seivant, himself in a fust class cairiagc, the assist.int in a second 
class, and the servant in a thud class cainage. They hav** 
together 20 cwt. of luggage. The weight the thiid class passenger 
is allowed to c.iiiy free of chaigo = h df the weight allowed to the 
second class passengei one-lhiid the weight allowed to the first 
class ]).issengor. The officer’s luggage falling short of the weight 
allow'ed, he is chaiged nothing for luggage, but the assistant and 
the seivant have to pay 2^ e^ch. Had the whole luggage belong- 
ed to the servant, he would have been icquired to pay i6j., and 
had it belonged to the assistant, he would have been charged i 2 s. 

I low much luggage has each ? 

38 . A and 7 ^ play four games of change, of which A wins the 
first and last, and 7 ^ the other two. The amount which each stakes 
for the first game is half the wdiole sum of money possessed by 
both togethei, and for tlie other games half the money possessed 
by the losei of llie pieccding game At the end of the fourth 
game A finds that he has 185. less than he would have had, 
if he had w'on them all, and B finds that he has 9^. less than he 
had at starting. P'ind the amount of money possessed by each 
at fust. 


39 . • Theie are 1000 men in a legiment, who aie arranged into 
twm hollow sqnaies, 2 and 4 deep respectively, one square bejj&g. 
posted by the side of the other so as to present an unbroken front 
line. On 500 more men coming in, the whole party is rearranged 
into a hollow square, 5 deep, having a front line of the same length 
as before. P’ind the number of men in each of the first arrange- 
ments. 
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40. A sets about a piece of work, and After 3 days is joined 
by ^ ; they work together for 5 daya, at‘*the end of which the 
work is found to have been half done, and in 7 days more the 
work is finished. How long will each take to do it alone ? 

41. A piece of work can be done by a men and d women in 
c days, and also by 3 men and a women in ^ days. In what time 
can a man and a woman do it together ? 

42. A, B and C can do a piece of work in 5J days. A works 
on it for 2 days, after which he is joined 1)^ ^ ; A and B then 
work together for 4 days, at the end of which | of the woik is 
found to have been accomplished : if ^ and B worked together 
from the first, they could have done 5 of the vioik in 6 days. How 
long befoie the completion of the work should C join A and IS 
in order that the work may be finished in 7 ^ days altogether? 

43. There aie two equal pipes to fill a cistein, having a leak 
in the bottom ; if all aie open foi 20 minutes, the cistern is filled ; 
if the leak be slopped, it takes 15 minutes in filling. How long 
will it take in filling, if only one pipe be stepped ? 

44. A letter-cairier has to go d.iily fi om to Q in a pres, 
cribed time If he goes a mile an horn fastei than his ordinaiy 
rate, he arrives at Q half an houi befoie the time. But if he goes 
a mile an hour slowei, he anives ihree-quai ters ot an honi too 
late Find his ordinaiy late and the distance from B to (J 

46. A ship bound for a distant port sails at a unifoim late 
to the next coaling .station, wheir it is detained foi 3 days. The 
remainder of the ^oyage, w'hich is the whole, is accomplished 
at J of the loimer rale, and the whole time taken fioni starting 
is 13 days. Had the coaling station been 1^0 miles further on, 
the ship might have stayed there 2 dajs longci and yet reached 
the end of the vo>age in the same time. Paid the length of the 
voyage. 

46. A man performs a journey fioin A to B^ part of which is 
up-hill and part down-hill, in a hours, and returns born B to A in 
b hours : if the up-hill and down-hill rates of motion be respec- 
tively f and miles per hour, find the lengths of the two pans 
of the road. 

47. A and B are two places 12 miles apart. Two persons 
starting at the same time from A and B towaids each other meet 
in 4 hours ; had they walked in the same direction, they would 
have met in 6 hours ; find the rate of each 

48. A staits from/* towards 2 at 10 A. M., and B starts fiom 
Q towards P at 10-30 a. m. ; they pass each other at 11-45 A. M 
B on reaching P turns back and ovei takes A^ who continues 
walking in the same direction, at 1-50 P. M. Find the rates of 
walking of A and the distance PQ being 7J miles. 
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49 . A starts fro^i a place, and 5 hours later B starts from 
the same place in the same direction, walking a mile faster per 
hour than A ; after walking for 3 hours B meets (T, who walks 
towards, and as fast as, i?, and who met A 2 houis before. Find 
the time that B takes to catch A. 

60 . A bicyclist going from A io B has a bad fall 8 miles 
fiom At on account of which he lides thenceforward with J of 
his original speed, and arrives at B 35 minutes late ; had the 
fall occurred 8 mil|s fuither on, be would have been only 25 
minutes late. Find his original speed and the distance from A 
to B. 

61 . Two persons start fiom two places A and B respectively 
at the same time, and continue iiinning between those places, 
flist.ant 71 miles, without slo]>]ung ; they pass each other fiist 
at the 9th mile-stone from A, and next meet again after 9 houis 
from staiting, while going in opposite dii actions. Find the speed 
of each. 

52 . if in the preceding problem the men start from At find 
the speed of each 

68. A train passes a post in 3 minutes, and a bridge in 1 
minutes, running unifoimly «u the rate of 10 ft. pei see ; how 
long is the lu idge ? 

64 . A train running at the late of 30 miles per hour, passes 
a man walking in the same <liieciion wuih itself in 1 J seconds ; on 
its iLturn the tiain passes the same man in i] seconds. How 
long is the tram, and how fasfiidoes the man v\alk ? 

66. A train and a tiam-cai, 44 and 4 yards long lespectively 
take 4 seconds to pass each other when moving in opposite direc- 
tions, and 6 seconds when moving in the same direction. Find 
the rate of each. 

60 . A boat takes 5 hours to go up 10?. miles and back, and 
it takes J hour and 12 minutes to go down 8 ^ miles ; how far will 
a log wood canied down by the current go in 1 hour ? 

' 67 . A steam-launch lakes 6 houis to go up and down a 
certain distance on a river, wdicie the ciurent fl()\AS at the late 
of 3 miles per hour ; had the r.ite of the lannrh on still water been 
half as great again, it would have taken 2 hours to go up the 
same distance. Required this distance. 

68. * A boat’s crew rowed 3a miles down a river and up again 
in 100 minutes. Had the stream been half as strong again, th ^ ^* 
would have taken 31J minutes longer. Find the rate, of the 
stream. B, U. i860. 

69 . A man rowing against a stream meets a log of wood 
which is being carried clown by the current. He continues rowing 
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in the same direction for a quarter of an^honr longer and then 
turns and rows down the stieam,. overtaking the log miles 
lower down than the place wheie he fir^^t met it. Find the late at 
which the cinrent flows. Can you find the rate of the boat on 
still water ? If not, why ? 

60 . In a lace of 600 yds. A gives B a start of ?5 yds. and 

wins by 3 seconds ; when he gives B a slait of 4^ seconds, he 
loses by 15 yds. ; find the time that each takes to run the whole 
distance. ^ 

61 . In a lace of 150 yds. A can give B a start of 30 yds. ; in 
a race of 400 yds. A gives B a start of 100 yds, and loses by 
seconds. Find the late of each. 

62 . A and B inn a lacc, and A wins by 5 seconds ; A then 
gives B a stait of 10 yds. and wins by 3 sec. ; A next gives B a 
start of 6J sec., but loses by 10 }ds. , how long is the inn and 
what is the rate of each ? 

f 

203 . Digits. Take the number 73. The digit in the place 
of units IS 3, and that in the jilace of lens is 2, and the numbei 
73=10x2 + 3 Thus a number of tioo the dipt in the 

ten%^ place the dipt in the units' place - i"o;i'+>', if x and be the 
digits in the places of tens and units respectively. The last ex- 
pression depends upon the total values (;<?., values in virtue of 
place) of .a and y. In the case of ‘^3 the local value of 2 is 20 01 
10x2 ; in the case of 243 the loc,iJ)\ciluc of 2 is 2oo=icoX2, and 
so on. Again, 243-^100x2+10x4 + 3. If instead of 2, 4 and 
3 we put x^y and we see that the nut ibo of ihiee digits having 
ar, and r foi the digits in the hiindier^ tens’ and units’ place 
respective! y = joox + loy + 7 = Joo x the digit in the hundreds,' place 
•\-ioy.the digit in the tens' p^ ace -k- the digit in the units' place ^ 

Ex. 1 . Find the numbei of thice digits which is the same 
w*hen reversed, and the sum of whose digits is 16 and the differ- 
ence 2. C. U. 1883. 

Since the numbei is the same when leveised, the extreme 
digits must be the same (If we icvei sc 434, the leveised num- 
ber IS still 434 ) 

Let X denote anv of the extieme digits, 
andj/ denote the digit in the place of tens. 

Then the number = ioor+ io/+4r. 

Since the sum qf the digits is 16, r + y+.;ir=l6 (i). 

Since the difference of the digits is 2, 4r“^ = 2.„ (2), 
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Add (i) and ; tbns 3;r« i8, /. /. y«4, by (2). 

/. the required number = 046 . Am. 

In (2) we have taken .r-y=2 instead of^“r=2. 

If ^-jr=2, we get from this equation and from 

i but these fractional values of x and y are inadmissible^ 
because x and y, being digits of a number, must be themselves 
whole nwnders. 

^ EXAMPLES 117 . 

1 . A number consisting qf two c 1 ii;its equals 3i times the 
sum of the digits, and double the left-hand digit is short of three 
times the light-hand digit by 7 ; find the number. 

2 . A certain number consists of two digits ; the sum of the 
leciprocalb of the digits is g times the recipiocal of the product of 
the digits ; and the number when' inveited bears to the original 
number the same ratio as 3 does to 8. Find the number. 

3 . Theie is a numbei of two digits such that if 9 be added 
to ;t, or if 1 1 times the digit in the place of tens be added to 
twice the digit in the place of units, the number will be inverted. 
What is the luimbei ? 

4. Reverse the digits of a number, and it will become five- 

sixths of what it was befoie ; also the difference between the two 
digit j is I. Find the number. C. U. 1883. 

6. A number consists of^three digits of which the sum is 6. 
The difference between the digits in the place of tens and units 
e(iuals 2, and if 99 be added to the number, it will be inverted. 
Find the number. 

6. A number consisting of three digits is the same when 
inverted ; the sum of its digits is 10, and the greatest difference 
between a pair is 2. Find the number. 

, 7 . A number consists of three digits, the right-hand one being 
zero. If the left-hand and middle digits be interchanged, the 
number is diminished by 180 ; if the left-hand digit be halved, and 
the middle and right-hand digits be interchanged, the number is 
diminished by 336. Find the number. B. U. 1887. 

8. Two boys are asked to find the numerical value of the 
product nh by assuming a given value for each of a and 6 ; one 
them adopts the form ndj and the other the form bin each 
gives the required value by merely putting in these forms th‘e 
numerical values of a and so that their answers are too great 
by half and thirteen-eighths of the correct one. Find the correct r 
value wanted. 
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CHAPTER XXXIf. 

. • 

Ratio and Proportion. 

204 . Definition. The ratio between two quantities is the 
value of one relatively to the othei, and is rletcimjned by finding 
what multiple, pait or parts one is of the othei. Hence the ratio 
between two quantities (an be e\pressed by a fiaction. Thus 

the ratio of a to b-^~. ^ 

. 0 

The quantities ('ompaied mu'^t be of the simekind, foi we 
cannot compare quantiliob of diffeient kinds , \vc can compare 2 
inches with 3 inches, Ijm not 2 inches with 3 inaunds 

The ratio of c? to b i**. wiitten as wheie a and b are called 

the Terms of the ia*to ; the fust teim e y a) is c.illed the 
j|.ntecedent, and the second teim the Consequent of the iaii(\ 

The latio between two quantities cannot alvv.n s be expressed 
by the latio between two inUycMS. Foi,eake a lectangular couit 
yaid, 6 ft long and 4 ft. bioad. Then the diigonal of the court- 
yaid= iv/( 4’ + 6>') ft. - ^(52)11. Kucl. 1. 47. , 

Hence length * bicadth = 6 ’ 4=“3 ' ? ; 

but diagonal I hieadth- I 4 "^/(l3) I 4 “ vi‘ 3 ) I 2 

Since we cannot fully e\ti ici lh(‘ sqiiue loot of 13, we cannot 
express the latio between tl e di igonal and the bicidth by the 
ratio between tw'o intcgcis Wln^n the latio between two quan- 
tities ran be expiesscd as th it betveon two Kttcgeis, the quantities 
aie called commonsurablo quan^ties, oiluiwise they au 
called incommensurable qiiintities The diagonal and a sale 
of a square aie inconimcnsuiablc. foi the 1 uio of tla one to the 
other IS easily found to be equal to ^/2 ' i. 

! A Ratio of Equality is one m which th^ antecedent is equal 
to the consequent 

J A Ratio IS called one of greater or loss inequality accoid- 
' in^ as the antecedent is gicatei or less thin the consequent. 

' Thus 5 ; 5 is a ratio of equality ; 

6 I 5 „ „ of greater inequality ; 

5 ; 6 „ „ of less inequality 

^ Hence if a \ bh^^. ratio of greatei inequality, i ; if*the ratio 

be one of less inequality, i. 

N. B. A ratio of greater inequality is sometimes called a ratio of 
majority* and that of les»s inequality is called a lalio of minority. 
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206. Theorem.% A ratio of j^r^ater inequality is diminished 
and one of less inequahty increased by adding the syime posi tive 
^^^OfitUty to both of its terms. 

Let ? be the given ratio, and x any positive quantity. 


Required to shew that if | be a ratio of greater ^ 

inequality, and that^^^"-^, if J be a ratio of less inequahty. 


Proof. (I) • 

accoiding ?isb{a-\-x) > = or <a{b-k-x)^ 
j, as ab + bx > ~ or <ab-k-nx^ 

„ as Aar > = or < ax^ 

„ as A ^ 01 a, x being positive. 

i e , according as « is a latio of less inequality, equality, or 
gi eater inequality. 

Thus when ^ is a ratio of less inequality, 

. a ^-x a a - 

and »* J, » greater inequality. 


For example, | is a ratio of less inequality, 




and 5 


of gi eater ..., 


3 + 4 

4 + 4 
4 + 4 
3 + 4 


or l>i, 
or f < 5 . 


r06. •Definition. The Dtiplicato, Triplicate, Sub- 
duplicate and Subtriplicate latios between tw^o quantities are 
respectively the latios between the squares, cubes, square roots 
and cube roots of those quantities, 

dhus ; b'^ is the duplicate ratio of a I b, 

; b^ o „ triplicate ratio of alb, 

*• ; ijb „ „ subdnplicate ratio of a [ b. 

\Ja \ X/b „ ,, subtriplicate ratio of a I b. 

The sesquiplicate ratio between two quantities is the ratio 
between the square roots of their cubes. 

9 § . 

Thus a'^ I b^ is the sesquiplicate ratio of a I b. 
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EZ. 1. 


If ax-^by^cx-^'dyy find the iatir»;ir \y. 

Given ax by cx dy ; 
transposing, (a^ c)x^{d^b)y ; 

dividing by {a-c)y, 

i X : y^d-^b \ a-~c. Ans. 


Ex. 2. If 4x--3y~Si and — 4, finti the ratio 

x”+i : y^+i. 

Solving the equations 4^-3)'=»5 j and 5.*^-6y«=4, we easily get 

x = 2, y=i. 

;r*+i ;y+i= 2 ® 4 -i *. i®+i = 5 I 2 . 


-« ,^•*■ + <7 jr + rt! + r - , , . , , 

Ex. 3. If — rz*^ — the ratio .r + a ^ x-{-b, 
x-{-b x^b-{-d 

xA-a x->ra-\-c dif. of numis. c ^ .. 

. page 240. 

x^rb x-^b^d „ „ denis d a ** 

f, X’^-a \ x^b—c \d. Alls. 


EXAMPLES 118 . 

^ 1 , If 2-r-3y*=*4y-5.^, find ihe^iatio x \ y. 

If ax-^by — bx-Vay^ find the latioo: \ y. 

If I, and 3 A 5, find the ratio .r I , 

4 , If ^ + £-3 + ^, and x +y«=^(64-(2), find the ratios 

^ a b 

J and x^2y \ x^riy^ 

/s. If 24 r + 3>'-4C'=*o, and 3^: -<^ 4 - 2 *0, find the iatios;r \ y\s. 
0 . If ,r + y+’2'=i2, ;r + 2;^+32' — 28, and 3Lr + 2^ + 22' =26, find 
the ratios t \y \ and^.^' 4 -y \ y-^s \ zArX, 

7 . If f find the ratio < 24*1 ! ^ 4 - 1 . 

^ 4-1 b + 3 

A 8. Wiite down the subduplicate and subtriplicate ratios of 

9 . Two regiments composed of 1000 and 1:00 men lespcc- 
ffvcly are each le-infoiced by 400 men ; in favour of which regi- 
ment is the increase ? 

^ 10 . Prove that a ratio of greater inequality is increased and 
of less inequality diminished by taking the same number from 
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both its terms, the number subtracted being less than either of 
the terms. * • 

• 

207. Definition. Four quantities are said to be pTOpOP- 
tionals when the ratio of the fiist to the second is the same as 
that of the third to the fourth. Hence proportion is the equali- 
ty of two ratios. Thus if c, d be proportionals, a \ b^c \ 
which is written a \ b \ \ c \ d. a \ b \ \ c \ d\^ read is to ^ 
as c is to The terms a and d are called the extremes, and 
b and c are called th§ means, d is called tire fourth, propor- 
tional to a, b and c. 

Four quantities are said to be inversely proportional 
when the first is to the second as the renpiocal of the third is to 
the reciprocal of the fourth, i e y as the fourth is to the third. 

Thus, by L and d are inversely proportional, 


when a \ b\\^^ 

* d' 

I ♦ 

j 

1 

VT I , I r rt 

Now, - 1 « 

c d i c 

‘d\ci therefore it follows in this* 

d 

1 

case that a \ b \ \ d \ c. 


* 208. Proposition I, If a \ ^ d, then ad^hCy and 

conversely, if ad^hCy thenta Ih^e . d. 


That is, if fou 7 quantiiie^ be proportionals^ then the product oj 
the extremes ts equal to the product of the meanSy and conversely. 

For the proof of the first part, see Art. i6o, page 230. 

' Proof of converse : Let ad=bc ; 

Dividing both sides by bdy » 

reducing, ’ i\e , a I b — c I d. 

209. Proposition II. If a I dj then h I a^dl c. 

That is, if four quantities be pfopoftionalsy they a^'e also p 9 Vpor 
tionals wnen taken inversely. (Invortendo). 

Proof: Given 

whence i.e.y b\ a^d\ c. 
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210. Proposition III. Tf ff : h-c I d, theti a I c^h I c?. 

That is, fom quantities be proportionals^ they an also pro- 
portionals idhen taken alternately (Alternando.) See Art. 163 , 
page 234 . 

211. Proposition IV. It a I b^c \ then will 

a^^-h : h^r^tl : d, (Componendo). 

For the proof of this proposhjon and the two following, the 
student IS refeired back to Art. 174, page 254 

212. Proposition V. If a \h^e I d, then will 

a-b : : d. (Dividondo) 

210. Proposition VI. It a \ b=-c \ rZ, then will 
u-vh : a-b^C‘\'d \ v-d 
(Componon^lo and Dividendo). 


214. Proposition VII. If a \b^cl rf, then will 

a : a-b-^clc-d (Convertendo). 
For, let a \ b==^c \ d ; 

bjl 
a c * 


in veiling, 

subtracting each fiom 
ie^ 

inverting again, 


b d 

r-b c-d ^ 
a ^ c ' 
<i c 
a-b~~ i-d 


Ex. I If (2^4- 3(5 f 2 C+ 3^ 

=»(2a + 3d-2r-3^/)(2a- 334-2^-3^), then will 
a : h^c \ d. 

, 2^4- 3 ^ 4- 2^4- 3 ^ 2a-3^4-2^-3^fl 

y prop* j 2« + 3^-2 - 3r/**2^?-3^-2^4-3</ ^ 

/. by Componendo and Dividendo, 

. 2/2 4-3^ 2<z-3^ 
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by Alternancjp, 


2^4-33 


2C-ld' 


.Prop III. 


again by Comp, and Div., 


Multiply both by g ; thus \ ?.^*i a \ b»c \ d. 

b (* 

Or thus : we have {(2«4-3^/)4-(3^4-2i:)f{(2<2 + 3 rf)-( 3 ^ + 2 r)} 

.*. (aa + orf)® - (33 +2c)*—(2a- 313?)* -(36— 3 f)*. 

/. by transposition, (2/2 + (2*7- 3^)“ — (3^ + 2^:)®“ (3^* 2^)? ; 
factorize each side ; then 4ax6d^6bx4c; Art. 75. 

ad^bc ; 

/. a \ h^c\ d. Prop. I. 


Ex. 2 . a I b y, c I dy and if ^ be the gieatest of the four 
quantities, then will a-^d^b + Cy a being positive. 

Since <2 is gi eater than ^ as \\ell as c, a-^and a-c are each positive ; 
*. (<2- <^)(/?-^) is positive. 

a®- rt(/) + (r) + ^r is positive. /, ii^’^bc>a{b-{‘C) (i; 

Now, since a I b==^c I dy ad^bc, 

putting nd for bt in (i), we have ad> a{b c\ 

Divide each side by a ; ihu%<7 + rtf >/5 + r, <2 is positive. 


EXAMPLES 119 . 
l( a \ b y t \ dy prove that 

• A 1. -bc^^dji- d\ /^*2. a{b-\‘d)^b{C'\rd), 

^ \ 3 . (a’--b){c+d)^ac--bd. 4 . (ax^by){cx'^dy)^acx^^bdyK 

^ /. 6 , + ^^“ — (/2 + <^ + c+ d){a -‘h — c+d). 

Prove that a I b y cl d, being given that 
^ 6 . b'"- — ad^b\b - c). ^ 7 . {(i^rb){c^d)^{a — h){C'\-d)^ 

■/8. (--!)(' 

/ bJ\b^c b-cf acf abed abc 

^ 10 . U a I b*^c I d, and if a be the greatest of the four quantities, 
prove that + d^ > b‘^ + (^y and <2’*+^*>^*+/*‘, w»hen n\s positive. 

^ , 11. If la^^zb I 3^j + 2/5 *= 2 \ 3, find the value of %^^lbl 5/1 - 3^* 

- 12. Ifiiii + i3^^ 7i2 + 9^»-5dE+*i3^ ; 30:+ 9^, find the value of 

20 + 3^ I 3 ^ 1 + 2 ^. 
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13 . If I then will 

♦ ' (ad-bc){ac^bd)'^o 

14 . If a \ c^a — b \h — c^ then will - + - ** r* 

a c b 

215 . Continued proportion. Quantities are said to be in 
continued proportion when the first 1 the second- the 
second I the third -=> the third I the fomth, ajid so on. Thus a, 

Cy dy e &c. are said to be in contmuef* pioportion, when 

o \ b^b \ c=^c \ d-^d I ^ = &c. If ay by c be in continued piopoi- 
tion, b is said to be the mean proportional between a and (y 
and c is said to be the third proportional to a and b. 

216 . Theorem. If a, hy c be in coftiinued proportiofu 
— ar, and coiwersely 


. . , xbi^-y.bc \ 

b c ’ 

ie.y ac^b\ 

Conversely, if b'^^acy then a, b and i will be in continued 
proportion. 

For, let ac—b^ ; 
dividing each by bCy 


ie , ay b and c are in continued pioportion, [Cf. Art, 208 ] 

If 7“^ — shew that M. U. 1887, 

bed d b^ ' 

a ^ c 

b^~c^d’^ 

(d^ a a a a h c a 


Ex;. 2. If ay by c be in continued proportion^ prove that 
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* Since c are in continued proportion, b^ 
*.* a®* + b^^ + =:r ^ 23"" J- - 3^" 

= fl®"+2(3V‘+^*"-(3"j» 

= 4. 2{acY + - (3«)2, •; 

«(a«+t«)^-(3")2 

= (^z" - 3" + + 3« + c ^) ; 


*• «« + 3" + i:'‘ ^ 


3"+^« 


aiT ; 




Ex. 3. If df, 3, r, jrbe in continued proportion,^ show 

that 3, &c may be expressed as the product of a by som^ 
power of a constant factor. 


Given 

a b 
b c 


inverting, 

b c 
'a 3*^ 

^ ; ‘ 

• - “ =A’, suppose. 



• 

Since 

li 

>>• 

1! 

)) 


c^kb=^h,ka^ (V b=^kay proved,) ; 

u 


d~kc^l\k^a^ (V proved,) ; 


•% and so on. 

Hence, 3, r, d^ e See. are respectively equivalent to 

//^a, /c^a, /j^a, Sec, A ns. 


EXAMPLES 120. 


7. 

J 


If <35, 3, r, ^be in continued proportion, prove that 
1 ^ {a-b){b-\rc) = b{a-c). 2. (a + b){b^c)-2ac*^b{a-^c). 

3. + 3)(3 + //) = b{a + 3 + 6' + ^). 4. (a” + 3"X^* - ^’*) ='3«(«" - c"). 

a^4‘ ^3 + 3^ A <1 + /: a — 

£■ 


6. 


3‘^+3(r4'c‘'‘ c d^' X — i:* « + £•' 

Show that a, 3 'and ^ are in continued proportion, if 
7. f(tf-3)=3(3-^). 8. (rt + 3)(a-3)=s=<2(^“f). 

^ 3(zi+3-f r)‘«3f: +£•<! + a3, 10. (a4'3 + cXa-3 + f)«fl3 + 3®+t* 
1. If .;ir+ 1, .r 3, .r + 6 be in continued proportion, find ' 

12. Find the mean proportional between 9 and 16. 

2^ 
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13 . Find the third pioporlionil to 8 and I2. 

14 . Find two numbers between i rnd 64 so as to be in con- 

tinued propoition with them 

16 . Find thiee nnmbeis between i and 1296 so as to be in 
continued propoition with them 
16 Find the third proportional to and 



217. Important theorem //ci I b^c I d — e ! 


/pa'‘ 

each raho « 

Now, 


4- qc« + re“ 4- 


\pb’‘ + qd* + r f “ + . 

a _ c e 

cT^r 

Let each fraction 


Then, t-= A, C“ 3 “, and ; ... (0 

•• c-Id, „ qC^-=k*qd^ ...{i) 

(i 

. ...( 3 ) 

and so on 

by adding (i), (2), (3) we get 

/>rt"+yt’* + r<f’M =>{’‘(/5i5’‘+^rf" + V»+.. ) ; ( 4 ) 

. /a" + ?('* + /«"+ . 

+ ‘ ’ 

1 

' + + + f> d 

Hence the theorem 

Corollaries, If , then 

b d j 

, < . />a’¥ac-\-reA’ f 

(1) each fraction . 

this follows from the above theorem on putting ; 

a-^c+e 4 -.,. sumofnumrs, 

(2) each If ^ sum of denmrs, ' 

this follows fro’n Cor. i on putting = ; 

^ 7 -^+^ + ... .. 

(3) each fraction « ^4-/+’". • 

this follows from Cor. i on fiutting/® 1, ^ = - 1, &c. ; 
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(4) each fraction ^ 


a^c r — a — e 


d-f b-f 

_dif, o f any two numrs, 
dtf. of corresponding denrs* 

1. If by Cy d be proportionals, prove that 
a^d-bhJfb^d : ah-k'b^d:: d I c->rd. 

Since Oy by c, d Sir$ in proportion, ^ 


T a c . 


b d' 
Then a—bky c* 


dk. 




<1 V - b^d_ b^kld- b*dk + i V 

' A+iV'" b^k*.dk^V‘d 

^b*iKk^-k + i) I 

<>V(i4**+i) ‘°k + \ 

d d ^ d I 

T+d dk + d d(k-H)"‘k+i 

<jV-iV+W <i , ^ ^ 

" A + b*d ~ “T+d ’ above proportion. 


(1) 

(2) 


Ex. 2. (T, r, be in continued proportion, prove that 

(ab+bc+i:df=(d‘+b*+c^){b^+<^+d*) M. U. 1887. 


We have \=^-=^=k, suppose. 
b c cL 


Then evidently = x == 


a ay.a 


ab' 


, &c. 


sum of numerators 
* - . — 
sum of denominators 


ab + bc-^cd *” 

. , - ab be cd , 

Again . 

sura of numerators 


(0 


ab a be b ^ 


sum of denominatois 

• " 

abArbc-\^cd 

+ 

.X / x J /-X abArbc-^-cd 

• • W-CbcT T d '^W^^' 

/, Art. l6o. 


(2) 
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^ , - a b C , 

Or thus : Let 7““®'^=/^* * ^ 

bed ' 

Then -j=^i c=dh\ 

a 

„ ^ = /[-, = r/ifcx -6 = ^*2 ; 

„ " = ;. a-W = rfi-*Xyt = rfX’.^ 

.% {ab + +(•(/)«- X dP + d/i^ X dk +dk'< d)- 

-(<?A‘+rfV;» + //»>!•)* 

=A!V(,e« + >C-=+i)» (I) 

+ 42 + £«X*2 + £2 + + <i 3 ^ 2 )(rf 2 >f« + iPB + d^) 

= (Pk\k*+k'^->r l).d{k* + k'^+ l) 

= W(^*+-t* + 0’- (2) 

,*. from (l) and (2), {ab-¥b{.-\rcdY=^{d^^rb'^'k‘L^){b'^-\’C^-\'d^)» 


8 . 


Solve 


x^y-a y^-b a-^^c 
b’\-c C'^a a ^rb^ *** 
x^y + s^a + b-^c. 


Each member of (i) 


sum of numerators 
sum of'denominators 
X ■^y + ^y-\-a ^b“{-c 
2a+2b + 2c 


a^^b■¥c+(l^^b’}‘^.' - . 

— ; , from (2), 

2(«+^ + 0 


= I. 

x-\-a^b-\rc, ^ 
y+b — c-^Ut l 

s' + c=a + ^. j 


x^b ^c-Ui " 

y^c-^-a-b, 

z—a-^b-c. 


...Id) 

% 

... (2) \ 


A ns. 


/* 4 . A vessel contains a mixture of wine and water. Had there 
been a gallon more wine and a gallon less water, the ratio of wine 
to water would have been as 7 I 8 . but had there been a gallon 
more water and a gallon less wine, this ratio would have been 
as 2 I 3. Of how many gallons does the mixture consist ? 

Let jr denote the number of gallons of wine in the mixture, 
andj^' „ „ „ „ of water,, „ „ . 
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Then, by the quei^tion, 

x + i : - I = 7 : 8, 

and ;r- i ; y-f- 1 -^2 ; 3, 

From(iX 

and from (2), 


8(ji:+i)=:7(y-.-i), 

3 (^“ 0 ** 2 (y+i). 
ar- 7 ;/« - 15 , 

3 ^- 2 y «5 


(O 

(2) 


Multiplying the first of these equations by 2 and the second by 
7, we get • i 6 x - 14;/== - 30, 

2i;r- i4_)/«= 35; 

/. by subtraction, ~ 5rs“-65; 

13; 

/. from (i), 8xi4“7(y“-0» 

>'-1=16; 

r-7- 

/. the total niimbe^of g.iPons lequiied «;i +y -30. j 4 » s » 


^ Ex. 6. Two silver balls of diameters a and b inches respec- 
tively are melted down into a single ball ; find its diameter, being 
given that the volume ol a ball is always pioportional to the cube 
of its diametei 


Let X denote the diametei of the nev/ ball in inches, 
and let V denote its v ilunft in cubic inches. 


Let and K cubic inches be the volumes of the old balls. 
Since the volume is piopoitiond to the cube of the diameter, 


a’ V' 


(i) 


Since the new ball contains the same quantity of silver as the 
tvuo original balls, V. (2) 


From (i), 


V sum of first iw^ numrs, 
,, ,, „ ,, (iffftfs* 

_Vx±Y 2 


;r*=«® + 3*. 

x=V{a*+S»). Am. 
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1. 

Jcs. 

>*• 
^ 6 . 

/-T. 
✓ 8. 
^10. 
/'ll- 
/la- 


EXAMPLES laL , 
a I 5 y. c [ d, show that 
a+d * a'^d II I c — d» 
ma^rftc I mb ^nd \[ pa I pb + qd. 
a--c I 2a + /: 1 1 h-d \ ih-^rd. 
ma-\‘nb \ pa-qb II mt-^nd \ pc-qd. 

I7a+i3^1 iia + 9ts=i7/5 + i3c^ I + 

a*+^2 ; . c^-'d^^ac^-bd: ac-^bd 

a* + 6 « ; ^* = aa+ 3 ’- + <;2 + ^* I ^2 + ^. 

a» : c«=.(« + 3)® : (^r+rtO*. (a/r+^V-^(^^+^*). 

^4-^2324.^4 . ^4-^2^ + ^4«(^24.32^2 • (^24.^2^* 

+ : x/(^ + ^)-V(^~a*^ + 3») : 

«+ ^/(aa + ^») : a- J{b^^d^) I 

laArmb I Ic-Vmd^ tjipc^ ■^‘ qh'^^ I Jipc^ gd^). 
<t-c\b-d: \ a+c+ ^/(a* + <’) : 5+a!+ Jib^+if-). 
(la-^-mby I {lc’\‘md? 1 1 Po^c^-Vqh^t^ I 

If a 1 ^ — I I I /!^&*c , piove that 
a I ^ = 2a + 3t'-^ I 2^ + 3^-/. 
a + r+^+.^ : a-^:+^-,C=<^ + i+/+// ! b-d^f-‘h 

a + c ; ^ + 1 “ + -+*^4*-. 


20 . 

21 . 

22 . 

23. 

24. 
26. 
26. 
27. 
26. 

29 . 


+ : /J^+^^-7 + ;^ + i + + + 

p d / ace 

a+f : i + rf=ar+5£-+r ; bc-i-bd+f. 

e :/»a + <:+ I ^ + rf+ V(/» + A*). 

a»-«* ; ab-ef^-a-c+ ^/(^♦+^*) I ^-rf+ ^(<,V«+eV*) 

(a^+t*)* : (^«+crf)*-(a* + «®)^ + ai-i? : (^“+/*)^+3///; 
(e*-«»)* : {d>-f^f~{ac+ce+eg^ : {,bd+df-¥fh^ 
«*+«*+/* '• ^*+<^+/*=«(a+ 
ac+ce+ex ’. ^rf+i^+//4*=(a®+4* + e*)* ; [ab+cd+e/)^. 


{a*^c*■>r^^¥g*■¥...){b* + d*+J* + )fl...) = {ab + cd^■ef■^■gh + ...,'‘ 



af j]e £r 
“bd dr pi 
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30. -b) - h{a-^bt(* - ej )(<• - d) 

If a, b. Cl dht in continued proportion, prove that 
3L a^+b'* a'^—b'‘=a+c I a — c 

32. a(<a—i)'.b*-c—b'^~a',c{c-i) 

33. 'a ; d-d+^¥abc '.‘b^ + d+bcd. 


34. a ; ^=a*-3« + f* : 

36. ac-vbd \ ac~^d=/t’- f + 2^^ 4- ri® I a^ — d^. 

36. {a + d)*+{b-c)*~(b + /y + (a-djK 

87. 1 4 ^^(aS+i®+r). 

38. dd(b^-\’tX^)=^c(ad~-2c^^2rd){b + 2c-{-2d}, 

39. a--b,b c-d aie in continued proportion. 

^Prove that aj 3, c, f/will be in proportion, if 

40. a(b -{■(:) I c^-^^nd^b \ d, 

41 \ pb-\-rd^a\‘ i '.b’Vd 

42 {a’^b’k’C^d){a- b^c-k‘d)^{a'Vb- c-d){a-^b ^rC'^d) 

43 . (/(« + mc)(mb — Id) » {inn — Ic){lb + md). 

44 . {a^‘b){a-‘d)'\-b{C’^d) — a{aArb). 

46. a{c^a)-\'b{a-c) \ c{c-k‘a)-^d{a-c)=°a-k-b I c-i-d. 

48. a{b c) - c{b - i) I b{b -^r c)- d{b- c)^ a- c I h - d. 


47. 


aA-d 
a — d 


a—d , bAc 
a->rd ' b — i 


b-^c 

bAc 


— — c® I a® — 


Show that b is the mean proportional between a and c, if 

48. 2a 4- 3^ *. 5a-4^-^2^ + 3^ : 5 b - 4 ^: 

49 . abAc^ I bAc^a-b ¥ c 2 i. 60. a^Ab- I ab^aAC I b. 
51, b^ :Ta«a®+^* + 62 • a^ + arA(^ 

6^. (b + i)(d^ AabA b^) \ {b - c){a^ -^abA b^) 

^{aAb){b^AbcAc^) I {a^b){b^’-biAc^). 

If a, by Cy dy e be in continued pioportion, prove that 
a ab (a b\[b a\ ab ah (a b\/b a\ 

e de \c f)\d d) ' de cd \d aV\^ c)’ 

65. d : e^^Jia^Ab^Ad) : Xfib^Ac^Ai^). 

58. li X \ \ a Aby prove that I a^AabAb"^ is the 

duplicate ratio oi x I a ^ 

57. //, shew that (a^ Ab^ Ac^ A d^) tjabcd is a mean 

propoitional between {acrbd}^ and {nb Acdj^. 
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Solve ^ , 

v/Jb. 5-34: ;: 3 ; 3. 

J) 

69 . 7 x-~ia \ yc-i}> \ \ 4:1' -r \ 6 x-d. 

60 . jr^ + 2;r + 3 ; 2 ;ir* 4 - 3 .r + 3~;r + 2 I 2.^ + 3. 

61 . x-^y \ a^b-c~y \ b~hc-a‘^z^x I a-b + c, 

xH-y + z=^ 2 (a + b + c). 

62 ax,+ by-rz I i:(a b) = ax - by + cz * b{c-a) 

•^by-Vcz-CLx \ db - c), a^x ■\rh‘^y^c^z->r{a~-b)(b^d){C'-€^^o. 

03^ .r4->^~ £r >r-y + g _rr4-r-jr^ j ^ 

^ b a (^ + 0(^+«)(« + ^) * 

ay 4 - bx /jr 4 - ^ 

c b a + ^*^ + 

06 . In what ratio should tea at 2r. per lb be mixed with tea at 
3^. per lb. in order that the mixture may jpe worth 2j. 8^. per lb. ? 

66. Two trains start from two stations^ 50 miles distant, to 
meet each other. I'heir speeds arc as 2 \ 3. Where do they meet? 

67 . The numerical slrens:th of one aimy is to that of another 
as 315, and if the former weie reinforced by 1000 men and the 
latter by 1400 men, the streng^th of iIk one would have been to 
that of the other as 5 I 8 ; find the number of men in each army. 

68 . What number must be ad^ed to 3, 5, 7, 10 each in order 
to get four numbers in propoilion ? 

09 . Find four consecutive numbers that if 2, 3 and 5 being 
added to them in order, they may give four numbers in pro- 
portion. 

70 . The ratio of the sum of the ages of two persons to 5 is 
equal to the ratio of the difference of their ages to 3, and is also 
equal to the ratio of 10 to i ; find their ages. 

71 . In a boat race on still water the speed of one boat is to 
that of another as 4 [ 7, and the number of rowers in each boat 
being increased by 5, their rates of rowing are found to be as 
13 ! 19. Assuming that the rale of rowing is proportional to the 
number of rowers, find the original number of rowers in each boat. 

72. Three spheres of diameters 3, 4 and 6 inches respectively 
are formed into a single sphere ; find its diameter, supposing the 
volume of a sphere to be proportional to the cube of its diameter. 

' 73. The length and breadth of a room are as 7 I 5, and the 
carpet leaves an uncovered strip of breadth | ft. all round the 
room. If the area of the floor exceeds the area of the carpet by 
42! sq. ft., find the dimensions of the room. 
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74. Rs. 360 ara {divided among some men, women and 
children, numbering 60 in UU. The total shares, of the men, 
women and children are respectively as 5, 4 and 5, while the 
shires of each man, woman and child are respectively as 3 *. 2 1 i. 
Fnd the number of men, women and children separately, and 
the respective shares of each man, woman and child. 

75. A and B have ;£45 between them, and make a bet ; their 
stakes are proportional to the respective sums tbey^ own. If A 
loses, the amounts with A and B respectively will be as i ! 2, 
ai d if B loses the same will be as ii I 4 ; find the amohnt with 
each at first. 


CHAPTER XXXIII. 


Harder Work in Ratio and Proportion. 

218 . We work ou^ below a few examples requiring a good 
deal of facility in the application of the theoiems and artifices of 
the last chapter. 


Ex. 1 . If 


Let 


■*’ — « _ ^ _ « — £- find the value of 

+ c-^-a-b a-¥b-c 

{b-^c)x^{c'-a)y^{a-b'^s, C. U. 1878. 

- - ^ 


b^-c-a c-\a — b a-^b—t 
x^k{b-\-€-a)\ 

)f^k{c-^a-b) I 

z^ki^d'^'b “ r) J 

{b- c)x^-{c- a)y + (a- b)c -=mb- c){b + - <z) + (c- a)(r+ a-b) 

, + (« — ^)(^? + ^ 
r.b[\b^-^c’^-’a(b-c)} + {c'^-a^-b(c-a)}-^{a^^P--c(a-b)}] 

• ^Jt[b^-^c^ + c^-a^ + a^-b‘^-{d{b-^c) + bic--a) + c(a--b)}] 

— >txo — o. Art. 73, Formulae. 

Ex. 2 . If ^ + ^ I shew that 
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Hence the proposed lesnll must be true, 
Ir \c a j ac 


2*^, jf 


[t.ansposing] 

_4 /!_ 2 ] X 

ai. at e^) 

I 1 2 t 

“(- +-) , simplifying, 


* 


2. (i) 

Now, a^c \ c=^2a ! 

2ac^b(a^L) ; 
squaring, 4 rtV — + 

(0 is true, and hence the proposed result 


Ex. 3 If < 7 (y + s'}^<^(s'+J ) = r(i +^), prove that 
a-b _ b -c c -a 


We have — - 


each • 


i.e.. 


y-\-2 i7+.r x-^y 

a—b b-i 


C'-a 


I I 

y-\~£r j5+jr 

a—b 


I i i I 

r+jr x-\-y X’^ry y^-z 
h-~c t -a 


Alt. 217 , 


x-y y- z £.'"•?!_ 

{yh7)(^x) (z-^%){x+}) {x+y){y^z) 

(v-^s)(z-^x)(a-b) (z-^A')(jt -\-y)(b~'i) 


x-y 


y-z 


(x^y){y-^z)(c -a) ^ 
” z-x ’ 

divide each by (y -h g){Z‘\-x){x^y) ; thus 
^ ^ — r r-a 

y* - js-^ 2* - x“ 
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,.hz-cy^cx--az ay-bx . x y z 

Ex. 4. If ~ , then will --7*- • 


We have 


Mf-5) “(!-;) “‘(M) 


z y z y X 

divide each by abL^\ then 


each = 


sum of numerators 
sum of denominators 
o 


£x. 5. 

Lei 

then 

also. 


z y X z y A . X y z 

-t---- — r - =>^0 ; whence “=*, =» . 
( 0 a L 0 a a 0 c 

,e^’-'\y z-yc , 

If — , . =» , prove that 

a -20 o- 2 i ( - 7 a 

x+y-^-z^ _7y-»-5- 


x-'^y y-^z z-^x 




a-2b b-2c c-2a 

t 

sum of fiumeiator** -2x-2y- 2 z 




sum of denominators 


-a-b — t 


2ix+y + z) _ 
a + b + c ’ ’ 
.f>(x-yi/)+g{v-v:) + }iz--ix) 

''^p{a - 2 b) -{• g\b - 2 C) ^ 7 {c- 2 a)^ 


where q and r aie «any quantities. COR. i, Ait 217. 

**Now, choose /J, q and r so that — sy)-\-q(y - ^z) + r(z- 

identically «7y+ 5^ ; that is, 


p-Zr^o, 


/. from (2), k- 


whence, p — -y 
<7== -2, 
~ I. 

7y+5‘S' 


- 3(<i~2^)-2(^-2r:)-(£- la) 


4^ + 3r-;?’ 


, simplifying (3) 
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By (0 and (3), .. . 

^ a-{-d + r ^^+3^r-<7 

,. ... - .r+y + s' 7)' + 5£’ 7>' + 5-E^ 

^ ^ <* + ^ + r 2(4^ + 5r-i2) 8^ + 6£'“2^7 


EXAMPLES 122. 

1. If^ I b-’L-^y \ c—a — z \ a-h^ shew that 

{h-\-c)x-{ {c^a)y-\-{a-¥b)z-=^o, 

2. If X \ b-c^y \ c-a^z \ a-b^ then will each ratio 

“ \^(a»F+^V+fS^)' 

« ir y ^ au -..x + y + z XV r 

*■ h0{c-o) <7 + ^ + 

4- If <il^b—bhr cU.a' I”'"'’® 

(ax-\-by 4- a ; ( 4 * 4- y + ^r) — + ^ + 

6. If X ’hv ] - bc=^y-{-z \ P -• in -- z then w'ill 

(1) + /*''jr4-(^ 4 /^)v4'(^4-0- =‘2(/7 4-^4-r)(4'4-)'4-xr) ; 

(i) (b-^r x + (c-^n)) 4-(/E4-^)r — (^4- Alr4-(^ + r)jj'4-(r4'«;s'='0. 

6. If^: I £14'^“^ ; i^4-r— r ! ^4-/7, then will 

(1) x-^y ; <7 4-2<54-r~ji'4 £ I 4- 3r4-7Z -£'4'^ I ^• + 2^4-^ ; 

(2) 24:4- 3y : 2rtE4 + 3r*^2y4' 3"' I 21^4- 5^ +3« 

-2ir4-3'^ I 2r4'5« + 3^. 

7. If 4:4*;' ; <7 4^ =-y 4-2: ; ^4-^ -a~z+x I a-b^c^ then will 


b-c c-a 
1/^ 

( 2 ) - ^ 

'^7 /'..V A-N / 


y^ — 


S'®— 


+ + (?+al>)-[a^ + dc} ’ 

(,) y. ^ ^ - 

ib-c-a y-a-f) 

^ .c^-y 4' + y4-£' . x y z 

b — a c-b 2(^r4-^4-rV c-\-a n^^b 

9. If x-Vy-L ; a-\-b^y-\-z-x \ b-k- c=z^x~y \ c^k-a^ then will 
4r y z ^ 


(0 

(2) 

(3) 


2/24-^4-f 2h^‘C~k■a^2c■^a^b * 

x-y ^jy-^ z ^z-^x 
a-b"^ b-c~~' c- a * 


r «- v 2 


V ® — 13 ® 




{a - b){ 3<j + 3^ + c) (3 - r)(33 4- 3^ 4- a) {c - a){'>»c 4- 3« 4- ^) * 
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10. If + shew that 


7 <>+Sf 
each fraction 


•yc+Sa ^ 

X 


ya + s^ 

y ^ 


and that 


11 


a’>r2b b+zc c-^za 
(a + 2b){cx + + /Jir) = :^{ab‘^ be ca) 

If £±a:=y+j£»“" + ^, shew that 
a — 4 ^ b-ii^a c-^b 

x-^Y’^s _ 2 ^ 4 *^j' + 4 - 
a-\-b-^L ^ + 2 <r+ 6 a‘ 

12 . If + prove that 

ta-^^b+yc /[(x-b^c 5^7 + 2^ + i- 

X \ a + b^y I b’^c—z 1 c-^ a. 

4^ + 5y“3« then will 

8 a+i5^-i2i: 477 - 3 <& + 4i; 2(<i- 6^ + 20* 

(4a + 3^ + 40 (*^ + 2y + is-) =* (^ + :>^ + 60 ( 4 ^' + 2^ + 2^). 


13. If 


14. 


+ < 2 (^^ + 6 -) c{a^-kb^)^ 


( 1 ) 




(2) 


<2(<^y + rxr) h^cz-^ax) ^cietx^by) 


a~b^c* x\y^-\‘Z^)'^ y{s^-\’X'^)'~ z{x^-¥y^)' 

16. If (bJrL)V‘^{c-^a)y={a + b)z^ihxtn will 
y-z 


> - ’ 


le. 


(1) ^zy _ _ _ 

a^-b^ 62-^2 ^ ,, 

(2) a-b : z{x-y)^b-L \ x{y-z)-^c-a \ yiz-^x). 

If {a\-b){y^‘Z-x)^{b + i){r +x-y) =r(c+ aXx +y - z), then will 

’^~~y _y ^ ^z^L, 


17. If a(y 4 -sr)=<J(r+-^) = t(y + 2 '}, then will 

_x ^ _ y z _ 

ab-^ac—bc ab-^bc—ac bc^rnc-^ab' 


18. If — ~ then each of ihese^ratios 

t4""7Zj^ % b ““ b ^ C‘~'C]^ 

— — cy-bz az -IX ^ ax^rby ^ iz — (g^-f + 7 :^) _ 

ab^-aib bcx-b^c~'ca^-cia d^-\-b'^^r<y-{aai’\‘b~b'^-^ CC\) 

19. If g : ^ : i?«2y + 2r-3jr : 2^ + 24r-3y ; 2;i: + 2y-3^j prove 

that X * 1 £'«g + 2^ + 2^ 1 ^ + 27 : + 2g ’ c+2g + 23 . 
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20 , 


If ai I I ^ 3 » =f7M I ^n, shew that 

f M 

\^ 1^3 ^r-^r+i^r+i* ^nj 


CHAPTER XXXIV. 


Elimination. 


210. Definition. The elimination of one or more alge- 
braical symbols from given equations is the operation of obtaining 
from those equations a new equation free front those symbols and 
involving anly the other symbols ; the equation obtained is called 
the eliminant- 


Suppose we have the equations <u* + ^«*o, and a^x-^-h^^o. 
From the first equation x=^--, and from the second 

o iZi 

These values of X are generally differ entf 'and the two equations 
in X are true for the same value of x onlv when i,c.j when 

a j 

aib~abi. Hence in the present case aib^ab^ is the eliminant. 


280. Process. Elimination is an operation for which no 
particular rules can be laid down, but which calls for a command 
over algebraic principles and artifices generally. We shall begin 
with simple cases 


Ex. 1. Eliminate x from the equations 
ax + bo^o, (i) 
jr’+I-jr. (2) f 

Find X from the simplest of the equations, and substitute its 
value in the other. 

From (l), "a ^ 

substituting this value of 4: in (2), we have 

^ If 

0+1 = — , whence + Ans, 

' /I 


N. B. We have here two equations in order to eliminate one symbol, 
X, This is necessary ; for from one of the equations we find x, and 
substitute the value obtained in the other so as to get an equation free 
from X, Similarly to eliminate two symbols, three equations are neces- 
sary, and so on. In general, one more equation is necessary than the 
number of symbols to be eliminated. In such equations as -^=a, -jr=:d, 
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and A =f, we at once get by addition fl + d + cwo, and thug eliminate 
three symbols from Ihr^ equations, but this is only possible for the special 
relation that holds among the qutmtitics a y~~z and z-a. 

• Ex. 2. Eliminate x and y from the equations 

(0 

4- . . (2) 

^ ....(3) 

Solving (i) and <(2), we easily x — a-b^ y^^a-^b ; ^ 

substituting these values in (3), we have 

(«4 Ans. 

N. B. Notice that we are given three equations* to eliminate Hwo 
symbols. 


Ex. d< Eliminate AT and from the equations 

ax by (i) 

b^ay-^d, (2) 

(3). 

We may proceed exactly as in Ex. 2, but the forms of the given 
equations render the following nicer method possible. 

Squaring (1) and (2), and adding the results, we have 

{aV + 2 abxy + b'^y^) + {b'^x^ - 2abxy 4 a^y ^) ; 
simplifying, {a^ + b^)x^ + {a^^b'^)y^^c^-\’d^ ; 

r>,# + ; 

substituting for from (3), («® 4 -^*)/®«^® 4 r/^ Am, 


Ex. 4 . Eliminate a*, y and s from the equations 

aiX+bjy-^c\S'^o, (i) "j 

^^ 4 -V + (:2£'^o, (2) I 

a^-^b^ + c^z=^o, (3) J 

From (i) and (2) by Cross Multiplication, w’e have 

*• 

V y ^ 

£ — ^-7 — = . == — J, r « I't suppose ; 

o^c^'^v^Cj L c^(Zi 

thus AT ==/?’(^i<r2-Vi )»:»'=• ^2«x)i ; 

substituting these values in (3), we obtain 

a^.kib^^c^-b^Cj^)-¥ b^ ) 4 r^,liaib^ - a^b ^) •* o ; 

dividing out + Am* 

N, B. We have here apparently eliminated three symbols from 

X V ^ 

three equations. But the first equation is equivalent to + 3 ,- +f ^sso, 
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i.e.i to =0, where /=^ and #«=~. On similarly transposing 

the other equations, the independent symbols arc found to be only two, 7 >iz , 
/ and m, and we thus really eliminate two symbols from three equations, 


liX. 6. Eliminate x fiom the following equations : 
aiX^-h3iX^ + Ci—o. j 


By Cross Multiplication, 


x^ j 


dc, 


- b^c — CyfL ab^ — a^b' 
bc^-b^t 

abi-ffib 


d) 


1 u 

and .t”*-- 




ab^ - a^^b 

(Ifr — ^ 

Raising (i) to the nih powei, ^ 

(tzb^ £Zj^by^ 

tnn 

,, ,, ,, jX / L A\«l • 

{abj^ - ajb)^ 
{ca^-Cjay ^ ^(bii- b^c)\ 
{abi - a^bj^ {crb^ ~ a^by^ ’ 


( 2 ) 


whence 


(cat "• c^a,'^ 


(bij^-b^cy 


.( 2 ) 




Ex. 6 Shew that 7^,7=!. being given 

x^by’^a + du^ (i) ' 

y"*ax + (u + dut (2) 

z^ax-\-by^dUf (3) 

«-*ar-!-^y + rr (4) . 

Adding ax to (i), by to (2), cs to (3), and du to (4), we get 
(j +a)r=(i+^)y=-(t +<:>=(! + + + suppose; 


Substituting these 
equation ax-^-by + cs + du^^k, we get 

i+« 1+^ !+£■ i^d * 

dividing out +—-4-—.+-^ «i 

* ’i+fl i+b^i+c^i^d 


values in the 
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Ex. 7. Find the relation between a, b and r, being given 

(0 

(2) 

’ (3) 

Adding (1) and (a), + ^», whence x+y- (a*+J*)i 

Subtracting ( 2 ) from (0, whence ;r-^= (o'- i*) • 

From these equation, by addition and subtraction, 

and 

multiplying, 42r>'=(a*+i*)^ — («* — ^*) _ 

using (3). Arts. 

Ex. 8. Obtain an equation independent of x, being given 


;r®+iar+j5 

...(•) 

. lo t t 

....( 2 ) 



We know that (x+y)’^-‘x''+5^y + ioxY+ioxy + 5xy*+A 

From this formula, putting successively y- - and y- 

( 10 5 I 

we get (^;r + -) =;r«+5^»+.o2r+- + -,+^6, 

( t\" 10 5 I 

=2;«-Sr'+iQ^- -+^--6- 

Hence, from (i) and (2), by addition and subtraction, 

{x Jr^ =a-^b, and (^-|) 1 

j:+i=(<i+iA and 

X ■* 


whence 


(3) 


NOW. (x+iy-(r-iy={^*+2+^,)-(.**-2+^)=4: 

hencci by substitution from (3) in the last identity, 

2 %. 

AN u s= A ^ 91 S . 


( n ^ AN " 
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Cubing = ; 

subtracting (2), 34rX-^+y)— ; 

using (i) again, (4) 

* 

Raising (i) to the 5th power, we have 

^ + ^y{x^ + 'iJC^y + 2f +j») ; 

subtracting (3), Sxy{x^ + 2xy-\-2xy^-k‘y^)^a^^c^ ; 

i\e., S^y{x^ +)'* + 2 xy{x -^y ) } *= ; 

using ( I ) and (2), + ^axy) ; 

substituting for xy from (4), 

whence ; 

reducing, 5^®(a*+3®). Ans. 


Ez. 10 . Eliminate x,y and z from the equations 

. jr4-> + r-<2, (i) "j 

+ = (2) 

(3) j 

xyz^d^ (4) J 

Squaring (i), and subtiacting (2} Irom the result, we have 

2{xy’^yz + zx)^a^-d'^ ; 

/. xy-^yz'\-zx^i{a^-d^) (5) 

From (3) and (4), c^’~2a^=x^+y^-^z^-‘yryz 

•‘{x+y^ s')(-r2 +y^ ^z^^xy -yz - rx) 
by (I), ( 2 ), (5), 

2(r®- 3^)*=a(3/-'®-a2). Ans. 

Otherwise thus : (jr-»-/ 4 '£^)-’*=^®+y®+£'® + 3(-^+J')(y+je')(r+^) 

- jt'S +y^ + c'^ +3{(’^+y + +J'^ + 
-xyz} as can be readily seen ; 

by substitution, -rf*}, which sim- 

plified gives the same lesult as before. 
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£z. 11 . Eliminate r, y and e from the equations 

(i) 

y\z-x)^b, (2) 

x'^(X-y)=c, (3) 

«yz=d. (4) 

Multiplying up (1), (2), (3), abc=x^yH\y -z){z’-x){^-y) 

= d:^{y-zt!:-xy,x-y\ by (4), 

[by Formula*Art. 73] = ~d*{x^(y—z)+y\z—x)+z*[x~y)} 

= - A<»+^+<')t by (1), (2), (3)* 

/. + ^ + Ans, 

* 

Ex. 12 . Find the equation connecting a, d and c only, being given 

y , 


" y 

X z 

X y 
- 

y ^ 


.(0 

% 

..(2) 

•(3) j 

Weknowthat (f + 1 )* 

by substitution, 

rt'-* + + 4,2 = 4 + abc. A ns. 


EXAMPLES 123 . 

Eliminate ;r from the following equations : 


1 . 

ax^b^o, 2. 

ax^-b^-o^ 

3 . 

ax’^bx^’^^i^ 


nx^ + 2 bx + c^ 0 . 

M 

1 

11 

P 


ax-^bx'^^vU 

4 .' 

r + .r-^=<ar, 6 . 

+ + 0, 

6 . 

% 

fltr*+Ar® + t«o, 





a^x^^b^x^^Lx «o 


Eliminate ;r and y from the following equations 
7. « o, 8. lx + my « ma - Ib^ 

^2-v + + ^r2 o* mx- fy*^ia-k'mb, 

032: +•% + <■, =0, .r*+y’ =1. 
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algebra. 

9. 


10. x{x^ + = 4(<*® + 3*), 





jr*+^*»*r*. 


11. 


12. ^ + 


^+- 

y 



X^ry^C. 

xy + -L f 
xy 

Eliminate A*, ^ and z 

from the following equations : 

13. 

ax-¥-^y + cz=o. 

14. X’\-y-^l{X’-y\ 


ix+cy-\‘az^o, 

y^rz = 7n{y‘-z\ 


cx^ay+3z"»o. 

E-^x^niz -x)* 

16. 

4^+^+^ = /, 

10. 4: *(y + £') — «, 


xy+yz + zx^m\ 

yHs-^x)^b, 


.jr*+y* + £r* =«*, 

z\x^y)^c, 


xyz 

xyz^d* 

17. 

{y^s)^^ayz. 

18. x-k-y’^-z^a, 


{z^-xf^bzx^ 

or'^ +/* + jsr® 


{X’\-y)^==^cxy, 

{x-k-y){y^rz){z-k-x)^i^ 

19. 


and **r. 

x-¥y 

20 . 

x^by^rcz^y^cz^rax^ and z^ax-^by. 

21. 

If y-z^axy z-x* 

and x-y=cz^ prove that 



a^r+a + ^+i 


* 

CHAPTER XXXV. 


Miscellaneous Theorems and Artifices. 


22L Artifloes. The following examples are intended to 
illustrate how by suitable algebraic operations nice results may 
be easily deduced from given conditions. 
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EX. 1 . prove. that U- 1864. 

• Since .v+^=Pt 

expanding the left-hand side, + 



2r»+ji + 3 (^ + “)-i>S- 

But 

2: + i=j!l, given. 

by substitution, 


\ "by transposition, ' 

• 


EX. 2. If|+J=^+^.Fovethat";-h^-S-^^*. M. U. 1866. 

Given 

a c b d ^ 

-b'^T'a^'c' 

;. transposi,ng, • 

a b d c (j) 

y"ir''c d* 

cubing both sides, 

- 3 (-- 4 V"W 

2 U“a) f* d* ^\c dJ 

Add (2) to 3 times (i) ; thus 

a* iP 

by transposition, 

+ 

11 

+ 


Ex. 3 * If + shew that j 

M. U. 1872. 

Given + •• ^ 

•. cubingbothsides,a»-hi’-h 3 <»*(«+^)“-^- 

by transposition, J 

-SaJc. 
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. ,v . + + , 2/1 , I I\ • 

. . the given expression +l(a^» + ~c) 

— 4- 4- 4- 4- 3g+ ca) 

^ (fl4-^4 -r)^ 

yibc 

=0 , V <i4-/54"^:=o. 

f 

Ex, 4. If + and ;ir*~,ry4-j*-a®4"^®, shew that 



Multiplying out, g--|)(|-^) 


B. U. 1872. 

/■ r 1 \ r* 

^*4-^^ + ^ ;ry 


S3 ■^■^* <2®^* 


ab 


Ex 5, If ;r 4-y4-£'— then will 

i 

£+jj^ ^ Z-il^ y 4-g g4‘.r 

I —xy^ I -yz^ I -zx^ \ -xy \-yz\ -zx' 

Given x \y'\rz—xyz \ 
transposing, :ir 4- -2'*^ -r(i -xy ) ; 


dividing by i -xyy 


j4-y 
1 -xy 


= -z ; 


(I) 


similarly, we obtain 


y4-g 
I —yz 


, Z’irX 

and 

\—zx 


-y ; 




.(») 

•(3) 


= -(r+y + z) 

■■ -xyz.,*., 

^4-^ 

I -xy I ’-yz I --zx' 


[using (i), (2), (3)] 
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Ex. e. 

M. U. 1872. 

Given i 

Add fl* ; thus a^ + ad-k^ ac-^5r or [a + i)[a-^c)= i +rt®. 

Similarly (^ + /7X^ + f)* i +2>®, (c+a)ic+d)*^i 


/.i- 








+ + rt) 


^ahc 


{a-k- b){b^c)[c-\^a) * 

.. squaring, J " , +^s) {^i^l,)\b-^c)\ciaf 


.Formula, Art. 80. 

v2 




{ (rt + b){a + ^■) } { (^ + o»){p + o' } { + ^) } 

=(7+«.)frSVi+r*)’ ■•■ 


Ex. 7 . If «jr ®+^^2 + £;r + /1? be a peifect cube, shew that 
be gad, and ac^^bid 
Let ax^ + bx*^ + + w)-\ identically, 

-/*jr* + 3 / 2 w.jr 2 + 3 /w 2 jir + w* ; 

comparing coefficients, a — /"', b=^Pm, c=sI?h^, d=^ 7 n^ ; 

.’. bc—gl^m^ ^gad, \ 
and ac^=^ 27 l^?n^ =b^d J 


EXAMPLES 124. 


1. If .r — ^ « I, prove that x^ + * 3 , and ;r® - Jg « 4 . 

2 . I f .r « md + and y = a^, prove that w®^* ;^3 


, .3 ^ 


, b^ . /f* 


o Tf ^ I " * 1 - -11 ^ ^ c" , a” . 

e*i*»(a‘+^*)-a» 3 V+rf‘)* 

4. If a*+^=i««<^+rf*,provethat(ac+W)(ac-i<i)=(<i+rfX« 
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5. If a—y-p and then vvill 

f i\Ji I 

6. If (^ + “) “3i prove that B U. 1876. 

7. If will 

8. If fl(i + 3(i I, prove that a® + ^*«i. 

9. If + 6 + then will -r-H — + ,==3 

be ta ab ^ 

10. If a+^ + t— o, then bc-c^^ca -b^-ab^e^’=>(ab-¥aC’¥be). 

11. If « + ^ + f=o, then + + + + 

12. I{z'\-y+z=^xy 2 , piove that 

I'^x i+yi-^z ^ (H-^)(i +y)(i+JS')‘ 

13. If .r+j/ + S’ +.ry;? = o, prove that t 

+ ^ g4-4r /f.^+y) (y4-g)(g4-4:) 

14. Ifi+i«7, then each side * r-^— + 7^ . 

a c b b-a b-c 


15, If.r \ z*"X-y Ij'-r, then *^^^^+'^‘’■- 7 . 

16. If ac^b^i then will 


^2+^2 ^2 + ^2* 

17. If 2ac^b{a + c)y then (b + c-^ af ■{■{a + b - cy<=^2{a + c b)^, 

18. Ifar*+;/*— I, then will 

{2x^ - I )* « ( I - 2;ry)( I + 2xy) ; {4X^ - .vr)* + (jy* - 3y)* = X . 

19. IfA*+^’«»l, then will + 

20. If t-3 “ ”T tlioo will --; — = -— . — --7. 

^“* — 1 a{x — b) i + x i-^-ai-^b 

21 If;r=^y = irs, and i -yX* ”^)» ^1^^*^ will 

I -X I I 

x+.ar i + ^‘i + <r* 

^b 

28. If x+>'=i, prove that {x*-y’)* 
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24 * prove iJi at 

- xy)^ + ff(y^ - 2ir)* + 2r(y* - « o. 

25 . • If 2^1* — (a- i)(« + 2), prove that a* + a =■ 6 . 


26. 

28. 

30. 

31. 

32. 

33. 

34. 

35. 


36. 


37. 

38. 


39. 

40. 


If 4-^=0, prove that 
2a^+^c=^(a-^Xa^c). 27. 


_£.+_L+_£-»_3. 


29. 




2 a^ be 2 b^ ca 2c^-^ab 
a{a^ - be) + b{b^ - ) — o. 

(^ 1 * - bcY — and - [ab + 4- ea) — i(a* + ^* + ^®). 


<r-^i a-b\f a ^ b c \ 
a~^ b ^ e )\b~e c-a'^a-b)“^' 


5+-r7' 


=o. 


If a-^b + c-if ab-\-bC‘\‘Ca^\^ and 


then will 


' - 4 - ' 


27 


a-^rbe b-\r€a e^ab 4 ’ 
If xia + ylb 4 zlc—xyzlabe^ prove that 

2 abc 


a ^ b ^ e 
a+x b^y^c-\-s 


'(a+x){b^yXc+zy 


+ then (;r->/ 45 r)® 4 ( 4 r 4 y-"£')* 42 (r 4 >'-;r)»«i' 2 (y 45 ')^ 

y Z X 


w /. , 2 a 2b j 2 e . 

<^=7^*' rf=—„ then will 


«42^4 4^4 8</*^-^t"^ 


If -4 ,*=o, prove that 

a-^e , b-\-d h^rC , a-k-d 
+-: — T-,^- — ^:+— ^=o- 


I - 1 - I - !-<?£/ 

(i4<*2)(i4^*)_(i4^®)(i4<^) 
^ K\-cdf ' 


10® 


222. Meaning of ^/qo. 

! L L_ &c, 

20000* 10® 20000000* 


We readily see that 
Thus the numerator remaining 
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constant, the value of a fraction diminishes rontinually as its deno- 
minator increases, and can be rrtade as small as we please by 
increasing the denominator indefinitely. In other words, 

Hint of a finite quantity hy an infinitely large quantity ts infinitely 
small. This is usually put as 

— «0, a being any finite quantity. 


223 . Meaning of a /0 We find that 2-=- J==io, 2-r^g“5o, 
^■^TnVo'^^ooo, &c. That is for the same dividend, the quotient 
increases continually as the divisor diminishes, and can be made 
as large as we please by diminishing the divisoi indefinitely. In 
other words, the quotient of a firtHe* quantity by an infinitely small 
qunntiiymis infinitely larf^e. 

Symbolically, ^ being any finite quantity. 

I 

224 . Theorem. If the sum of the squares of any number 
of real quantities be zero ^ then each of those quantities must be 
equal to zero. 

Let o Now the square of a quantity is always 

positive, whether that quantity be positive or negative , for ins- 
tance, ( + ^)*= as also (-«)* — +<7® 

Hence if a and b be not each ze'ro, a^-^-b^ can never vanish, for 
the latter will then be the sum of two positive quantities. Thus 
must a~o, and ^==0, simultaneously. 

Similaily, if + + = then must cr =0, b = o, and also c=o ; 

and so on. 

N. B. The student should pay attention to the condition that each of 
fl, by Cy &c , mu^he real. On this condition a-, 3^, &c , are positive. 
Notice that ( is negative, tj being wiaginaiy, 

£iX. 1 . If + + and a, b and r be all real» 

then a^b = c. 

Multiplying by 2, 2d^^J2b^’¥2C^=^2ab-^2bC’\-2(a ; 

transposing and re-arranging terms, 

(a® - 2 ab + b^) + ( 3 * — 2 bc'\- r®) + {c^ — 7 ca + a^)^^Q; 

ie,, ; 

therefore, since a, b and r, and consequently <2-^, and f-a 
are all reali o, and i.e,^ a^b^c. 
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Ex. 2. If + prove that 

X \ y \ z^a \ b \ c. ' 

Multiplying out each side of the given equation, and cancelling 
we have 

4. ^ ^ ^ 2 «^;ry + 2 ^( 7 ^ 4 2CaBX ; 

transposing and re-ai ranging terms, we get 
(^^2 - 2 abxy 4 4 {b'^z^ — 4 4 — 2Lazx 4 a^z ^) = o ; 

^ 7 ^ , (^ 2 y - Ar)® 4 — cy'f 4 (ex ^az'f » o ; 

since the left-hand side is the sum of three squares, 
ay-bx^o^ bz-cy^o, Rndcx-ac^o; 



EXAMPLES 125. 

(All the quantities fallow are supposed real ) 

1. If ^ b^ 'k- 2 c^ 2 c{a -{■ b)f prove that a^b^c, 

2. If :r^4>'*==2(jr4:y- i)» prove that .r — i. 

3. If 2 ), prove that a=—b^2. 

4 . If «2®4^’®4c^4 3 <a^-== 2 rt ?(<2 4^4r), then 

• 5. If (i 4;r)*4(i 4y)‘^4(i 4i:)*«4Cr4^4r), then x^y=^z=- 1 . 

0. If «®43*42 =*(i 4<2)(i4^), prove that a^b^ t. 

7:‘ If a^ + b^ + 4c^’»ab +2be + 2eaf then ar«b=^2e. 

8. If 3;r* 4 2 y^ 4 3z^ — 2 (xy + yz + 2 zx), then x^y^z. 

9. If 2.Jir2 4y 42s®*.rj'4^£’4 3 rjr, then x~^y^z, 

10. If i4.f.r'-j-y/= /v^(i4^'’*4y*)iv/(i4^-4r), then^~A', y*/. 

226, Theorem. If either A must«»o, or B 

miist«c. 

For if none of A and B be zero, then AB cannot «=o. 

either A must«o, or B must— o. Both A and B maybe 
zero at the same time, but we are not justified in assuming it ; 
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all that is necessary and sufficient in order, that AB may be zero, 
is that some qne of A and B must be zero. 

Cor. 1. \i Ay. B^o^ and if A be known to be not zero, then 
must 5=0 alone ; e g.y if 7 x=OyX only = o. 

Cor. 2. If AB^AC^ then must either >4=o, or B^C, 

For, by transposition, AB — AC=^o, i e.^ A(B -C)^o. 

/. either «"0, or 5 — C=o, z>., 5 = C* * 


Cor. 3. li AB and if A be kfwwn to be not zero, then 
must B^C, 

Ex 1. Ifl + i+U^-^^^,p.ovelhat 

J “ 

^an+1 ^ ^2n+ 1 ^ ^2n+l ,j2n+l ^2u+l* 

Wehav.(i+J) + (l-^j = o; 

aArb a-^b^rC-c^^ ^ • an / ^ L_ \ — « • 

ai ■*■<■(« +i+<r) ’ •• + ^ + ’ 

multiplying by + ^ + (a-\rh){caArcb-\rc'^^rah)^o. 

/. (fl + b){h + ?)(t + (Z) - o. 

Then some one of the following equations must hold good ; 

rt + ^ = o, ^ + ^*+^ = 0. 

If a + ^=o, «=-^. 

and + by transposition. 


• ^2n+l'*'^2»+l'^^2n+l ^i+l 






^aii+i^„^H+i+^SH+r 

In like manner, the required result can be established if 
^ + ^=0, or ^+fl=o. 

Ex. a. Assuming and that a+^+r 

is not zero, shew that a*»b^c, C. U. 1873. 
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Given 


a-^b^ c h-^c-a 
a'\‘b b^c 


c4-a^b 


subtracting each from 2, 2 — 


a + b- 
(i’\'b 


b’\‘C’*a cAra—b 

^b-A-c c^A-a ' 


simplifying, 


. 

a + ^ b’A-c C'A^a * 


. • 1. . t ‘ II 

either a + ^ + ^:=o, or — Ti^'rr , — — . 

• a-A-b b-¥c c'+a ^ 

But a + bA'^ is not zero Given. 

i_ ^ I ^ I 

** a + b b A- c 

/. e.j a + b^^b + c—cA-a ; whence a^b^c. 


Ex. 3 .* If ;r*— yj8r=^*-2';r,*and if ;r andj/ be unequal, then will 
each of the expressions =3 + 2-* -;i^. 

G i ven .r* -ys — y** - zx. 

/, by transposition, -^ 5 ' + rr«o. 

(x-y)(xA‘y)A’z{x-y)^o, t.c,, {x--y)(x+yArs)^o, 
either x^ y ^ o, or X Ary A- z — o 

But by the question, since x and y are unequal, x^y not=«o. 

must jr + y + s’*o (i) 

Let each of x^-yz andy^-sx be now denoted by 


Then /;=.r*-y2', also sir ; 

by addition, 2b^x^Ay^ — z(xAy) 

==;r*+y-r(-r), .r +;/- -r from (i), 

+ (2) 


Also, z^-xy^{xAy)^-xyt *.* 2r« -(^+^) from <i), 

^x^A^xyAy\ expanding, 

^x^A-y(x+y) 

-=x^+y(-z), ■; .r+y^-r, 

^x^^ys^k 

/. from (2) and (3) ; .r*-^z=y*-2’r«4(.r*+y+s'*)-sr*-xy. 


••••(3) 
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EXAMPLES 120. 


1 . 


2. 


3 . 


If (i +<i)(i+^) = 2 (i ^ac)t then either i, or 
l( + + prove that either 


If^+^z£+£±£ 

S Ji' jr 




d = -c, or c= «-fl, or a«- 

and jr->'+ 2 ' not o, then i=!=i+*. 

X y 


4. If <2 + ^ + r+a^r=a^^ Q+^ + ^+ p^ove that one of the 
quantities a. b and c must be unity. 

6. If + + shew that two of the quan- 

tities b and c must be equal. 

6. If ax-^-by-^-c^o^ bv + ry-ha^o, and x^-^y^ = 2y then either 

^z + ^ + r-o, or a^ + c^'^2l^=^(a-{-c-^2b){bc-\-ca+ab) 

7. Ux^y=^az^ Sind y-{- z*^ax, prove that bping given 

that z and x are unequal. 

♦ 

8. x,y and z being unequal, if + then will 

each ^z^-k-zx+x^ 


9. If prove that each fraction - j, ,r and^ 

being unequal 


abc 


ahc 


abc 


10, If , ; prove ll'at each side = , -cK being 

b-\-c c + a ’ * cr-^b * ^ 

given that a and b are unequal. 


11 Tr . bc-a^ j . ca-b^ 
11- If •. . rv ■ 


then each — ^:+ « •'ind 


a^-^b'^-^c^ + + 

each— o, \f a + b + c=]. {a^ b, c are all unequal). 

12. If ,theni-r2«^- \ or r«o. 

i-\-az i z ab * 


13 




- (^2 + ^ 2 ^ o,. ^ 2(^2 ^ ^ 2 ) « (^2 « ^ 2 ) 2 , 

14. If /(i- w) — ;/?(!-«) — //(i-Z), then will /wi!f== — I, or 

15. If cr{b-y)^bz(a^~x)^ay{c^z\ then will xjz^ ^abr, or 

X y z 
a If c 

16. If + + prove that either ^ + ^ + ^-«o, or a^b^Cn 
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17 . - + - 
a X 


ad. jr" 
T + then ~ 
0 a • a" 





18 . If prove that each of these fractions is 

d + c C’{'a 

equal to either J or - i. . 


226 . Inequalities, a is said to be greater than d when 
is a positive quantity. Thus, since 5 -3(** +2) is positivCf 

5 is greater than 3 ; 2) -(-6)** - 2 + 6»» +4, which is positive, 

and — 2 is greater than -6. 

227 . Important Theorem. The sum of the squares of 
iwo unequal quantities is aha ays g) eater than twice their prodUct, 

That is, 

For, <3 and 3 being supposed leal, {a-bY is always positive, 
whether a-dhe positive or negative, i.e.^ whether a>dj or d> a. 
d^-{‘d^^2ad is positive ; 
a^ ^-d^^zad 

N. B. li a=:bf •\-b'^ =z2a^ — 2ad. Hence, including Ihib case al-o, 
we may say that +b^ is ueiier less than 2 ab, 


Ex. 1 . A man receives "^ths of Rs, 10 and afterwards -ths 
y X 

of Rs 10. He then gives away Rs 20. Show that he cannot lose 
by the tiansaction. C. U, iSSy 


The total sum received 



of lo rupees, 


and the sum given away *20 rupees. 
Evidently he does not lose, 

• iff~+-)x 10 not <20 ; 
\y xf 


. -r X y 

ue , if - + - not <2 ; 

y 

ie ^\{ x* + y^ not <2:ry ; 

ie , if x^^ 2 xy+y^ not <0 ; 

i.e\ if (r-y)* not <0, i e.y not negative, 

which is true, because (.r-y)® being a square quantity cannot 
be negative. Therefore the man cannot lose. 


Ex, 2. a^ b and c be any unequal positive quantities, show 
that (a + d){d c){c^ a) > ^abc* 
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Multiplying out, we have 

(a + + + b( + a®) + 4* ^) + ^ahc. ( l ) 

Now, ^4- £*>2^^" ; multiplying each side by a% and observing 
that a is given positive, 

4 - £®) > 7 .ahc. 

Similarly, ^(r®4-^i*)>2a3r, and so on, 

the right side of (I) >zabc-\-^abC’\‘ 2 ahc-\‘ 7 .abc^i,e.^%abc \ 
hy {a^b){b’\‘C){c-^a)>%abc, 

N. B. What would be the result, if only two of fl, b and c be equal 
what again, if all the three were equal ? 

Ex. 3 . Which is the greater, v^i34' \/5 or ^/I7 4 ' J3 ? 
n/ 5 > or < x/i 74 - ^/ 3 , 

according as (n/i3+ n/S)® or ^/3)^ 

„ „ 184-2^^/65 > or <20 4-2 ^51, by expahsion, 

„ „ 2 > or < 24-2 ^3!, by transposition, 

„ „ ^65 > or < 1 4 - v'Si, dividing by 2, 

„ „ 65 > or < 524-2 a/s I, by squaring, 

„ 13 > or <2^/51, 

„ „ 169 > or <4 X 51, squaring. 

Now, i 69<4X 51. ?>., 204 ; / ^/i3 i- J5 < ^17 4 - ^/3, 

EXAMPLES 127 . 

(All the quantities below aie real, positive and unequal.) 

Prove that 

1 . ab{a^b)-^bc{b-\’c)-¥ca{c’\-a)>6abc. 

2 . (fl 4- ^ 4 - c){ab -f- 4 - ca) > gahe. 

3 . a® 4 “ 3 * '>a^^ab^• 4 , a* 4 '^® 4 -t*> 3 fl^^, 

6. {a’¥b){b 4 - r)(r 4 - a) < 2(<2® 4 - 3 ® 4 - 4 - abc). 

Which is the greater : 

6 ‘ 3 + k /7 or 44 - ^/3 ? 7 . ^/7 4 ■ ^5 or j 7 o 4 - J3 ? 

8 , 3 (af* 4 -Jr*j'* 4 -/) or (.r* 4 -^ 4 -)'®)* ? 9 . (jr* 4 - 1)^ or ;t*‘(:r 4 - 1)*' ? 

228. Method of Detached Coefficients. When in 
an operation of multiplication both the multiplier and the multi- 
plicand consist of powers of a single letter, or when they consist 
of homogeneous expressions of two letters, the method illustrated 
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below and known as the method of detached ooefB-cieuts 
is a great simplihcatidn of the ordinary one. In this method ihe 
coefficients are only written down^ and the powers of the symbol 
or symbols, are understood. Thus + + 5 is written 

4 + 3 + 2+i~5« 

When any intermediate power is wanting, its place should be 
filled up by wfiting a sero. 

This method is also applicable to Division. 

iBz. 1. Multip^^ 2.r* — 3 by 3. 

Ordinary method : 

+ jr ~ ^ • 

— 2jr* -H 2Ji'® — 6 x^ 

+ — 3 jr 

-6r» + 35 »- 3 .r +9 

Detached codfOLc^nts : 2 ~ 1 -f i - 3 

24 - 1-3 

4-24-2-6 

2-I4-I-3 

44-0-5-2-64-9 

The answer is now completed from 44-0-5-2-64-9 thus : 

Beginning from the end^of the lesult, the last term of the re- 
quired product is evidently 9 ; poing backwards, we have succes- 
sively the coefficients of r, x^^ .r®. See Thus we have got ^x^-k-ox* 
- 5jr®-2r*-6.r4-9, ie^ dx^ — ^x^ - 2X^ - 64 : 4- 9 , 

Ex. 3 . Divide .r® - x*y-{-yxy^ - igxy* 4 - 1 by x^ - ^xy^ 4- 3y\ 

The complete dividend=jir®- 4 rY 4 -Qr*/* 4 - 7 .:iV* 19^*4-12^®, 
and „ • tt divisor -•.r* 4 -o.jrV- 4 ^y* 4 - 3 >'*. 

14*0-44-3 \ 1-14-04-7-194-12 / 1-14-4 
/ 1 4-0-44-3 \ 

-14-44-4-19 
- 1 ---0 + 4-3 

44-0- 16+ 12 
4 +0 - 164- 12 

The required quotients*^ i..r 2 - i..rj’4-4 ^xy + 4y^^ Am. 

N. B. The powers of x are written down, commencing from the end 
of the quotient as in the la&t example, while the powers of y are written 
down in the reverse order* 
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EXAMPLES 128 . 

Multiply by the method of Detached Coefficients ; 

1. 3 by or*- 2jr + 3. 2. 5:r* + 4 by ;r* - 2;r + 1. 

3 . X* - + 5/' by ^ - 2;iry + 3^*. 4 . x* + 2^ by - jry - 2y*. 

6. 64tf^ - i6ii* + 8a® - 2a + I by 4a® + 2a + 1 . 

6. a® +^* continuously by a-^ and a* + o^+^®. 

Divide 

7 . a® -.la® + 2a* - 4a® + 9 a® 4 - 1 6a - 34 by a® - 2< 

8 . 2a^ - 5a® - 39a* - i yi® - 26a® - 1 2a by a* — 4a* + a® — 3a. 

9 . a-^ + Sy* bya-4-2y, and 32Jir®+y® by lar+j. 

10. a"-6a*^ + 9a^^® - 4^® by a®-^, and a^® — ^ by a®-^. 

229 Symmetrioal expressions. An expression is said 
to be symmetrijal with respect to any two letters, when it is 
unaltered by interchanging^ these letters. ^ 

Thus a4*^, a® + ^ +-3aM, &c. aie svmmitrical with respect to 
a and It should hi noticed that the second expression is noi 
symmetrical with respect to a and d, or d and d. 

An expression is said to be symmetrical with respect to any 
three letters, when it is unaltered by interchanging anj/ fzc/o 
whatever of the three letters. 

Thus a f 4 -c, a®+^® + i®-3a^r, &c. are symmetrical with res- 
pect to a, b and c 

The expression /•’^cr+ft + r) is evidentlv symmetiical in a, ^ 
and f, k being constant. Conversely, it an expression of the 
first degree in a, b and c be symmetrical with respect to them, 
then it must be of the form k{ji-^b^t) For, if possible, let 
ka^lb + mc be symmetrical with re->Dcct to a, b and t. I hen, 
interchanging any two letters, a and b^ we get kb + hi which 
is not the same as ka-^ Ib-^-mc 

Similarly f(6/»-^ca + a6) is a comfileic homo- 

geneous expression of the seco/id degree in a, b and Cy wheie k and,/ 
are any constants. 

A similar exp»*es3ion of the third degree is 

/c(a® + 6 ® + c®) 4 - /{ a *\6 + c) + h\e 4 - a) + + &) ) + n»abe. 

Bx. 1 . Shew that {x 4 -/)® — - y® ■■ ( r 4 - y){x^ + xy 4 -y*). 

The expiession vanishes when (i).af-»o, (2) (3)^= — y- 

/. «*, y and JT+y are Us factors. Ait 1 19, Page 169 , 

where Q is the quotient of the left side by Ay{x+y). 
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Now, the left side is of the fifth degree in x and y, and xi^(x +/) 
is of the third degree ; henpe the quotient, (2» ntust be of the 
second degree 

•Again, since -7® is homogeneous and symmetrical 

in X and y, Q must aKo be so. 

2 is of the form + /jry , 

and {x « xy(x +y) { Mx^ + j-*) -^/xy} ' A ). 

Since k and / are independent of x and y, they are unaltered 
by assuming any v.'ftues for x and y • 

Put ii y - I in (A) ; thus 2*- 1®- /), 

/.e., 2/(' + /*J5 (i) 

Again put A* = I, 2 in (A) ; thus 3^^ - i*”* - 2^=*2.3(5/j 4 2/) ; 

ie,, 5/’ + 2/=»35 (2) 

Solving (i) and (2), ; 

/, from«(A), (x+y)^--x^-y^-^xy(x+y){ 5 U'^-fy®) 4 - 

Sxy(x 4 - y)(x^ + ^ry 4 - y*). 


Ex. 2. Factoiise 

The given expression vanishes when ^ = or c^a, or <2*==^ 


(I hi and r— a are factors. 

Again upon examination it will be found that the fraction 

a^b-r)^-\‘l\( - af-{-c a-h^ . • i' r 1 a 

“• ' ~ — - -- IS symineiricil in Uy 0 and c ; on reduc- 

{h-c\{c-a>{a-b) ^ 

tion its value will evidently be of the first degree in b and r. 

/. a{b ’‘i)^-Vh{c-nf-{-c{a-bf {b-c){. - a){^i - b)Jc{a-^b c)^ (A) 

^^here k is a constant. 


Putting a^\ib=^ - ly r-=2, we have - 3’ - i* + 2.2’^^ -3.1.2 /- 2 ; 

A b = \ ; 

by (A), llie given expn + 


EXAMPLKS 120. 

1 . A homogeneous expression of two dimensions is symmetrical 

in Xy y and s ; its value is 83 \'hen x^ ly y«2, and a = 3, and the 
same is 77, when a'=* - £' = 4 the expression. 

Factorise • 

2. — r*)4'^(r* — 4-r(«i® — ^*). 8. (<2 4- — A*. 

4. + ^5. + 

6. {a’\‘b)\a-‘b) ^{h + cf{b--c)-^{c‘¥a)\c'^a). 

7. a\b-^c)+b\c-^a)-^(;\a-¥b)^2abc 8. -i*. 
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Simplify 

10. x{y + 5* - j:)® ^y{p -f .r -^)2 4- + y -* f )* 

+ !>' + S’ -x){p + .f ~’y){x ^ry - S'), 

11 x{y 4- S')(y* 4- s® - jtr*) + y(js’ + 4*x^ -jK® ) + s(ar 4- y){x'^ 4->'* - sr^). 
12. Being given s^a-^b^-c^ show that 

(j - 3^2)* 4- (J - 3<^)® 4- (s - 3^)* =* 3{ (« - ^)* 4- 4- (iT - fl)® }. 

MISCELLANEOUS example's III. 


I . 4 . ^11 

1. l(x=^kaj y=^(k-i)b, and express 

^®4-y®4*s® in its simplest form in terms of <f, b and c, 

2. Divide ^ by ^ 

6 4 6 12 3 3 4 12 , 

3. Find ^ and ^ so that jr** 4 - /MT® 4 - 1 u* 4^ 6 and jr®4-^:r*4“i44r4-8 
may have a common factor of the form jr®4-^:r4-7. 

4. Factorize (i) a{b’- c)x^-k-h{c-a)x-\-c(a-‘b) ; 

( 2 ) a*(^ 4 -f)- 3 ®(c 4 -a) — t*(a — ; 

( 3 ) (fl 4 -i)* 4 -(a-i>®- 3 / 2 ® 4 - 4 . 

6 . Ux + {p-’i)y-^a,x + (<^^i)y=^b, x^(r-i)y^c, prove that 
($r - r)a 4- (r--p)b 4- (^ - o. 

6. If xy^’^^a, xy^'^=^b, xy'^'-^-^c, piove that a®’** i. 

7. If iJ! ^ 3 = and r I/— xr ; ?«/, piove that 

^ijr4-^ I ax-^by^c-’^dw * cz-dw 

8. If -4- -4- * 4--^ *=c,prove thateither“4--«-,ors'4-jr=y. 

;rs’.jr-ys-y ^ z^x v 


X z x^y z-y 
9. Solve the following equations : 


fi'i " Ofj: - 2 ) ^ {x 4- 3)(^ - 6) . V .r4 ^/(.y®~ i) ^ 

( 3 ) ?+l+i=, 9 ,!+l- 3 .. 2 , 5 _ 6 ^ 3 „ . 

* X y z X y z 

10. A number of men is arranged into a hollow square a 
deep ; had there been 4a^ fewer men. they might have been re- 
arranged into a solid square having b men fewer in front. How 
many men are there ? 

" U Find the square root of 

(a® 4 4 4 db){f/^ 4 4 4 bc)( c* + ab-¥ be + ca) 
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12. Shew that + 

=?=(! +x®)(r+y*)(i +JS*). 

13. Find the value of a for which the fraction 

admits of reduction. Reduce it to its 

- {a+ i)x^ + 2yc -- a - 7 
lowest terms. 

14. Resolve ii^to factors as far'as possible : 

( I ) a\a + 26) - d%2a + /^) ; (2) .. - aW j 

(3) (jr + 2)'' + (;r-2)>-3.r*+i3 

15. Simplify 

\dc{d-c)^ ('a{c-a)^ ad{a- b)) \a^b^c)^\ab be ca)' 

% 

16. If 5^^4- Vy + J/" =o» shew that {x^y-\‘zY^27xyz^ 

17. If <2, r, d anefr be in continued proportion, prove that 

{abArbc^cd^ def - {a^ + b^^ + r 2 + + ^ + e^). 


(■±-) 

2 

\ 4- 1 

( ^ ) 

2 

1 4-1 



f ^ 

I’+i 

f— ^ 

2 

i j. 1 

( * ^ 

2 

i 

U+J 

1 + \ 

\c+aJ 

1 ^ \ 

U+^J 

1 “! 


1 +1 

[c+aj 

1 +1 

[a + bJ 

f 1 


prove that two of the quantities a, b and c must be equal. 

19. Solve the equations ; 

( » ) - 302: + 4^2) + ^{x^^ -lax-^ 8fl*) = J{x^ - 4^;r + ya-*) 

+ - 6^Mr + 1 1«*). 

yg + g-r xy +yz PX + 'xy _ ax->rby bx + ay 

0 7 ^ a‘-\-6*~'2ab 

20. A mixed fraction is twice misprinted by transposing the 
whole nifmber to the numerator, consisting of a single digit, of the 
fractional part : in one case the two are in their original order, 
alhd in the other case in the reverse order ; the value of the whole 
fraction is diminished in the first case by J of the integral part 
and in the second case by of the same. If the sum and differ- 
ence of the numerator and denominator of the fractional part be 
to each other as 37 I 23, find the whole fraction. 

21. Divide (.r-j/)« + (jr2-jK2)H{.r+>)* 

by (2r-j/)* + (r2-y)-l-(jr4-7)2. . 

22. Find the continued product of and 

2C 

and simplify it when 



390 


algebra. 


23. Shew that + + 

24. Factoiize (i) + i ; 

(ii) ; (ill) 8r^-2,r^-i. 

26 . Simplify , , -+ . 

^ ^ {a~b)(a-’c) ^{d-i){d-a) U-a){c-d) 

20 . Extract the square root of ' 


^ Sah^ 4i« l6A« l6^» 

4 ^ 6 - r + ^ + a r+ « • 

3,i! 9r ^2 


27 . If a I b^b \ c = c ‘ d, prove that 

28 . «>(a + ^)\i ~c)^, prove that c may be 
equal to ai y one of the quantities - and i. 


29 . Solve the followmjj equations : 

(1) <i;i:(r*+ iojr*+ 5)(^i*+ 5) 

“(5^'* 4 - ior®+ i)(5rt*-h io«*+ 1). 

(2) (^ » ^)r + (^ -<2)> +(a~^js’=» o, 

X — d^b-\- 

{a - b)v {b -- c)y ^ {c-a)c — + r^H- a <5 - a* - - c^), 

30 . In i certain meadow theie is a crop of 1044 stone of 
grass, whidi grows uniformly. 11 10 oxen woqjd consume all the 
grass in 48 days, and 9 oxen would requiie 58 days, what weight 
of grass does each ox eat in a day 1 

31 . If y^b-li and — prove that 

j;2 4. y2 ^^2 + c* - bc-^ca - ab, 

32 . Find the H C. F 

ax^* + (a+b)x^ {a b c)x* ■¥ ia ^ b c+ d)x* (b + d)x^ 

^^(c+d)x+d 

and /tx^-^{a-k‘b)x* ’^■(a+b+c)x^ + ia^b’{‘c)x^-^(b + c)x^c, 

33 . Factorize ; (i) ^{ab)* ^{aby^f 

(ii) 6<jr^ + i)- 4Ar^-9i2r^. 

34 Shew that !!?*’»+ 2*’\V+ 1)’‘ is exactly divisible by («*+ 2)*, 
when H is any odd integer. 
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36. Shew that {4(l -:r*)f- 3 (i I. 

36. 1 f <7 V( I ^ + ^ ^/( I - a®) *— 7 *“, prove that 


37. 


36. 

39. 

(0 


or - 

Ifx I + I c'’ha = JS! ; a + ^t prove that 

c) + - a) + i = o- 

\tn and b be unequal, shew that (i +a*)(i +^*)>(l + 
Solve the following equations : 

+- -L~_y5__ . 

1+ J.r4- J(\^x) i-- JX+ j{i\x) ' 


( 2 ) 


n*-^=o, ' 

X ^ s 

+-— o, 

X y z 


2 r + 3^ + 45r = 3. 


(. 3 ) + + = 

la* + mb* + = /+ w + «, 
( w ~ w)<j* + (/t - /)^» + (/- 


40. A train 132 yards in length, travelling at a uniform speed, 
overtook a man walking along the line at the rate of 6 miles an 
hour, and passed him in 12 seconds. I wenty minutes after over- 
taking the first man, the train overtook a second man and passed 
him in ii seconds. How mjny hours after the train overtook Jhe 
second man would the first man also overtake him, if both the 
men go in the same direction as the train ? 


41. Multiply (i +^7^ + a)/*+(i +i7“)(i + +^^ + ^)>w* 

by (i -«^+tf)/>+(i 

43. If;r*+>'® + j?* = 2 (jr+y- i), prove that x^y^i^ and jr^o. 

43. Express as the difference of two squares : 

(i) (a^2bj\a^’^4b^) ; (ii) tr* - 4y®)(9^* - 4^*). 

Shew that (jr + /i)(jr + ^)(.r + r^(jr+/f) + jg 
a perfect square, if ab^cd, 

44. Factorize ; (i) + 1, 


(ii) (a*- i)*jr*-2(a*+l):r34-i. 


46. Find the quotient of of* by .r being any posi- 
tive integer. 

46. Prove that 

<^(<iH- 2 )+ 0 ^ tj(^a + 3 ) ^ 4 

,y(a+2)- + 0(«+2)J -- V{<»(«+3)f 
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47 . \i a \ b^c \ dy shew that {a^ ij{abcd) is a mean 
proportional between (ac-bd^ and {ah^cd'f' 

48 . If b^ c and d be any positive quantities, prove that 

aC'^bd . , - (a-\-h)cd 

r IS not less than — 

a-itb ad-\-bc 

49 . Solve the following equations : 

. a(a^ ■\-x^){a 4 x) ^ i $62 a ■\‘X 
* a{a~^-^x^){a-.x)+x^ iS6^'a-x* 

‘(2) 2" + 3»' + 4" = 8, 'I 

2 *+ 1 + 3 V+ 1 + 4 -+ 1 = 2 I, f 




60 . A mass of gold and silver weighing 9 lbs is worth ;£3i8 ; 
if the proportions of gold and silver in it were interchanged, it 
would be worth j£6i8«; it is known that 1 ounce of gold and two 
ouijces of silver aie worth £7 ; what die the puces (/ gold and 
silver per ounce ? 

61 . Divide lo<7(a^+i)+ 1 i(a*- i)-4(4<72 + i) by 5^1^ -2^? + 3. 

62 . Factorize: (1) (b- cf + (c-ay -hia -b)^ ; 

(u) (a - b)x^ - (a^ + ^2^ + b^)x + abi2a 4* b) 

63 . If x^^ab+c{a-6), shew that 

x + b x-b 

64 . If x^ ■\r{a'>th->ri)x^’\r{ab^rbL->rLd)x-irabr be a peifect cube, 

shew that {a + b){h + r)(r + a) = '^abt < 

66. Simplify { ^ ^/( i - ^*) + ^ ^/( i ^ H { v'C i - a^). sK i-b^)^ab\^ 

66. Find the squaie root of 


^2as^y-S_ lOaH^ — 


ba^d 2^ab'^ d gd^ 


67. If 3£±l|..3^+«^3/+2^ ,i„ 

yz-2b 36 -2^ ic-2a 

5(^ + y + s-X 5^:+ 4<^ - 3^) = (9-^ + + 1 3JE')(« + ^ + ^)* 

68. If 22, b^ r, x^ y, z be real quantities, and 

{aJfb^cf^ l{bc + ca-\-ab-~x^-y’^^ pi ove that 

a=^b^C 9 and .rsay—a-sso.. 

01 / N <2®-.*:® , 

60 . Solve : (0 / , "\a+7 

' (a+x)^ ia-xy 

(2) (<24-i).*’+(^4'i)y+(^+i)£’«o, 

(b + c)x + (c-\-a)j^i’{a-{‘b)z'^Of 

, .1. X 

+ + -2(21+^ + C). 

xyz 
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60 . If the increase Jn the number of male and female criminals 
be 1*8 per cent., while the derVease in the number of. males alone 
is 4‘6 per cent., and the increase in the number of females is 9‘& 
per cent , compare the numbers of male and female criminals, 
respectively. 

61 . Divide (r+^4+2ybyJ+|. 


62 . Find the sqn|re root of 

(ax - hyf(ay + bx)^ - ji^ahxy(a^ - 


63 . Simplify 



*^1 ^ 

i 

1 

1+3* 

(I_i 

\ c a 

)+f*i 

Q- 

'll 

a\ 

(r') 

l+3( 

---) 

. c a) 

+'■1 

(; 

:-i) 

1 




64 . ResoWe into elementary factors : ^ 

(i) i6:r8-8wi^-^ii) a^^Mabr^ . 

( i i i ) aa/x"^ ^bb*y^\(ab* a! b)xy'\- (a* L-^a(^)x^r(bU^bd)y’\‘iC\ 
66. If s — j^(a + b + c)^ shew that (s-a)^ + {s^b)^ + ^{s-a){s^b)r^t^, 

66. Simplify V< 7^9 V(9’^*27“*^) }, 

67. U ad >= be, sli e w that (/r 4- + c 

68 . If a, b and c denote the lengths of the sides of a triangle, 

then a^ + b^>ic^, 

69 . Solve the following equations : 

(l) [(.*:- 0+ is/{(-*^ + 4)(-*'-6)}]’ + [(j:-i)- ^/{f.*•+4)(.a.--6)f]' 

= 8(r-l)«. 


(2) ;r'-/=2i, 1 

x-y = 3 ; J 


( 3 ) 


X r 


^•^ 4 - \.o. 

2 a -•x y-^ 2 b 


70 . In one chest of adulterated coffee the chicory is mixed by 
weight with pure coffee in the ratio of 3 I 5, and in another in the 
ratio of I ; 7. What weights must be taken from these chests so 
as to form a mixture in which there will be 5 lbs. of chicory and 
16 lbs. of coffee ? 

71 . Find the quotient of + by 

- c*) + b(c^ - a*) 4- c(a^ - b% 
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72. Find for what value of a the expressicn 

(/I + 1 4- + 6).ry + (a + 6 ))/* 

may be a perfect square, and then find the square root. 

73. If S:r- 5 y : I 2 , find the ratio of + 5^** 


74. Simplify 


a^-a+i 2a(^-- 1)^ i)^ 


76. 


70. 


9 ah 



shew that +^‘) = {-5) 


+b* 

a2-6* 


Shew that 


77 . If then will C)^^2{c\a + c)^) 

a’~c o 

78. If X’^cy-^-bz^y — az-Vcx^ s—hxAray^-i shew that 

X 1' S' 

— 7i Tv— u ' rs “ and find the relation between 

and r. 

79. Solve the following equations : 

. 24.r~>i9 4(i2j r~ 13)^4 0^-3 7 2(14.^- 17) 

^ 4 .r -3 ar-9 81^-7 

(2) iv/(^+>' 4 -i)- ^/(.r+y-2)-3- ^ 6 , 

N/.*r+i Jy-i)' 

Ay-¥yZ'^zx^xyz 

80. If 74 is taken from a ceitain integer, we get the square of a 
number ; if 5 is added to the integer, we get the square of the next 
greater number. F ind the integer. 

81. Find the product 

( I - 4r+4r» -4:® + +:r*’*J( I +x +x* + r® + +x^). 

82. Factoiize : 

(i ) (<J + c)(c + aXa - ^) + (r + «)(« + b)(b -c) + (a + b)(d + <r)(^ - a) ; 

(ii) 4r*~ I ojr® + 3 5.r®- 504:4-24 ; 

(iii) 2x^ + 5a:y 4 - 3y* - sy^ 5^^ 4 - 24: - 50 4 * 3y- 

88. If «i4-<72 4*^18 + .... 4 -tfH=J«J, prove that 

(4-«i)®4'(*r-/?2)«-h 4‘(4-«H)*-<2x* + ^a’*+ + <*»*• 
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84. Simplify • 

I i 2jr 4jr* 

i -i"" I 1 +.^2“ 1 +5** r+i* 

85. Divide 4 ;r* + 6r- I by ;r®/ 4-^2 + I, 

80, If a ! I c-d^ prove that c^’^ab^h^ \ + is the 

duplicate ratio oi a , l, 

87. Find the square loot of 

9«» - 20* + WaH^. 


88 . Simplify ^ 

and express (nhc)^ in the form ( Ja V^)‘.( Jb 
69. Solve the following equations : 

<2 ^ ^ a-^b 

t^^c)-b i^yi-r+Vj-a” ^(jr + f) * * 


(1) 

( 2 ) 


x-y x-^-y 


t 

="1, 


_J i_ 5^ 

x-^y x + y 6 * 


00. From a place A a messenger goes to a place B, distant 
21 miles from A, and immediately turns back, going at the rate of 
4 miles an hour ; simultaneously with the mes^^en^'er’s departure 
from A, another messenger starts fiom at the rate of 3 miles 
an hour,^oes to A, and immediately turns back ; find the distance 
between the two points at which they cross each other. 

•' 01. Find the product of + ^ — <2-^ + <r and + — 

92. Shew that (^2* + <2+ i)(^* + ^+ 0 

— (<i^ + « + I )* + 4- fl + I )(^ - (2) + (^ - a)* 

98. Factorize : (i) a*- idr"® ; (ii).r2**- i - i2.r-**‘ ; 

(iii) i{d^+b^-^a^b^)-^a* — b* — i, 

94. Find the L. C. M. of i, x^+ lyX^^i and.ir*- i. 

tr l{x-'b)(x-c) _m{x-'€){x^a)_n{x--a)(x--b) 

05, If ,then 
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90. Shew that - ^ -i- •,+ three similar terms == i. 

‘ {a - d){a - c){a ^ ii) 

97. If — ^ find the r.'itios of a \ ^ \ c. 

a-c i b 

98. Prove that {ab^rxy)(ax ’\‘by) r\o\.< ^abxy, (a, by Xy y positive) 

99. Solve : 


. V 5(>y+ 0 

( 2 ) KA£±y)± J[x_-y} 

V(-r +y) + {/(X - y ) = 2 + 

100, Theie was a run on two bankeis ^ and /? ; after three 
days B stopped payment, ^^hen the daily demand on y4 was 
trebled, so that he faded after two days moie If A *and B had 
joined their capitals, they mi^ht have stood the run as it was at first 
for 7 days, when B would have owed / 40 S 0 to A ; find the daily 
call on A at first. 

101 . Ux^(a--b)(r-/)yy==>(b-r)(a-/)y and s' - (i: - 
find the value of x^ -hy^ + r^ -- yrys. 

102* Expiess as the sum of two squaies . 

(i) (i +<»*)(! ; (ii) + + 

103. Factorize : (i) 4 (b^^a ^ 1 ) ; (hj 1 ) ; 

(ill) 

104. Shew that 


f(x-jy+ij^_±) 

\ xyj 


s ^+2 -^1 *+(■*>+ 1 )*- w • 


is a perfect square, and find us square root. 

106. Simplify b){a ^ c)^ b(b a)(b r)^ f{c — a) c ^b)* 

106. If {b--c)x^ + ~&) 2 '«‘ 0 , prove that 

b — c r-g _ a-^b 

(a + ^)y-(r + g; 5 r [fi4rL)z-faArb)x U a)x (b c)y* 


107. If b^x^-^a^y^^a^^, and + i, prove that 

^ V + a*y^ — {b^x^ 4- g V)** 

108. Prove that two of the quantities g, by c must be equal to 

, . b-c . r«g . a^b 

each other, .f _ +_+-;^=o. 
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109. Solve the following equations : 

(I +Jir+V)+jr* 122*1 
d , c a a ^ 


a 4 . ^!L 

y-\-b xr4‘r g+r“^;r-f <g .r + i2~^y4-^ I 


a-k-b + c 


110. In a certain community consisting of fi persons, a per 
cent, can read and write ; of the males alone b per cent., and of 
the females alone c jfer cent can read and write ; find the number 
of males and of females in the community. 

111 . Shew that (i -;r)(i - 2.r) * 

-- ( * -y){ I “>< - ^)( I + 2y - 2;r) -^y{y - ^X3 - 2y - 2 x). 

112 . Factorize: (i) + ly^rd- 15 ; 

(ii) .r'*-4;r^ + 2A2 + 4.r- 3 f (iii) 4r*-2£y*+ — 3 * 

113 . Simplify ( 5.r + 2>/)* 4 - 3(54: + 2y)(r +j 0 - lofjr +y)^, 
and (5^+^y)^-7(5^ + 2rX^+j')+ io(^ 

114 . Eliminate -r and> from the equations : 

jr(r* 4 * I 4 - 5 /*) — J'( 4 * l CLr*j'* +j/*) » b^, ir*. 


116. 

lie. 


Extract the cube root of 


- 27 y){x^ 4- 27 y) 4- 4- 8 1 35 Jr-y. 
If 2;r — a4'a''S and 2y■-^4•^■^ find the value of 


117. 


If 


y^z _ Z'k-x 
pb-kgc pC'krqa 


x\y 

pa 4- qb^ 


shew that 


2 (.r 4-y 4- z) (b-i- c)x-^(cA-a)y4-(a + b)z 
a-^h-^c bc-^ ca'^- ab 


118. UxJfy-^B^a, - 4-^4- ' « I, and {y^z){z-\'x)[X’\-y)^(^y 

X y z o 

prove that {a — b\xyz^bc^. 

119. Solve 

( 2 ) ’ar4->'4-r=i 4-a + a*, j 

x^2by+bh^ii-^abj\ J 

In the last equation, you are required to use the method of 
indeterminate multipliers. 
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120. A bill of ^49. lOi is paid with 76 coins, including sove* 
reigns, half sovereigns, half-crowns and shillings. There are twice 
as many sovereigns as hall*>oveieigns, and three times as many 
gold as silver coins. Find the number of each. 

121. For what value of.r is exactly divisible by 


122. If = eithei or or 4*j4*r-*o. 

123. Eliminate x and y from the equationi^ 

ax-\'hy ^ r, bx’^ay — //, and jr* + =« 


124. If + (), piove that 

2ii^r+8(5-rz)(r — -r). 


126 Simplify 


* - ^^(2* “ - - {>:y - -• 

126. If a)+ ^/ iv^ *ar) 4- - r)««o, shew that 

{a^rb-\ri'h‘Zx){a^rb \ i +r.Ji4-a^), 


127. 1/ 
piove that 


X y ^ r 

Isinb ^nc - la) vtiyu 4- la — mb) n\ 'a mb ^ m . /* 

# 

I VI _ ft 

.r{by ax) y m ^ax - b) } ~'c(a;i + /ly - iz)' 


126. Extract the scjuaie root of 

X* • 4.r^ + 6-r‘‘* - 8ar + 9 - 4 X^^ + 4;t 


129. Solve : 


(1) 

(2) 


^/(v + 6 v/;r+9'+ J(x-t)^x-^g) 

x-^r : 3y+4- : 5(^+-^)+4“3 1 i3 - *8. 


130. Rs. 360 are divided among some men, women and 
children, numbering 6o in ail Th total shares of the men, women 
and children are respectively as die numbers 5, 4 and while the 
shares of each man, woman and chil I are respectively the 
numbers 3, ^ and t. Find the nuinbei of men, women and children 
separately. 



miscellanHous examples. 


399 


131. Divide ■^ 2 ^abc by 4a®+ i6^ + c*+4^r-2ifa 

+ 8£I^, and multiply ihp result by a ^ 2 b. 

t 

132. Find the product 

{a^ + a^b + a^*b^. + . .. + b^%a^ -a^b-^ - + 

133. Shew that (.r®-njr4-i9)*(j: + 2)4-3(.r*+ir“ii)2(jr-2) 

134. Resolve into factors ; (i) + ^ + ; 

(ii) 15/7“ 4•^6^2^ + 8 ; (lii) — 

136. Simplify 

bab-^Cj^ abja-^-bY 

{ a - b ^ a - c )^ { b - c ){ b - a ) a )[( L - b )* 


136. If ‘^=«="'==^, prove that 

a^bc 

i-2T7» ^ i “ (j- +7 f c ;* +> 4 ^ < )*• 

137. If a(^b-iW^-¥b{L--a)j:y’k-c[a-h)y is a perfect square, then 

<1 ^ ^ 

138. If (^M /y + < + + then will 

+ n being any positive 

integer. 

139. Solve the ^ollo\^ing equations : 

(l) J { X ^+ 2 » X + t *)+ J(»-*-2Ae + (*)= ; 

( 3 ) ;ryrt(-r4-ji'), | ( 3 ) (f + iXr+ 1 ) -7oC»-+/+2), 

• zx*=b^z+x), 1 “ (y + i)(i + i4o()'4-:r+2), 

j>s=-iiy + z;i J (xrf i)(,x4-i)=^84;r+.r + 2). 


140. A train passes a post in 8 seconds, and then passes in 10 
seconds a man walking at the rate of 5 miles an hour. Find the 
length of the tram. 

141. Shew Ahat i -3r"(i is divisible by 1 - 4 :®, w 
being any positive whole number. 


142, Prove that /a® + ///.r® + war +/ is divisible by ax^+bx-^-z, 
,, am^bl an-^il at 

jf =- -I- “"?• 

a be 
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143, Factorise: (i) (i ; 

(ii) :r* — 8.r* + i3jr* — 28V+ 12 ; 

(iii) i 2 ;r*+ 4 i 4 rj'+ 35 y*-S 4 J'‘- 93 y+ 54 * 

144. Simplify 

{Ji+ J^)(J 3 + JS)(JS+ J%) 

(^/ 2 -»- 1 ^ 3 + \/ 5 )^ 


146. 

140. 


(a^b)(a + f) ^ ^ 


Simplify ' i 

{a-d){a-c) 


\ + ca, 


{c-a){c-’b)' 

Eliminlae -r, y and b from the equations 

x^(y + £) ~ y^( 2 : +r) s^ix +y) = xys: = iP, 

147. If a I b^c \ shew that ^{ahcdYf^ — h^^r^ — d^) is a 
mean proportional between {ac — bd)'^ and {ab-^-cdf. 

148. If jr+^ + 2 r = o, prove that 

— V — b + two similar fractions * 0 . 
y^ + a^-jr- 

149. Solve the following equations : 


(1) 

( 2 ) 






^ «;r + <2 + ^ + r. 

X’ira x-\rb JT + t* 


y^z-x 

b^c 


r -f .r - y 
c^a 


y -g_ 


160. A starts to walk from P to Q nt 1 1 a M. ; B starts from 
^ at 11-55 A M. They meet 5 J mdes from (?. stays 20 min. 
at P, and A stays 2 his 17 ^^ min at (J and returning they meet 
at 6-30 P M , when B has walked three quarters of the distance 
back. Find the distance from P to Q. 

161. Given x- J(i v(i+^®)» and y ^ ~ find 

the value of ^ simplest form 

162. If.ar-j = «, express in terms of a. 


163. Resolve into factors : (i) (< 21 ^ + — 1 )* — («*- 3*)* ; 

(ii) (ar4*^7~(a + ^’)*-(^-f)* ; (iii) jr®+7.ar*-8. 

164. If the two expressions.2r*4' ffA®+^.r+cand.r*+<i'jr*+^'jr+r' 
have a common quadratic factor, 

c-d a*c-ac* Pc-bd 
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16B. In the pre(;eding Ex shew that the third factors are 
+ ^ and ^ and that the quadratic factor is 




a -a' 




XAr 


156. 

157. 


Shew that 


bed 


--r + three similar terms=“i. 


If ^ = 


168. If 


{a - b){a — c){q - d) 

^ prove that each is equal to 

f x'Pjy - r) + yP(g - r) + z^{x ^ y) ^ 

\ a^{b -- c)-¥b^\c — a) + c^(a^b)) 

b^rc-'an-b , , . . . 

“ ^ + — o. prove that b — c . c^a ! a^b 

y-s z—x -.r— j/ 


^-{y-z){2x-y-z) : (2'-r)(27-5'-.r) : {x - y){2z-x-^y) ; 


and tha^ — a)(sr—.r)2 + (c 2 — ^)(.r-y)**«o, 

169. Solve 


(t) 


y+«'(y*"-/^- 


“<)n/3 I 


Jjy + i) - J(y -6)'\ i 
>J{y+l>)+ J{y-b)i ’ 


y - n / u '* - V^) 

^(4 + y. - a) - +2y-‘^<^)“‘ \'(9b + a)- ^Jb, 

(2) X ‘^y '^2z^ los, 1 
.rf2j/ + r=^l47, [ 

2jr +^' + jc'^ 176. J 

100 A, 1j, C, D w 01 king tc^etlier can perform a piece of work 
in 8 days A and B togelhei lake twice as long as A, li, C, D to- 
gether to peifoim the same wojk. A works during the whole of 
the da> , B duiing thiee-fouiths» C during a half, and D during 
one-fourth of the day, and the wmrk is finished in 135*5 J had 

A. B and C woiked whole time, the work would have been finished 
in I days What is the equitable proportion of their respective 
Shares of the total wages lecened ? 

161 Divide * 

(r+>' + 2’)* + U^+;')°-2^*}* + (-^+y--)* by (4r+j>;* + 3r*. 
Resolve into factois : 

(«« - b^)(a + b) + {b'^ - ^ ^)(b -H r) + (r* - a^)ii + a) ; 

(.r® - Sx* + 1 6r*) 4- 6r(ji: - 2)0r +2)4-9. 
ab( r**+>'-) - (a^ + ^*)arj+ { 2 a + b)x -{a + 2b)y + a. 


162 

(i) 

(ii) 

(iii) 


163 

164. 


Prove that , 


I I 


{b-cy 

Extract the square root of 


(-J_+_L.+-i.V 


26 
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105. If;r2 4-y* — I, and a;r -f ^ express bx^^ay independently 
of X and y* 

100 , If ^ is a mean proportional between a and prove that 


■'^107. If a + ^4-^+rf*-o, then will 

abc + bed + eda ^dab^ J{{bc—a d){ca — bd)[ab - } . 

108. ' Shew that the sum of the squares of' three consecutive 
odd numbers increased by i is divisible by 12, but not by 24. 

109, Solve 


(I) 


\x- d^~)j ^ 



g)+ J{x-a)\ ^ 
hix-^a)- J{x^a)] ’ 


(2) + + = + ^ + ^ 

la^ + mb^ + wr* — la + ffib y . 


170. State the conventional laws that connect the letteis and 
digits in the quantities ab and 23 Find the value of f, if ‘2t*’ when 
read according to the law by which we interpret *23’ is three times 
the value of ^ 2 c\ wlien read according to the law by which we 
interpret ^ab\ 

171. What numerical value of / will make the expressions 
2(/*-l-/*)ar* + (n/^-2/).r* + (/24-5/)jr f 5/- i and 
2(/®+^>-i'^+(i i/- 2)r + 4 have n common algebraical factor. 


172. Find the squaie root of to four terms, and the sixth 

a -X 

. d ' b ^ 64^^^ , g a * b ^ 240^' , 2-- I92t® 

rootof-^S +-^-i 6 o.»- 12. + 


3;r*’-23r^ + 43;ir-'8 

ar* - 50:^ - 6wr* + 35^ - 7’ 

174. Shew that ^x{x -ir a){x b){x c ) is a perfect square, 
when c^a‘\‘b^ and a perfect fourth power when also c^^"2ab, 

, ( ^ + 3^ - f 2 b)(a + (2a ^ ^C'{-b){b + r)* 

(a+2^:+^)* 

170. Express as the difference of two squares : 

(i) (^1 + 2^ + 3^:)(3^ + 2^ - r) ; (ii) {x + 2a)(:ir - ^dpe + ^a){x + 9a), 
177. Uax^rc ; bx^l^ 2 C \ l--d^ prove that 

I {fl--h)x^{c^rd)^{a‘\‘h)xArc\l \ {a'~b)X’>rC^L 


173. Reduce to its lowest terms 


175, Simplify ' 
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178 . If and x^are unequal, and if ^a— »/• 


(s-xf 


(x "* 5 ")* 
and 2a-3ir «^ — ~ , then will 2a- 3*’=- - — > and xr+j'+xr— «. 


,«« c I , \ ' 2 (x+i) . I 6 Cr+i 2 ) 

179. Solve(i)^r+ 5 j.‘ 4 . 6 +_;rV+ 6 ^+ 8 +ir:(^ 7 *-+i 2 + x +4 


( 2 ) (x: + )')(y + x -) = ^^(x + 2 y+ z), 
fy+z){z+x) = ^,x+y+ 22 ), 
(2 + j-X^- +^) “ ^{ 2 xr + y + 2 ) 


— 16 


180. A man takes i hi. 30 min to row from A to B and back, 
when there is no stream. When there is a stream, he takes 36 
minutes to row from A to B how long will he take to row back ? 

n-rx .X ,, .bx'^ ^ 

181. Shew that , =1 — + + + + 

• a-rox a n cr 

182. If and i/.r+ i/>^ + i/s'=* i, find the value of 

183. If + + + + ^ + shew that 

X \ y I s \ h \ c. 

... ... M^^+i) r^z(^*+i) ab{c^^\) 

184. Simplify + 

185. If.r®+jr+i=o, then .r*=i, and .r 2 "+.r®’‘’V i “O. 

186. Shew that the following is a perfect square : 

x‘\x + 4 X-^y + 3 ( 3 :r* - 2 +x''^)(x^ + 3^"*)« 


187. If 


2y4-2r- r_2rH-2jr--^_ 2X + 2y-^ 


X 

2 b — a 


, shew that 

O' 

y ^ £ ^ 

~ 2 C+ 2 a--^ 2 a\ 2 h-c 


188. Shew that the expression .r*(i +/)+/(! +s'*) + 5 '*(i -^x^) is 


notJesa than 6;i:y£r. 
189 . Solve (i) 


•27.^- -4 5 2-56 -2^-154. 

-og ‘4 '9 

^(xx^ 4 - 63^ + loi _ 39^* + 65;r + 96 

6o.ir*4-77*^ + i5o 65.r» + 7&r + 144’ 

Find the v.a 1 ue of a so that the following four equations may be 


(2) 


consistent : 

3;r-2y+2a^«=i4i i<M:-8y-jp+6“0, and 

(tf-ilr+/?y + (<i+ i)jBr»32. 

100 . Two trains running at rates of 25 and 20 miles an hour 
respectively on parallel rails in bpposite directions are observed 
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to pass each other in 8 seconds, and when thqy are running in the 
same direction at the same rates as blefore, a person sitting in the 
faster train observes that he passes the other in 31^ seconds ; find 
the lengths of the trains. 

191. Prove that + r.r 4- is an exact square, if 

/i(4^ -<!**) = 84:, and (4^ 64//. 


102 . 

193 . 

194 . 

19 B. 

190 . 


If J+»i+c^-o, shew that 

(a* + + 6* — 2 dc - 2ra - 2ab)f —12 ^adc{a + ^ + r) . 


Simplify 

(a d){a -k- c) , (i5 4* «)(^ + f) (f:4-«)(r + ^) 
- d){a -cy if- a)(i - f) aj(c- b)' 


Simplify 

8 -y(i 2) - 5 - s/(392) + 10 ,y(243) + 2 nA'98) 


Given 


(V3 + i)’ + (./3-0* 
bs 4- cy cx-^a£; ^ay-^ hx ax Ar hy + cz 


, prove that 


b-i a — b aA-b-i’C 

(b + c)x 4 - (r + a)y 4 4 b)s - o, btx 4 cay 4 abz — o, 

and either aArb-^c^o, or abc^(b-~ c)(c^-a)(a‘-b). 
If a{by 4 rr - ax) =* b{cz 4 ax - by) ^c{ax + by-^ rz\ prove that 


>'4£'--ir_^4:r-y xAry-z 
a b c ' 


197. Eliminate -t', y and z fronwthe equations 

{y^z'?=^ayz, {z-x)^^bzx, {x -‘yf--^cxy, 

198. Show that a pair of the quantities a, b^ c must be equal, 
if the following equations be consistent : 

<»,r 4f^^4r = o, a^x A-b'^yA-c^ — Oy a^x A-b'^yA- ••o. 


199. Solve 


(0 

(2) 

(3) 


4i^{Jb-c){x -a)A-b\c-a){x-‘b)Arc\a^b){x-c)^o ; 


Vx\v-Xlx-y __^^ 

Vx+yA-X/x-y 


40. 


ax^ - bx'^ A-cxA^ d ^ a*x ^-bx ^ + dxA-d 
ax* -bx^-cx-d"^ S?* --bx*-~dx-d' 


200. A man near the sca-shore sees the flash of a gun fired 
from a vessel steaming directly towards him and hears the report 
in 15 seconds. He then walks towards the ship at the rate of 3 
miles an hour, and sees a second flash 5 minutes after the first, 
'and immediately stops ; the report follows in 10*5 seconds. Find 
the rate of the ship, the velocity of sound being 1200 feet per 
second. 
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10. 

4- 

17. 

384 

18. 
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10 . 17. ~8or®4*228;rV“ 2564:'>'2 + I20^, 

18. €Lx^ + - labx + b^. 19 


1 

0 

21. 

a* 4 - 2/2^ 4 - 3 ®. 

22. 

d^-2ab’{-b^. 

23 . 2o* + .z — 91. 

2i. 

i^r® - 4 - 2y®. 

26 . 

yx:^ + 2X^lS. 

26 . -yi^-6a. 

27 . 

-2. 

26 . 

i6y*. 


Examples 10. Paj^es 33—35. 

1 4X* + 1 ; 6 x* + 2 x^ - 5Jr® - 6 x - 2. 

2 .r®- 8;t^+ i6.r®- 24;r* + 7i.r'»- 120 ; • 

1 2;r® ~ 48a: * + 59^* - 284;r* - 5jr + 2 4 . 

3 4fl^ + //*^r + ( ^a^b - 3^^ - ^(7‘^)x^ + (3«®^ + . 

4rt® - (8/?’* + 2 b)x 4- ( -I- 1 iab)x^ — ( + 3^)4:’’ 4- 5^iAr*. 

4 4* 4- x^y - 6 xy^ - i ox^j^ - 3;r V 4- 1 2.ry* ; 

^ - 4;r * - 8;irV 4- 1 tx^^ 4- 2 »-V* + V ”* ‘W'^* 

5. - 2r/^ 4- - ^d^b^ 4- (ib^ 4- ib^ ; — Mb 4- 1 1 — i lab'^ 4* 6^*. 

6. dh^ -{■{ 2 ac- b^)x 4- 2^6' ; afix^ 4- {zaq - bp)x^ •\‘{ 2 Cp — 2 hq)x 4* ^cq, 

7 . 3 V ” 2jr ‘ 4* x*y^ 4- SX^y* - 2;r V + •*■; ® J 

drV - 74:^)/* — I ix^j^ 4- 

8. ax* ~ (a 4- ^>2:’' 4- (« 4- ^ 4* c)x^ ^{b-\rc)x + C; 

a 'x* 4- {am - bi'y^ 4- {an - bjn 4- cl)x^ 4- {c 7 ft — bn)x 4- cn, 

9. - 20JI* 4- 1 yx^ 4- 5 T® 4- 1 J^* - 4Jr'’’ ; 

lox - 2 ijr* 4- 254:® - I4jr* 4-41® - 1 6x^, 


10. 

d’ - \ 2a* b'^ - i^a^b* - 

11. 

b*’\‘d^ 2«®C® - 

4/5V® - 4^®^:. 

12. 

yp-f -jr* - y* , ,r * - 2 4- - 

-/• 


.13. 

5 w® - 47 ;/* 4* 3 w® - 5 / 77 * 4 - 477 / 

- 3:1 

*- 32777 * 4 - 50777 ® 

- 327774 - 15 . 

14. 

(1^ L^—yibc, 16. 

4- 2aPb”^ 4- • 

- ^2» 

10.- 

jr®4-jr* -jr®~ I. 17. 

2C^, 

18 0 . 10. 

4^^ 4* 4^^/. 

20. 

x^ — 4X*y* +y^, 21. 

x^ 4- 2X* 

-i6.a:®-5jr*4-2 

1 x 4 - 9 . 

22. 

- I S.r''' 4- 1 3 -r * - 1 ox^ 4- 7x' 

®-5a:4'2 



23. 

a^x^ 4- abx^ ’-(ab''ac)x*^b''^x^ + (ac- be )jr® 4- bex 4 - 1 ® . 


24. 

4a‘' - ia® — 2<i®+6a® - 2^5 

-3- 

26 < 2 ® — ^®4-t 

®4-3<i^^-. 

26. 

- 8^® 4- 2 74 -® 4* i Zabc. ' 


27, .r®4*y®4-6Lry- 8. 

28. 

4- 2X^y 4-Jt'^® — 4- ixy^ - 

-yK 




29. 4 - 22 ^ - 82 :®/ 4 - 4 -ry - 1 6 Lr*j/* 4- Sxy^ 4* 1 6 ^*. 

30. I 4 9i;t:‘5+ iSor^. 



6 


ALGEBRA 


81 a--{a^b)x b €)x'^ c- d)x^-\^{b-\-c^ d-- €)x^ 

-{c- d^ e)x^ - {d 4 €)x^-¥ex^ 32 fl® - 

33. x^-ii6x'^-\ 1789^*’- i04fcu®4 25o2jr^- 5382;c* + 40334:*~7Q8;ir 
+ US9 34 jr2- , 2.ar«-lii + i ; + 

36 + + t 

30 “ 27^® , }r*- + 1 

37. i!s^"~A^V+.V> + ^y 38 ri^^ab^^yK 

39 2<2V^ - ( 3fl®7 f 2<i<&y 1 + (4<2y + ^aby^ 4- 2b^y^)x^ - {4aby^ + ^b^y^)x 

+ 4bY 40 a^b^ -(2b\^ + b^)n*4-(sbc^+3b^c*)u^ 

- ( 3 < 5 ^ 6 ® + 2bh* + + ( 4 ^i* + 2^c^)a — 4 ^^ 

41 n^P - 4- 1 2^^V® - I :j/ 2 Vc + 8«2/7 - 2a/8 - 2/^> 

43 a^x + U^Y + ^Y “ 2/);r® 

+ ( 2/7J/® - aY “ 3*2 y)r - "^aY + 

48 i4;i:^‘^-29Jlf^<^1&4^r*^^4Jl5®^-3t‘^-23i\4-4;i'^4' lo:i:*^4-Jr 4- x^i 

44. Q.-t'*- 34Ji?+45jr^4'76fc®-- io'’;i*-65a*' 4- ioS;i®+ I2t -32 

46 - i(xt:7 4-24-:i‘'-45jr®4‘67Jr*4-3ar’’- 54.t*4- ii:t-4- 15 

48 +b^^®-2iSa^^4-23rt’-89<J^4-So 

47 -882:rH357^‘*j> 4‘88or‘^>‘'-'379ry-22aiy 4- icoj/*^ 

48 t)^^-25A‘' 4- I4;r^4- 57t®- ii)2Jt2 4- i48r-48 

49 i 4- b^c — 4- ( ^bP 4* 2b^p - Pc)d^ - {b^P 4- 3b^P)a 4* PP 

60 -^^ + 4 61 + 

62. fu-®-§;L^4-;r®- V-^* + t 

63 grt® - 4- 4a^ 4- 1 o 

64 Pm^ 2P7?P 4- /w 66 i y - 2xY + - 5^ y 4- 4;ir^) ® 

60. 2T®4-3;iV“B^V4-3.'»y- 8ty 4- 

67. 28jr^‘*-35;r^4-7Ji^^ - i6x^'^ + 2ox^^-‘4x^^+ i2x^^ 1 5;r^4-3^^® 

-41*4- 5t®4- iiA®- i5;r4-3 

58 6 x^* - 1 44 '®* - 26 ;r®^ - 2 j i 4- 3911 ^ - 33:1 4 77 a 

4- i4sx^^4-2yz^-6sx'^~ uyx‘’^--2ix* + 49x^ + 9i. 

Examples 20. Pa^^es 36—37 • 

1 x^-h2xy+y^ ; ^®4•4^^^4-4^® 

2 4a®4* i2a^4-9^® , 1 6<35® 4- 4 oar 4 - 2 5 ^:^ 

3 . 49^® 4 * 1 1 2xy 4 " 64^® ; ah^ + 2ahxy 4 - bY • 

4 ;r®«4^/4'4y ; 92r®-24;r^4-l6y 
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6. iooa®-6oa + 9 ; i- 24 X+i 44 r\ 

0* 36 /®- 6 o/;«-»- 25 W* ; 4/V-2o/wrt3 + 2 5 » 28 ^®, 


7 .. 

2;r®+2a*, 8. 


0. 

i6a® — 2 

a«* 

1 

d 

11. 

a* + a’i’‘+i*. 12 


2ft t. 

13 . a® + ft® - r'* - of® + 2ab - 2 cd^ 

U. 

17 ® + - ft^ — d^ + 2ac - 2ft^. 

16 

rt*+C> 

-ft®-{f®- 2 ac 4 - 2 bd, 

10, 

i?® + ft® - - d‘^ - 2 

\ab4-2cd. 

17 . 

+ 18 . 4^®. 

19 . 

2 5r* + 30.r®-:r®- 

6;!^+ 1. 

20. 

25 jr^ + 

3o;»:® + 9.r® - i. 

21. 

: 57 r^- 97 r®- 6 jr-^i 


22. 

25;r*-< 

97 r® + 6Lr - I . • 

23 . 

x'^ - 3rt*;r^ + 3^*.;*r® 

-a". 24 . 4*® 26 . 0. 

26 . 4 < 7 ^. 27 . 4>'®. 

28 , 

(rt®-ft®)jr® + 4 < 2 ft. 7 r)' 

— (tt* — 



29 . x*+y*.] 

30 

.r* + 2 j2X^y + 24 ^-®; 


31 . 

a'ft*- 

2 aH'^pg 4 -p^q^. 

32 . 

1 * , i* 


, 33 . 

a^b^ 

a®ft® 2 ab 

25 9 3 *’25 


16 

+ — — 1. 

9 3 

34 . 

;t»+y. * 36 , 

jl'S 

36 . 

a®ft® + 

37 . a®ft*-<:®. 

38 . 

^,(1, 39, 

«*ft^‘ - 

. 40 . 


41 a®ftVV®“"*- 

42 . 

a“-l. 4 , 3 . 

a»-ft^ 

44 . 


46 . 2a®. 40 . a* 

47 . 

16. 48 . 

4* 2a®. 

49 . 

2 aV- 

- 2 A‘*y^ - 

60 . 

2116 ; 164025 ; 9409000000. 




61 . 

99960004 ; 63728: 

289 ; 399480169 

; 809969400289. 


Examplog 21 . 39. 

1 . 2 . rt* " 5«V’^+ 4^^. 3 . Qjtr* - 52.r^® + 64J*. 

4 . - <2^®. 5. I - (<z + ft + d-t + («ft + ftr);ir 2 _ 

0 . +z^, S-a\lf4-c)4-i'\c-^ii) + cH'i+^) + 2al>c, 

9 . .1'^ - 4x^ - 1 9.r® + 46X + 1 20 

10 . x^ ~~{a4‘h + c-\- d)x^ ’\-{ab 4 ac-\-ad-\-bc 4 rifd 4 r cd)x^ 

-{aSc 4 - abd-k‘acd 4 -bcd)x 4 rabLd. 11. «*+ iO(rr^ + 35^^+ 5o<? + 24. 
12 ..- a{b’^-‘(^)4-h{c^--a-)4‘C{a^-b^). 

13 . c?{b + ^) + h\c4‘ d) + c\a + ft) + ^aJbc 

14 . 27;i*® + 54.^2^ + '^txy^ + ~ zabxy + ft V ; x^ - ^x-y^ +>'*. 

15 . Ji:*+3.r + 2. 10 . x^ 4 - i 2 ax 4 ‘ 17 , .r* 4 - 74 r- 8 . 

18 . :ir®- 3 ;rj'- loj®. 19 . .r*-i8Lr + 77. 20 , (<2-ft)jir-^fft. 

21 . jr®-(5«J + 7 ft);r + 35aft. 22 . 6 .ii:* 4 - I9.r+ 1 5. 2 3 . 3S-t® + 66 ji: 4 - 27 , 
24 . 72J»r®-i5f.sr + 77. 25 . 3o;r* + 9l.r + 5S. 26 . I43;r2- 19:1:- 12. 

27 , i65a®+i67^* + 42. 28 . io 8 ;r 3 + 303.*'4- 140. 29 . 40;^*- 57^- 126 

80 , i68^*+38jr^-45>'*. 31 . 66rt“- 2917ft- 27 sft^ 
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32. 42^- ii5j/2'+75£®. 33. 1044:^ + 233:^;'+ 104>'^ 

34 1 68+ 1 34: -4*’*. 35. 63 + I7rt-* 10^7® 36. acx^ -triad ’\-bc)x-^bd. 

37 . ac- {ad + bc)x + bih 38 - 2abxy - 1 5 ^®;'®. 

Examples 22. Paoe 41. 

1, -1. 2. —a 3. ; —a. 4. fji®. 6. 6. 4; —a. 

7. 8 -4<^;-4. 9. 10. 11. 

12. Y-rji"-**;"*"":"-” 13. - 5 ; J ? - JA 

14 . -2lb\-^ ; - a^byj^ \ 

- m m 

^ .9 

10 . - 44 :V^^® ; 2 rt*^Vjr ; afpxyd^ ; — 

17 . . |/S;/ 2 ^ 7 S 4 ry.s* • - f/*; 

18 K/ 5 V; -^\aH\K 

Examples 23. 44“45* 

1 . x-y 2 -~.^ + 3/. 3 . 2.\^-lx. 4 

6 , 6. 2^z^- + 3^. 7. ‘'d7r-|'Sr^. 8. I 2m — tp. 

9 . + 1 7^7 ; 96 <i^ - 72a®^^ + 288^*. 

10. - 2 .^’’ + Ja V - ® +y ; I 2A ® - 2A V + ? - 6>'’. 

11 . - 44 rV+A-yir+ 7 j' 2 '* ; 3 aV-|'^V 2 '- 

12 . 3 ^;;/ V - \lmht^ + 2 //;^?® ; - J/’’;;?;/ + - J/«*. 

13. + -5fllra + -y^7A-V- 

14 . - aPifPr^ + bPndfi^ - r/w’’;/ + dm , ^aPmhi^ - \bPfn^^7i^ 


+ PfrPiP - '^dlm^n ; ~ ^ PivPrP - 5 ^ Ptn^n + 5“/w ; 

_ /*/« V 

~ U. " r “ A~ 



ac a^r 




16 . 

2rt2x-2 ^ 3^x-S 4- 4^ ; - _ |a*-i - 

tcP ; 

2a“ 

. 2 + 3 ^ 3 x -2 + 4^*+1 


- ‘® — I — 20 a^. 




16 . 

jj-aj bn c ^ 4 . _ 5 •-» y *2r« + * + 2oA 

,1. ^ 


y^V^*+ArV;?* 

17 . 

ija- - 1^.*: - 3« + \b. 

18 . 

/)*- 

4 ?®- 

19 . 

-8A: + 2a + 2. 

20. 


- flV. 



ANSWERS. 


9 


Exaxpples 24. Paiges 44'“46. 

1. .r-i-4. 2 ^+io 3. ^ + 6. 4. J: + 8y. ’ 6. 2 a: + 3. 

0. *2.r-i. 7. /+I3. 8, 8/-* I. 0. i+6a. 10. i-8«. 

11. -.r-8. 12. 3.r + 5y. 13. a-3x\ 14. - 5^1: - 1 1;/. 16. rjr+rt^. 

16. gx-iiy. 17. ax-^fiy. 18- 25 /®- i 5/w« + 9^^ ; 

19. 2 5 a -2 + 35 ^a'+ I 2rt- ; 2 5.r2 4-25^iAr + 6d3!2. ^20. ;i' + 2j/--3. 

21. ^ 4- 4- ^***5- 4-^®3^ 4- 4- 4- 4* 4- o^P\ 

4- ab^^,+ ; <2^'' 4* 4- 4- 4- ; a*^ + 

+ 4- ; <7*4- a^b^ + b^. • 


22. 

!^-k + i ; 2 k- 

-Zb- 

6 . 

23. x--{‘X‘-i, 

24. 

77® +77 -2. 

25. 

l-r^ + r*. 

20. 


® — 3 Jir® 4 - 47*. 

27. 

94:* 4- 15-^ + 6 . 

28. 

Quo. = /-' + Ji* 

-J /4 

•ill 

reiii.-^ - '^^Ic- 

29. 

77 ® 4-4)'^. 


30. 31. ^--2/?’4-i, 32 « + 6^. 


3 3. <' 7 ® 4- 2 ^/^ 4- 2 ^^ ; <^ 7 - - 2 ^ 4- 2 b'‘. 34. 2 .r ^ - xy 4- y-*. 35. 4 - / 7 ;t- -..r*'*, 

38. 7^* + 3^^^^4•3^7/7^4-3^ 37 . 2 -r^- 34 :^ 4 - 2 jry^. 38. jr* + 4 : - /7 - a 

39. 40, 2.v5 4- 3Jr74*y + 3^'- i. 

41. 4 (i^x^ 4 rt* ; — 722:® 4 - tiV — a^x 4 - 42. 4 <7-r® — a’lr 4 - 77 ®. 

43. — .r" — 4 .r^j/ — 2 .ry^ — y . 44. Hx^ — 24r*j>' — 6 ;iry ^ 3 ^. 

45. ffr + by^^rf, 40. <a:r-<iJy+ 2 , 47. 377 4 2<^4' i. 48. a’^4">'®. 
49. 77 ^^’’ 4 < 2 V‘* 4 * 7 / 7^4 1 . 50. 441 *^ 4- 1 4 ry + 9 /“. 51. }a- j^b ; ^cz-lb. 
52. - S)' ; I2x-sy. 63. 4- f y* ; %x^ -\%xy^-\y^, 

64. iivr- 12 56. 4 * 1 ^ 77 ^ -J^V- Qno.== 6 r- Jv4£', rem. 

57. 1 - r® 4- r"* ~ r®. 68 2 4-.^■ - 4 .r® - i i.;jr®. 

2477® — 2 272 I 

69. 2441 4- 8 r® 4 i 6 ,r® 4 - 32 . 1 '* 00. 77 * 4977^4 12714- 1 — 5 . 

^ ^ ' 77 ” - 277® 4 377 -2 


Examples 26. Paiges 47“*4^' 


1. 

277. 

2. 

a^b. 

3 

yr - 3 y. 4. 

0. 

5. 

I. 6. I2a‘^b, 

7. 

.r®- 



8. 

2^. 

9. ^ - 24: - w - 


10. -44r-5>'. 

U. 

a 

12. 

0. 


13. 

yc-\r2T. 

14. 

0. 

15. J8.V. 

18. 

27- 

-254:. 

17. 

7w 

- 12;7 

. 18. 94- 

19. 

li. 

20. 4:* -4-® 4- 24*. 


Examples 20, Pa^es 48 — 49 . 

1. 774(<J-r-rO. 2. a-ip^c^d), 3. a-{b-c-d). 4. .r®-(4' + 2), 

6. x^-\'{X’-2). e.;r*-(4r®-4r*4-2.«-3). 7. .r-j/4[s:-{«/ + (77-75»))J. 
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8. a^b-[c-{d-\-ie^f)}\ 9. 2.ar-3y-[4xr- {s/J-(^+r tj)}]. 

10. 3;r -j/ - [a' 4* { / + 2 ( w + «) - [r^ { >/xr +■ {zx -^xy + ax ) }]. 

12 . 2 ;*r*-a-[ 2 y + i 3 ^ + ( 4 S' + r)}]. 

13. ax^by-\cz-{by-{cz-^ax-2cz))\ 

14. x^’^lx-^[y^-{my-(z^’-nz’\-a^)}'\. 

Examples 27. Pa^es 49 — 50 . 

1. a{a-b). 2. a{fj + 2b). 3. x{2x-^y). 4. z{2y-^)- 

6 . 2bi3a + 2c), 6 . sb{sb-2c)- 7. nb{c-id). 8 . 2ab{c-^2b). 

9. - 2.*7). 10. 8 jr;'r(;r— >')• H- 3/w«(/+w). 

12 wapgiy - 2 ap), 13. 5 a(«'?-^ + 2 ). 14. 5 ^/^ + 4 <jV). 

15. 2 ab{ah lbc-\r^h’^d). 16. ^x‘^y{xz’~ 2 z^-^'yyz- ^y\ 

17 . yc^fz^{yz - 3 rrr^ + 4X^y). 18. i - 2abk + - 4a^b^k^). 

19. x^y\ 1 = + 2 x^y^^). 20. 2 ir‘^j ^z^(a v - 

21 . 4Pm^td(2mp - 3 rt;;/W + ^blm^n^ - 5 ??^). 


Examples 28 . 50 — 51 . 


1. 

{a 4' 4-^^). 

2. 

(/i4r)(rt4^). 

3 . 


4. 

(x a){x + 

6. 

(r2 4/7*^X.r-^). 

6. 

(.r-a)®(j' + a). 

7. 

(,ra+i)(«2+^a). 

8. 


9. 

{■x-+y){y-s) 

10. 

(/ + «)(/-^). 

11. 

2 {p-a){p+x), 

12. 

(2x-gyp-^y). 

13. 

(^;r + ^)(rt 4^). 

14. 

i 

1 

H 

16. 

{f+3»l){2p+^). 

10. 

.r(;r4' i)(<7A -b). 

17. 

j\b 4- r){2ax - b). 

18. 

3^l^-y)b' + a). 

19. 

Aap{a + b){p-g). 


20. r£r(i 

-^)(I 

-y). 

21. 

2{p-g)(a + b + C’^ 

d) 

22. a(a-\-b)(x- 

1 

1 

+ 

23. 

{a-b){7ft+p 4-q + 

r). 

24. {x-{-a){x4-y’\-z). 


Examples 29 49 — 52 . 

1. (i + ^Xi-^i). 2 . ( 2<2 4'3^)(2^-3^). 3. (4^ + 5^)(4«- 5^). 

4 6 . a{x4ry){x-y). 6 . 3(x + 3y)(‘^ - 

7. a{2b4‘3c)(2b-~3c), 8 . y{bx4r(y){bx~- cy). 9. {al4^bfrC){al-bm), 

10 . ab{l4rm){l^m), ll. 3 fl( 2 ;r + 5 y)( 2 ;r - 5 ^^). 

12. ( 25 «+i 3 ^)( 25 «a!-i 3 ^). 13. lx^+a^){x 4ra){x^a). 

14. - «^)- 



ANSWERS. 


11 


16. 

(9a*+ i6f*)(3a*+43*)(3<i® - 

43*). 

17. (7x^+i){7x*-i). 

18. 



19. (x^ + 2a^)(x*-2a*). 

20 . 

(27>V + 9)(2;>y-9). 


21 . (7a*+ io^)(7a*- 10^). 

22. 

3(l6/2*+l)(4a^+ i)(2«4-i)(2£1- i). 

23. (5«*+2X5«®-a)‘ 

24. 

(44r« + 5y»)(4^“-57''). 


26. f(9+f*X3+‘')(3-f). 

26. 

(abh +x*)(,abh - x^). 

27. 


28. 

2y{x* + gy^)(x + 3y)(x - 3y). 

29. 

4ax. 30. i5(o-6X'*+^). 

31. 

(n + b)(a-i)(,x-1H){x- i). 

32. 

{e+d){c~d)(x+ iX^- 0. 

33, 

{a^+b^-2Xa+b)(a-b). 

34. 

8a3Ca*+i*). 36. 720. 

30- 

240. 

37. 

1002000. 38- 7600.* 

39. 

4 5000. 

40. 

99840000. 


Examples 30.^ Pages 52—53' 

1. 2. (.r+-2)2. 3. {a-2b)K 

5. + *7- (3^-7)')®- 

9. {7alf-9)^. 10. (sr H* 2*(3/;-2)2. 

13. (-r‘*+y)’*. 14. + 16. (3^2 + Io5^)1 10. (5 « + 4^®)*. 

17, (()a*-Ah^)\ 18. (25a^6*+3)^.19. 20. Ix-^lyY- 


4 . (20- 3^)*. 
8. (22r + il)*. 
12 . 


21. 


22. 


33. 

(ir-4^«)». 

24. 

(V-h^niY-. 

25. 

2(«® - 2<5)2. 

20. 

2a\x^ + 5)*. 

27. 

3(a-u3)2. 

28, 

2 (?/+ 5 ;;/ 7 ^. 

29. 

5(3 -2^7'®^)* 

30. 

?n\2f— 7«)*. 

31. 

2^(5 + 6a)*. 

32. 

2a3y + 16)®. 

33. 

7bhK2a-ii)^. 

34. 

(x-\ra + dY. 

35. 


36. 

(2a-Sb-S‘-Y- 

37. 

(a+i)*. 38. 

(a -6)*. 

39. (a +.2)*, 

40. 

2{a + d)\b + cY. 

41. 

T. 42. 4. 

43. 4. 

44. ' 0009 . 

45. 

8100. 

46. 

25. 47. 

49 ^*. 

48. 1. 


Examples 31. Page $6. 


1. { x + l ){ a :+2). 

4. (2r + 6)(2r + l). 
7. (x + 7){ x +6). 
10, (x-s){x-4). 

18. (jr-7)U-6). 
le. (x- 2 ){x+i). 

19. (a+7X«-4)' 


2. (.x+i){x+ 3 ). 
». ( 2 r+l)(:r + 8). 
8. C*' + 2)(4r + 8). 
11. (x-8){x-s). 

14. (4r-7)C^-8). 
17. ( x +2 yx - i ). 

20. (4r-3)(r + l2). 


3. (x + 7){x+i). 
0. (Jf+9)(-»^+4)- 
9. (4r+6)(.*- + 4), 
12. (*-9K^-3). 
16. (a-8)(«-9).' 
18. (tf+2)(c-3). 

21. (x-i 2 ){x+i). 
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22. (5 +.^)(8 --:r). 23. (2o+;ir)(i -a). 24. (9 + ^)(7 + «)- 

25. (io-x)(8+;r). 20. (i2 + tf)(5“^). 27. ( 

28. (jr + 6y)(.ar+ 5y). 29. lojOCr- i \y\ 30. {b - i(ia){b-\-^a)* 

81 . {c-M){c-\id) 32. iab- io){ab-6). 33. (y- isz}{y¥\26) 

34. (jr + 2 qy)(.r+ ioj/).35. (a + 25 ^)(i 7 - 5 <';). 36, (i 6 + ;0(5 ”J')* 

37. {x-a){X‘-a-z) 38‘ (,r i)(:r-^ - 2 ). 

39. 3). 40. (y-^a-¥2)(y-a-$). 

41. (z-^a + 2)ix-a+ 1), 42. U b) 

43. (-r + /+2w)(.r-/-;/7V 44. (y a b){y - a - 1) 

46. (y + a-\-2b)[y-’2n--b), 

Examplos 32. Pac;c 59. 

1. (3-r+ i)(.i'+ J ). 2. (jr + 2)(2.r+ i;. 3. (4^4i)(;r+i) 

4. (3^+0(^^+3)- 6. (2<2 + 3)(<j + 2). 0. (2/^4 i)(<J + 4). 

7. ( 3 ;ir~ i)( 2 Jtr - 1 ). . 8 . ( 3 , 1 * - 2 ), 2 ,r - 3 ). 9. ( 5 X - 4 >( 2 jr- 3 V 

10 . ( 3 y- 2 K 4 y~ 3 ) 11 . ( 9 y- 4 ) 0 '-- 3 ) 12 ( 8 y- i). 

13. ( 2 / 2 fi)(«-i) 1^* (3.*'''“4)(^‘+5)- 16. (ij.r-' i)(jr + 3 ) 

16. ( 4 -v-l* 3 )(T- 1 ) 17 . (iiA--i)(ic-r + i). 18. (7.^■ + 3 )(.^'- 18 ) 

19, ( 2 +;r)(i- 3 .r). 20. (7--^)(4+-^) (^j+ 5-^')(5 

22. (i 5 - 2 ,r)(i ~ 5 jr). 23. (cVt- 5 )(. 7 4 - 10 . 24. (4 ” 5/^X3 + 4/^)- 

26. (&r-i)(.r-8). 26, (8 ji'4- 0(3^'- 4). 3 7. (8.r + 7)(8t +9). 

28. (sr 4-2y)(-r + 7y). 29. f3r-2oy)(-t'- loy) 30.(9^/ 8<^'X8<i-9^). 

81. <'7/0(3 - 5^^). 82. V 3r- 8c/)(86 + 9rtO, 

33. (i4.r4- 5y)(3r-4y) 34 2(3^- 2)(r+ 7;* 

35. 3 ( 4 ^ 1 ^ + 3X«^ + S)- 30- 5(4-^~5)(2r-7)- 37. 77 ( 7 ^:- 3 )(;r + 18 ). 

38. (7^.r-3)(^r4- 18). 39. ab(a+b)(a- 2b), 40. 3.tr(2;r + i)(;r - 3). 

41. (2ar®+ 3 Xa'^ 4*2\ 42. - 2), 

43. .ry(2r-5;/)(7.r + 3y). 44. 3^y(^xy - j )(4xy 

46. (nx'-b)(bx- a). 46. + 3X5^^ - i). 

Examples 33. 62—64. 

1. 2 az + 2 (:y. 2. 27wa* + w*.;r + 2 . 3 a/ + 2 (^- + 2 . 

4* ( - 27: - <*);« - (77 + 2<5 - r)/7 + (4b - ) w«. 

6, (4m’--r)ab'~(» + f)bc+($r 
6. (2X^y + s)a + (z+6y)b-^(sy- 
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7 . (.r - 4 y + ^)a'^ +J[ 4 y - x)cS^B^ + (zr + 

8 . ( 3 /+ 2 /;? + + ( 4 /- 4^ + 3« <*** *■'' + (/- 3m 4- 

0 .. (2 - jr -’y)pg + {s^i)qrf (.r - 2 y +• 4 £r) rp, 

10. (/ + m)x'^f*‘ - ( 2 / + 2ff);r«‘ + (3W + 3W - 2/)y*. 

11. ( 4 <* 4- 3 ^ - '^c)x'^ - ( 4 /" - 

12. — + if- 

13. ~ 2 a 2 j»ry - V. 

14. .r® -/Jr’* + ^r — -- ^ 7 ^. 

15. jr® + (4«^ — 6*)r — tf® + + 6^® . • 

16. 4 - 2/5 + 2 )r® - ( 2 /^ - ^ - 2 ).r® - (/5 - 2 )r 4 i . 

17. ( w 4 ^)a* 4 ^ 7 / 2 ^ 4 zww 4 77 ® — I )a® 4 { 2 in^n 4 2 ;//n® — w — «)« 2 ® 

4(w4// — 2i«»)a-l. 

• 18, (a-^).rs- frt2-a//)jr3-(/7/^-/7®)r4.7‘''^2_^38. 

19. xHn - )') 4-.r (/ - rV - r") 4 2y®r - 2j;r». 

20. — r)4^®(r — /7)4r®(f'f — ^). 

2 1 . 2/^r* 4 2s\v^ 4 2x'^y^ - r ^ 

22. 3 . 23. “li?. 24. - 19 . 25. - 7 . 26. ac~-b^. 27. o. 

28. r® - bx - t.r 4 ; .t 4 - <^;.r — 

29. s^^bx — €^’\‘ah\x^^rax-‘hx-ab. 30. /i 4 ^. 31. b^c* 

32. ab — bC’>‘ac^<^\a^ — ah’~a^-vbt. 

3 3 . x\ -xz —yz 42 ®; r® — .ry -xs -k-yz. 

3 4. .r®i — -r'-i: 4r)'® — r yc- - y®? 4 ; r*j' - r®r — 4 ^'® 4.^■JC■* 4>'®« - yr®. 


35. 

r®4y 4r® 

4r)' 4^1'r 4 rr 


36 

— r* 4r;y 4 rr — j'r 

37. 

x-y. 



38. 

r® 4 5(^- 

-\)x-h 


• 

Examples 34. 

Pages 66 • 

- 67 . 


1.- 

► r-- 6 . 

2. r— 4 . 

3 


4. 

r-s. 

5. 

r«5. 

6. .r « - I 

7. 

r- 5 . 

8. 

r-3. 

9. 


10 r-6? 

11. 

JT ~ 

1 12. 

^--iV 

13. 


14. J?'~2i. 

15. 


16. 

Jr=3. 

17. 

r-i. 

18. /-4L 

19. 


20. 

y-A- 

21. 

r=^ I . 

23. r-^-l. 

23 

X ^ \, 

24. 


25. 

1 . 

20. jr-]. 

27. 

- 1 

[3. 28, 

x~-l 

29. 


30. jr-7. 

31. 

r« 13 . 

32. 

■»^=tV 

33. 


34. .r-2. 

35. 

c*. 

11 

36, 

.r«=o. 


27 
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00 

A:«o. 

38. .^»7‘ 

39. .^ = 36 ,, 

P 

II 

M 

41. 

.r«3. 

42. A-s 

= - 2 . 

43. JT-l. 

44. r«-i. 

46. 


0^ 

CO 

47 . 

48. A'=s — 17' 

49. 

A" — 4 J. 

60. 3 . 


61 . i 

62. 



Examples 35 , Pages 67—69. 


1. 

rtf-jr. 

a. 8-^2. 

3. 

4 . 

ix y 

6. i6a'+ii. 

6. 

a-b 

X 

7. <*-8. 

8. 

^y- ®- i6i- 

10. - pence. 

11. 

2o(<z- «;) 
jr 

12 ^ 
10 

80 

lib. il 3 . — . 

12 

14 op miles 


16 . 

- miles. 

247/2 


16 . 2/? -r, 2«, 2/2+ I. 

17 . 

8 ;r* 4 - I 2 x'^’- 7 X- 

3 ; 4A-2+44r. 18 . V + <i) and (x-a) years. 

19 . 

(2;r+ 15) years. 

20. 

, . w w .tv 

2(^-7) >ears. 21. ^ • ^+y' 

22 

fnh . 
hrs. 

23 . 

£(^+ly- A) ; A)- 


24. 24 o(;r-y)- I 2 xr. 


Examples 3 e, Pajs^cs 70—72. 


1. 

1 1 . 

2. 

8. 3 , 

4 - 

4 . 

180. 6. 

25. 0. 

8o. 

7 . 240. 

8. 

21. 

9 . 

10. 10. 

77. 

11. 

12. 12. 

Rs. 8. 

13 . 

Rs. 180. 

14 . 

Rs. 480 

15 


440 

10. 

4 yds. 

17 . 

100 mds. 

18 . 

£ 3 h 


19 . 

Ks 

90. 

20. 

£io. 

21. 

8 srs. 

22. 

4 lbs. 


23 . 

20. 


24 . 

Rs. 30. 

25 . 

;^io8o. 

26 . 

60. 


27 . 

20. 


28 . 

800. 




Examples 37 . Papkes 73 “- 75 - 


1. 

48 

12. 

00 

fO 

0 

e 4 

3 . 

35 ; 

IS- 

•4. 

45 ; 

46. 

5 . 

25 

45 - 

0. 28 ; 70. 

7 . 

20 ; 

; 12. 

8. 

20 ; 

25. 

0. 

60 

100 

10. 51 ; 42. 

11. 

Rs. 

85, A’s 

; Rs. 

” 5 . 

iB’s. 

12. 


■^A ; £ 

12— B ; £4—0. 

13 . 

A- 

■£26, B- 

-£20 


-£i^- 

14* 

A- 

■Rs. 64, 

5 — Rs. S 4 , C— 

Rs. 60. 







IS* j£3/S— £i2S—C. 
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16 . B — £ii, C— 17. Each child 10, each man;£2o. 

18 . Each child £^^ each man £14, los, 

19 ', Each girl ^£3 1 5J., each boy ;£i5. 

20 . Each girl Rs. 2. 12 as., each woman Rs 6. 12 as , each man 
Rs. 13. 8 as 

21 . Each man Rs. i6, each woman Rs. 8, each girl Rs. 2. 

22 . CZi-fB, £ii~C. 

23 . ;£8o-reldest, ;£i2c — middle, 160— youngest. 

24 . 16 men, 8 women. 26 Rs 35 — Rs. 45 — Rs. 55— C. 

20 . Rs, 60— Rs. 40 — B, 27 Son— 8 yrs., father — 24 yrs. 

28 . 30 years— father, 10 yrs — son ‘39 6 yrs — son, 36 yrs. — father. 

30 , r5 yrs. — son, 31 yrs — faiheV, 31 . 8 pence and 16 oranges. 

32 . 320 Ib^ at IS. 200 lbs. at is 6d. 33 . 42 hens and 23 geese. 

34. 20 lbs of the fiist kind, and 25 lbs of the 2nd kind. 

36 . 14 yards of the first set and 1 1 of the 2nd. 

36 . A for 5 days and B for 2 days. 37 . 4 seers of water. 

38 . 24 days ; f6 days. 39 . ^£52 in one and j£2. i2J. in the other. 
40 . 58 — Rs., 42— two-anna pieces. 

Miscellaneous Eikamples I. Paj'es 76—81. 

1 , o. 2 . 6;r* -44:®- 7jr'-*-26.r + 2i. 3 . a - 2^ + 6 c- 24 n^ 4 * 24^. 

4 . - I ix^ — i6.r* -I- ix^ - yx^-^ 5 ;r + 2 1. 

5 . 2jr® - 9.r® + 20.r* - 37;t® 44:r^ - 34.r + 24. 

6. 8a®+ 4«®+ i2«*-8rt^-l-24«-- 32. 7 . 2a® - a* + 3^ - 4. 8. 11. 

9 . o. 10 . 10. 11 . -I. 12 . ?nx^ ’\-nx^’^2mx^-{-2ffx. 13 . 8r + 2>'. 

14 . 16 . J -<2 + 3«*-2«®— 4a*+tf*- 12^^. 

16 . x^ ^ {a c)x’^ -{-{ab -k- ca)x - abc ; .r*- i2jr- 8. 

17 . x'^^ 2ax^ + 2<2*.;r^ - ^a^x^ - %a^x « 8a“. 

18 . 0 ^ + 8$^)(;J-g^) ; (3<* + 4^)(4a- 56). 19 . -^ 1 . 20 . 7 srs. 

21. 8 22. («*+!)«* + + 

23 . {a---2l^c\xy-\-{2a-b-c,y\ 24 . - 29.r-h28>+ 124^. 

26 , l2(*2*-hi). 26 . .r®- 22 r 2 y 4 . 2 ;ry*-^\ 27 . -2<i^*. 

28 . (3« + 3^ 1 - 4 )( 3 « + 3 ^- 4 ); (-r - i6)(a:- 18); aV+ *)(«- 1)(«*+ i); 
( 5 .y- 3 ) 0 '- 7 ) 29 . .r«3f 80 . 15 years before. 

31. -J. 32. iar»-irV+xiy-Hy». 33 (rt+^)*. 
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34. 4r*+y*4* 1 - 35. 30. - 4 €i(^ + t). 

87. a«i 8 . 30.(0. '‘(^*+^*)(rt + 3)(^-^0. ( 2 ). a<J«( 5 - 9 rt/^)(i 54 -^«^) 
40. 25 sovereigns and 100 crowns. 41. \/( 2 i). 

42. - 3 cr* 4- ^cx^b-c, 43 15 ^^- 4- - 5 1 4 8 <&^. 

45 . 30.r^* - 49 'ihxy 4 2oa^b^. 

40. a® — 2<2^ 4-e?^' 4 •'^i® - 4^*^ 4* 2a® 4 a® - 2a 4 i . 

47. (i) (ioj'4 7)(5^-4) ; ( 2 ) ( 25 a 46 )(:a- 2 ') ; 

( 3 ) (S'^® -7)(«^+0(.t'-l). 

48. ( 1 ) .r = 3 ; ( 2 ) .r — 10 . 49. 93 . 60. 120 mds. 61. 35 . 

62. - 46a4 57^-9<". 63. ~2.r®4(i - w).r*4;i -wjur- i. 

64. o. 65. jr* 49^® - 2.1:2 - ;r^ - 29 2 4 2 r 4 - I . 

56, .r® 4<^jt*- 2 ar 4 / 6 * + 3 a* 6 ;r** - 41 '* 4 2 . 1 ® - 21 ' a 4 .> 8 . 

69. (0 (3^-5)(7-^^ + 6) ; ( 2 ) 3Ji:(:r 4 3Kt* - 3 ) *. (3) 4-^V^ 8 )(.r~ 7 ) 

eo. — ■.hilling',. 01 . ' . 02 . 13 ^. 

! 92 jr ° 744 a 

03. (a4^44)ir‘* -(a 4i^40^* + ^<® + ^ + 0'^^ + i^r 4r ; 

^ (a4^4r--/0^4a4/^4r- t 

04. 8 a®- 24 ar -x®46;r*4 i 2 .r - 8 . 65. 2 .r* 4 Ja^* - 08. - 3 . 


07. 

2ab. 

08. 

2 7 - 9^ 4 9^ - 3 f 3/>'‘^ 

1 

d 

4 

CG 

71. 

9. 

7 2 

r-i. 73. -a“--/72- 

-2(,®44^/ — 4 (a yab. 

74. 

a® _ ^ 

76. 

.r'» 4 2A'* - Sx'* - 1 6^. 

7 7- ./-2;a4i. 


f 7 y* ✓ • » T f 

256 6561 

78. (i; .i:( 3 4 sr >( 7 - 4 A‘) ; ( 2 ) (5a4<^K5^ + 3<^)(^ “ 3^) ' 


(3) (/4w)(/- w)(«4r)(w-/;. 

79. .r»o. 80. 10 lbs. 81. 9. 

82. jr®4;r)/^4 3 ^® ; - 37 ’”- S3. 2 a®/'®. 84. ?a®4/w*//*4«'’ 

85. jK4r42. 86 . x^y. 88 . (i) (jr- i8X-i^4 1 7 ) ; 

(2) (5.r-4X5^- 17 ) ; ( 3 ) (i4ic.i-)(3-2.r) ; (4) 5iw(/4w). 

89 . \{ax^-{-bv^y — cx^y^ -\r exy* 90. ar 4 f — ^(r — jr - 

91. 5 ?* : - 1 . 92. - 4 (^aHcd - 2a’^^ — 3a®^’*6® - 

40 a^V- 2 / 

9 3 . 4 ( am 4 bl^x^ 4 {an 4 ^ w 4 d^x * 4 (?a 4 7/^ 4 me 4 ld)x ® 4 

4«t 4 wc?)r*4(^i 4«<^.r 4 r//l; 94:‘'469jr^4 7 . 1 :® 

- Bs^fH 7 fiir - r, 

95. 2 .ir*-.r;'- 3 >'®. 


94 . + 
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98, j. 97. At{ap-\-hq->rcr), 

98. {ja-Mbf\ + (•^ + l)(^ + ?) ; 

90. 2 a- %b. 100. 1770 101. (.r-i; 0(^2 4 .y), 

102 , 3^r(^-7)(.jr + 9 ). 103. I - 2 jr + 3 ^*- 4 .ar«. 

104. + - i).r’ -(2^14- i)^^ + (^i®4-4a- 5 );r + 3 i 2 + 6 . 107. tf = 4- 

108. .r~J. 109. Diminution of area — (/2 + 2 ) scj. ft. XIO. 24 . 

Btcamples 38. Pages 83 — 84 . 

1 . 1 0 .r^ +- 40.17 2 57 - ; 49 .r* + 1 1 2 xy + 647 ^ 

2. 9^^“ 42jr;/ + 49y2 ; 36a®-96a3 + 64^^. 

3. r* 4 y® 4- sr’ - r.r 7 - 'lyz + 2zx ; i-y*-* 4 r* - 24:y 4 27 ^ - 2 

4. rt* 4 4 4 4 2«6\- ~ 2^t 4 2hd — 2Cd \ 

^ a* 4 4 r’ 4 /af* — 2ab - 2 ^^ - 2ad 4 2 bc 4 2^</4 2 €d. 

6 . 4 ^4//*4^^4 2rt^— ioc—2ad-\-2ae-2bc—2bd 

4 lie 4 2cd— Zlc— 2de. 

6 . + 2 a( ’^ 2 ad- 2 ae-{- 2 hr- 2 bd’¥ 2 be - 2 cd 

4 2 r(S? - 2^<r. 

7 . 4 Jr^ 4 9>^* + 2 5 .S* 4 - 1 2 zy 4 2oxs 4 - 3oyz - byw 4 1 oztx)^ 

8. 4 .r® 4 i ‘ 7 ‘^ 4 2 5 rr’^ 4 - , 6xf - 202 *i: - 4.r7i; 4 407 ^ 4 877 <'; 4 1 osw. 

9. 4 za^b 4 3 ^ 2 *^* 4 \ }a^b* 4 4 b^\ 

10. ^*2a^b - a^b’^ — 4a^/65 _ ^ 1^4 ^ 4 

11. x*-^ 2x^y^ 4j'^ 4 4ax{A‘^ 4 y'O 4 4^7(-^* + 7 ®) 4 4 8 rt^.r>/ 4 4^V* 

12. ;r 4 2 .r‘^ 7 ‘^ 47 ^ - 4 ax{x'^ 4y®; - 4 ^ v(.r® 4 y*) 4 4a*;r* 4 Sabxy 4 43^- 

13. AT* 4 8 ^.r^ 4 2 ( 1 1 a* 4 27 *).r* 4 8 rt( 3 rt* 4 27 *).r 4 9 «* 4 1 2flV 4 47*. 

1 4. .r * 7 - Sax^ 4 2 ( 5 < 2 ‘^ - : 7 V'® 4 8 tf( 4 2 y^)x 4 9 «* 4 1 2 < 2 ^® 4 4 y *• 

15. i t * 4 a'gy® - iVy - 

16. ia*x* - lo^bx^y 4 - ^al^xy^ 4 g^V* 

17 . /?* 4^* f i:* - 2rt V 4 0 - 2b‘^(c+ a) - 2r®(« 4 /^) 4 4 4 

t8. < 2 ^ -I- 4 - 2 r?^(^ 4 r) - zb^c-a) - 2^*(a - - (^\*4 3r*«* 

’\‘/\y^bc- ^abc^. 

19. .r ® 4 4 r V® 4 dr V 4 4 .^* 7 *’ 4 y^ - 4 < 2 *(.r 0 ^ ^ 3 .ry 47 ®) . 

4 6a* {x* 4 2 .r* 7 * 4 y®) - 4 a\x^ 4 y*) 4 a®. 

20 . 4 («® + iJ*4rM /'/*), 21 . 2 (ji:* 47 ‘** 4 ff*). 22 . c 

23. •(. 2 ^<^* 4 ^V 4 cV). 
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Bzamples 39 . Pages 85—8*1, 

2. (az-yXar-^yXa^x^-^y^Xa^z^+y*) ; 

{ab - c(r){ah + + c^tP){a^b^ + c^^). 

3 (a - 2 )(^i + 2)(i72 4. 4) ; (.r - 3)(;r + 3)(:r« + g)(j;* + 81). 

4. (4-a)(44-«)(i64-«*) ; (i -«)(i +a)(! 4*rt®)(i +a*Xi +a®). 

B. (24r-3a)(24r4- 3rtX4^* + 9r!2) ; 2(fl - 25)(rt + 2/0(rt® + 4^'^). 

0. + ; 2 <J*( 5 tf - 2rXS'* + 2O 

7 . + 8* {/i-^+ i)(/?-/J “ 1). 

9 . (a-c')(a + 2fi ’he). 10 . (a-hb ^£)(a-b + e){a^-h(b-c)^}, 

11. (6 + 5/ + 6^)(6- 5/^-6^) 12. (64-.v*)(2+;r)(2-:r). 

13 . (2^z + 3^ - i2r)(2/7- 3^+ I2r). 14 (5r® + oy*4-4^^)(5.r*4‘j'® -4^*). 

15 . (i -jr)Xi +jr;®. 18 . + 

17. (^ 7 - 2^+ 1)(<? -2^ - 1). 18 . + ^ + 

19 . 9 (a- 3 X^ + ^). 20 . u(a-b)(a^ b)(a^-hb^), 

21. 5(ajr-^>')(^z4r + ^>'). 22. (a- b)(a + b)(A -y) ^hy). 

23 (b-jb)(b+p)(a-(^)(a^^). 24 (1 -y+4r)(i -y-.r) 

26 , (2/- w + «X2/~ w-;/). 26 . (a<^ + ^ 4 -l)(a^-^ + 1). 

27 . (6+>'-^)(6-y + r). 28 . 1) 

29 . (2rt-3^ + 2)(2a-3^-2) 30 '(/ 5“37 + 40 (;*^- 3 $^- 40 . 

31 . ( 5 ;^ 4 * 6 ^ + 5r)(5/>-6^r- 5?). 32 . {a’hb + e-hd)(a + b-r-d). 

33. (a+b-2x-h^yXa-b-~2A-- ;^y) 34 (r-^ + s^- iX^ -y- O. 
35 . (a’hb)(a-’b-2). 36 (a -h c)(a - 2b - c) 

37 . (i -a + b ^r){i ’ha- b + c). 

38 (a- 0 («+t)(^*+ 0 C^+ 0 (-*^+ i). 

39 . (a^ - 2ab + 2b^)\f^ + 2ah + 2^*) ; (x^ ~ 4^* + 8)(x^ + 4jr + 8), 

40 . (r*-6jr+ i8X^* + 64 r+ 18) ; (1 -a-ha'^){i -ha + a*) ; 

3(2a*- l)( 2 a® 4 - lX 2 /**- 2 fl+ l)( 2 « 2 + 2 a 4 ' i). 

41 . 28899. 42 249879. 43 . 2755375. 44 . 3097519. 

Examples 40 . Page 88. 

1 . ar“-5.r+6. 2 . 3 . 4:* 4 * 13^^4*42. 

4. jr*4-^-i32. 6 . a^-6ab-4oP. 6 a^-6ah-gib*K 

7. 4jr*4-28.ar4‘45. 8. 4y®4-4y-99. 9 . 4£*- lor- 50. 
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10 . 


12 . 

14. 

16. 

18. 

20 . 


1 . 

3. 


5. 

7. 

8 , 


9. 

10 

11 . 

12 


16. 


17. 


1 . 

3. 

4. 

5. 

• 6 . 

7. 

8 . 

e. 

10 . 

11 . 

12 . 

13. 

i6. 


9;ir* - yiry - 30^*. I ! . 1 2 i.;r2 — 44,t>' - 1 1 7 y*. 

49 i 2 ® + 2 r 7 <a^ + 240 ^®. * 13. 

.r* + 7 .r®-i 4 Ar - 120 16. 

- 3 jx^ — 6 «i*r + 17. 

Sx^-i22x-iBo 19. 

91 :®- ' 9 ;ir+ 10 . 21. 1 2 - 4 ^z- 3 /^ 4 - 22. 3 ^*(( 2 ^ + 3 / 5 ®). 23. 4 ^®. 


x^ + 6x^+ nx^6. 

^ 4 - 2 y- 85 ^ 4 - 154 - 

4 26 *, 

i6x^- $ 7 ;f + 14 . 


• Examples 41. Paj^e 90 . 

8 4 36 .t 4 S4xy‘^ 4 2 7 )/®. 2. 6 iti® — 48 ^ 2 ®^ 4 1 7n3^ — . 

2 7^7® 4 54 ^*^ 436 -^;^® 4 8 ^*. 4. 2i^<3®— 540 <j2®/5 4 4505 ^®— 125 / 5 *. 

1 2 ^a^'^ - 1 50 ^* 3 ® 4 6oi!7^ — 8 6 8 ^ 7 '’^® 4 1 2a^b'^c 4 6abi^ 4 P, 

2ya*l^ 4 54^7®^® 4 36^3 4 8 >» 

543 /rV - 5887i*/5®f//4 }i:/oabc^d^ — (y\JcP\ 

<2® 4 3rt*/5 4 4 3^/5® 4 1 2a<5^r4 1 2ac^ 4 /5® f 6-5*^: 4 1 2bc^ 4 Sc^. 

^a" - 1 2 < 2®5 - 1 2 ^®^: 4 6a/>^ 4 1 2abc 4 6a( ® — - 3 < 5 ®r — 3 ^^® • t® 

2 7 1 *® — 2 74 r®>' 4 2 7 .r ®.7 f 9 rj'® — 1 8 .r j'.r 4 92 ^ j® — t'® 4 3 y*.? — 3 ^.?* 4 r*. 
a®.i ® — 3a®/5jr®3/ 4 yi^rxh 4 sab-X) ® — Cabcxyc 4 - 6®^® 

4 3^Vy®£'-3/5c®r^® 13. 27 a®. 14. Sti®. 16. (n(4(5)*. 

2 { a* 4 (5’ 4 7^® 4 3<7‘"(/5 4 1 ) 4 3/5®(r 4 «) 4 36 ®(a 4 ^) - 6nbc ) . 

Q///? « 3 (;/ 4 ;:r)(r 4 .r). ^8 Qwt? *»5(2jr 4y)(i# -s’). 20. 91 , 

Examples 42. Paj^e 92 . 

(4774 5 )( 1 6 a®- 20 ^ 425 ). 2 . ( 2 a- 7/5)(4a®4 I 4 a^ 449 ^*). 

{ax 4 (iby){a^x^ - 6abxy 4 36 ^ y*). 

(or; ® 4 2ir®)(;r®y* — 2 xyV 4 4 js”). 

( 4 ^ - 3y — 25 )( i dr® - 24 r'y 4 8.r;:r 4 9y® - 6 yr 4 4 /?®). 

(4 -- 7-** + 4>') { 1 6 4 4(7-1' - 4^) + ( 7 -*^ “ 4y)^ ^ 

(or - 1 )(ar - 2 )(jr* 4 3-r® 4 1 3 .r® 4 4 4 ). 

{x 4 I /(4r 4 3 ){jr* - 42 :® 4 22;r® ~ 1 20* 4 9 )- 
(x 4 2)(x f 3 )(jr* 4 lar® 4 iQit® - 3 ar 4 36 ). 

( 2 r*“ i)(4r-'3)(4Jr*4 I4^®46iar®4 2ijr49). 

( 3 ^ 4 2 X 2 jr - 3 )( 36 r* 4 sor® - 47-*‘* - ■** 36 ). 

(a: 4 a - ^){a:® 4 SOLT 4 4 a* 4 a^ 4 ^*). 

{x - a){x^ 4 4^ 4 7«*)- 14. (a- - 2 )(r® 4 sr 4 1 3 ). 

(^-4)(a-®-2jr4 4 ). 16. aCar 4 l)(2;r® -0*4 1 ). 



20 


ALGEBRA. 


17. 

18. 

19. 

20 , 
21 . 
23. 
25. 
27. 
29. 


1 

2 . 

3. 

4 . 
6 . 
0 . 

7. 

8 . 
9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 
10 . 
21 
23. 

6 . 

7. 

9. 


(;r - )®(;r * + 2x^y + 6x*y^ + ?X)^ + >^) • 

{a + 2 ^) (<**•- 2 a& + + 64 ^^^) 

(<?- l)(a-2)fa® + ^+ l)(/t2 + 2/2 + 4). 

(a - l)(<7-2)(rt + 2)(tf- + ^-|- l)(rt2.i.2^_^^)(^3_2a + 4). 

a* + 5 « 5 + 1 33 * 22 . 9^^ - 3®^^ + 

jr* — 4 ;r^ + 7 ^^ 2 4, + 2 r). 


-^xy 28. 4^’* + 2 ad + 

27(7^® + i3r/ + 7)/> 30 . 2(31.^^- 56ry+66Lrs’-l-64>^"-48y£r + 36r^). 


Examples 43. 94—95 

(a + d- c)id^ -\- ^ - ad dc-\- (a), 

{a-~b^ c){a^ 4- + ^* 4- ta) 

{r+j4- l)(t^ - + -.r ~j'+ O ^ 

(jr-y4*i)(,r3 4-.i>'+y --Jt+y+ 1 ) 

(x-y- i)^t^^xy+y^^x-y-^i) 

(.r + 2y 4- 3.? )(.r2 4- 4> ^ + gc® - 2 xy - 6 j c - 3irjr). 

( 2 ;r- 3 K- 4 £')(' 4 ;r® 4 - 9)'2 4- 16 ^^ 4 - 614 ,; — I 2 >r 4 ' 8 r.r;. 

(l -a4-2^)(l 4-<J-2^4-«* + 2rt<^4>4^“). 

(rt» 4 . - , 2 X ^4 + 4- 4- dh^^ 

{ah^ra-k- \) ^ab- a-^ *) 

{ab -^-bc b^(} c' — aHi —b^i.a- I'^ab). 

{ah - be yy^b^ + alA - ab 4- dh^ ^ be ^i) 

(<2 - 3^ - 2)(^ 4- 5/7^ + 9^** + 2<2 - 6^ 4- 4). 

(a*4-«— l)W* "" ^*4 2a^4-rt4-i>. 

(;r* 4- 2 ;r - 4 ) jr* - 2,r^ 4 8 ;*:* 4- 8 .ir 4- j 0). 

«*( r “ 2 ^ 4- 2bc){ I 4- 2 ^ 4- 4 ^® — 2bi + ^b^c 4- ^dh^), 

— l(^d 4- '^€^b~ 4- r/V — 2ab^ — i^ahi^ 4- 4* ® 4- f *. 

1 . 24 o 

Examples 44. 95 . 

(« +^)(/^ -- c){a - 0. 0. {a - b){b 4- c){c - a). 

(a‘^d){a--d)(r^a){i-a){d^-¥(^). 8, {x ■¥ 2 y){ 2 y‘\-z){s‘\rx). 

(:r 4* >')(>' 4- 2>z)( 3 ^ 4- r). 10. {x -k- 2 y)[ 2 y + 38){y;^x), 
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Examples 46. Pa^es 97—98. 

1 . {h c){c— a){a — b). 2. [a-‘b){b -r){a-^c)[a+^){d-^c){C’^a), 

3. " {a ~~b){b — +3)(^ + f)(^+^). 

4. {a-3){b - c){a‘^c){a-\-d){b-{-c)(c^a). 

B. {a-d){b- Cj{a-’C)(a-\-b’^c), 0. (a-b)(b~*c){c-a)(a-{'b + c), 

7 . (a- b)(d- c){a~’C), 8. (n-b)(b -c)(c-a). 9. (a - b)(b - c)(a - c). 

10 . n(a - b)(b ^ c)(c -a) 11 (a-bXb-- cXa^c). 

12. (<7-/5)(/; — <') 13. — ir){a — + ^ + 

Examples 47. Pa^f> 99. 

1. + — «+ i). 2 + + 2tf^ + 4^*). 

3. (4^* + 2r>/ 4-;'®)' 4Jir’*-2-rv + >'*?'. 4. (^2*4- 3^7 + 9)(/I®-3^I + 9). 

5. (a^ + 2 a^ gb^X^^ “ 3'?^ ^ (4-^’* + 6ry + 9)'*)(4.r* - day + gy^). 

7. (.r3+5;ry4-2 5;'®){.i’*-5^y + 25)/2). 

8. (4.r* 4- 1 o.ry + 2Sy^)(4^^ - icx;r)/ 4- 2 

9. {(,r 4>')^ + (jr4-y)4 - 1 }{(^+y)®-(^-4-y)+ i f 

10. { i6(a^b)^4 4''a-b)-h i }< i6(<2-^)* -4(<i -^)4- 1 }. 

11. 4 4 b^)0r^ - 4- — a-^b^ 4- b*). 

12 {a^4-<*4- i)(a^-^4- 1)(<^*— ^2®4- 1), 

13. (4«* 4- 4- 1 )(4^'^ - 2a 4- 1 Y - 4a* 4* i ). 

1 4. (r^ 4- 3 ry 4 g/)(x^ - 3^7 4- 9) *)(-^* 9^®;'* 4- 8 1 y*), 

15. <7*4-«^*4-^^-' 2a^4-ar-^r. 16. 

17. JT* ~ 2.r>' 4- 3/®. 18. 4:’’ 4- 2.ar*;»s 4- 4/. ^ 

Examples 48. Pa/r^ 100. 

1. r.r- i)(.r-2)(.v4-3). 2. (.r + i )(;ir 4- 3)(.r - 3). 3. (4- - 2)2(.r + 4)- 
4: (.r- i)(.r ~3)U + 4). 5. (.r-2)(.r- 3X^:4- 5). 6. (,r-i2)(.r»4*ar-^*), 
7. (jr- i)*.2.r4- 1). 8. (.r- 2)(3;i: + 2). 9. (,r4 - jX^~ 2)^- 

10 , (.r 4 i)(.r 2 4 4) 11 . (x-2Xr^^i). 12 . (0:4- 1)(2^® -jr + 3). 

13. (y-2)0'4 \X74*4)* 11- i)(^4-iX-^®+-t'4- 1), 

15. (:r4-2)^.*r ~2)(r - 3). 18. (.tr4-a)(:r-aX.r®-3). 

17. (;f-2)V4 2)(.^''*4-5). 18. (.r 4-i)(.r- iXA--2Xjr®4‘2jr4-4): 

19. (.r-i)(^*-3)(.r2 4-3). 20. a(2a-/5)(a«-.a^4*^®). 

21. (l 4*-r 4yXi 4- r~y)(i -.r 4;/)(i -x-y). 

22. (x+y)^(x-y)^, 23. (a4- l)®(a- i)*. 
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24. (i - rt)(i -^)(i +a)(i + <5)(i + ^ 

25. (« 4- d){b •+ c){a - d)^b - L){ab -id^ac-^ bd)[ab -^cd^ai - bd), . 

26. (^ + 2)(<2 + 3)(^4 5) ; (;r-i)(jr-2)(A2-jr + 2). 

27. (jr + rt)V+5^*). 28. (r-i)2(j/4-i;3. 

Examples 49. ^9—112. 

8. (.1 + - 3 )*(jr ■>■ 2 }-. 9. (jr- i)V +,!)-( 2 .r- i)^ 2 jr+ i)^ 

10. (jr + iX-r + 2 )(.r+ 5 )(jr- 2 ). 11. (r* + 2^• + 3 )(;t‘+ O’*. . 

12 . (^- 0 (.^*^ + 2 )(^- 2 y^ 4 - 3 ). 13 (^+y- 7 )(-*' + 0 

14. U-+2y + 2)(r-2>' + 3)- 16 (2X + :^y-2)(y-\-2). 

10 (i +^ + 2)(;r+ -y4 4) 17. (^ - 0(.^ + 2>' + 0- 

18. {a — 2 b + y){a + b + (\ 19. (i^r - b + r){a ^ b). ^ 

20 . (-i -\-y’-b){x -fty + b). 21 (r + ay-^byx’^cy-^d). 

22. f'’r43V3r + 2)(4;r+ i) ; 2 '''X 23 X 4 (. 

23 (0 (<^-*^)(^ + 0(/'4 - 7 ) ; ( 2 ) + ; 

^3) {h-c)ib-^c){(^^a^)ia^ + b^} ; 

( 4 ) + + + c^){d - ca d^) 

24. (0 (a-W^+0(^-^^ 

(2) { a '- b ){ r ^ b ){ c -^ a ]{ ar -\‘ ab -^ b '^){ b '^-{- bi -^ i '^){ i ^- ca -\- n ^) ; 

(3) + + 

27. 3[a-b){b-c){c - <2)(rt + 0(^ + i)(t+ 1). 

28. ^abdbz - cy)(ix -a:){aj' -bx). 

29. (.r2 + 2.r + 4)(.r®" 2X + 4) ; («^4-4<? + 7 '(«” + 3)- 

30. 2(y- 0(3^*'*+y + 4> + 4) 31 o. 32. o. 

33. 3(2;H-2j'-'£'X2.r ->'-r)(2.r-^ + 2xr). 

30. 3(^ + c){b + 2^:4- ^)(£-+ 2^ - b). 

37. 2(j»r* 4-^ 4 s^) - 4x^(y 4- r) “ 4>^(- 4 .r) - 4j?*(4r 4 

+ 6{x^y^‘k-y^2^-^s:*x^) 39 . •~4{b^c)(c-'a)(a-b), 

40 + 49. (;r*4S:r4S)*-i*. 

60. (i‘*4 7<7;r 4 i 6 rt®)*-( 7 ^A' 4 17 a*)® 61. Cr*4&;r42)2- (3;r4 3)®. 

62. 

68. (i) (ax-¥by)*^{bx^ay)^ ; (ii) («®4a343V4(a®-a^40®- 
60 (:r- 0 *+(-- 0 ^+(^“ 0 ®. 
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Examples 50. Pages 113—114. 


1 

; xy^ ; x^- 


2. 

aPS^C^ ; a*b^c^-j c^b^. 

8.- 

2a^x^y^ ; 


4. 

4 a®jr* ; 3 .^® ; 

6. 

\2aH^c^(P ; \2a\t*y^. 

6 . 

7. ; /»»«*. 

8. 

; a^b'K 

9. 

jU-«y4nr) . 

; 3 Jr*y*£*. 10 . 12 «V^*^*. 

11. 

U^b^x^, 

12. 


13. 2a*bV*mK 

14. 

Tc^bc^d, 

16. 

2 lm. 





Examples 61 . Pages 114 — 116. 


1 . 

a-b \ b-- a. 

2 . 

a-~b \ a-k-b. 

3. 

x-^ I ; n+jr. 

4. 

1 

1 

6 

ah \ ab 


6 . 

a --2b ; i -2X. 

7. 

2 a -^rX ; 3 ^+ 2 y. 

8 . 

2a -*b ; la-^b. 

9. 

a - t ; ^a + 2b. 

10 . 

.r -2 ; «4r + i. 

H. 

; 

x(x - 

5). la. 

; y-3- 

13. 

x-^2y ; 3^1-23 


14. 

A,{ax->rby) , : 


15. 

3U'2+>.») j y[y^ 

1 ). 

16. 

ab[a 

-b) : 3 ^( 311 + 2 ^). 

17, 

<2 + ^ ; 4- 1 ). 


18. 

8 (tf- 

■bf ; 8(a“+tf5+5*). 

19. 

{x - 2 /)* ; ^ V 

- 

20 . 

y\x 

7)- 

21 . 

,r 2 (jr - 5 ) ; x\x 

-4). 

22 . 

xy(x 

- 2 J'). 23. .r+i. 

24. 

ab{a-b), 25. 

<i( 2 a- 

■ lb), 26. 

7ax(2a-x).27. 2 a^x^( 2 a~^y 

28. 

(y-i)(y4-2) 


I. . 29. 

a f 

30. 1 

:+x 2 ; i-^-x-k-x^. 

31. 

-r- I ; 1 -H/+A 


32. 

\2X^ 

0(3^- 

l); l-JT*. 

33. 

a - 3 ; ( + ^. 


34. 

a’^h 

;/* + »» 

*. 36. m-1. 

36. 

rt + 23 . 37 . 

.r-4. 

:18. 

(tf + 1 

)(^+0 

39. 

40. 

37 «®''/ - m) 41. 

4 <i^- 2 « + i. 42. 

x-a. 

43. 

(y + JE') 0 '- 5')2 

44. 

<? + ?)-r. 46. 


46. 

a-¥b 

- I. 


.• 

Examples 52 . Pages ii 

[9—120. 


1 . 

X - i ; 2X-1, 

2. 

3jr4 2 ; +*+5- 

3. 

.r+ I ; jr4*7- 

4. 

•*'-7 

6 . 

2{x^2y), 


6 . 

4Jr-- I. 

7. 

.r- 2 a. 

8 . 

x{ 2 a-yc) 


9. 

.r* - 2;r + 5. 

10 . 


11 . 

4r-I, 


12 . 


13. 

2(^-2y), 

14. 

^*-3- 


16. 

2jr- 5. 

16. 

x-2y. 

17. 

x’^+x^i. 


18 . 

2 jr* + 5 .«r- 3 . 

19. 

;i®+ 2^r - I. 

20 . 

X* + 2X-l 


21 . 


22 . 

5^“7- 

23. 

2.^3- 5 ;r + 

1 . 

24. 

2a^b\2a - 3 ^)* 
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25. 

a - 1 ; a - 1 . 

26 

.r-2. 

27. 

2.r* 

- 'J.r 4 I 

28. 

2jr° - lor* 4- 1 ( 

S;r*-8jr® 

20. 

2 X 

- 3 y- 

30. 

-^- 3 . 

31 

2jr* - 4 5. 

32. 

6-r* 4 2;»r - 5 . 

33. 

.rS - 24 rj>/ 4 - 4^'® 

34. 

X* ~ 2 x*y 4 3 ;ry® - 

y. 



35. 

X 4 -J 

36 

ah -2 

37 

X- 

a. 

38. 

w/.r- I. 

30. 

x-b. 

40. 

( 4 -- 

-0®. 

41. 

a.r 4 a + I . 

42. 

(a 4 i>r 4 a- 1. 






Examples 53. Pa^e 

121 

- 


1. 

r - 2. 

2 

3jr* 4 2.r 4 I 

3. 

JL - 

f-2. 

4. 

?.r* - 3;r 4 1 . 

. 5 . 

-^- 3 - 

6. 

X ' 

- 1 

7. 

i - 8 

r* — r 

-12. 0. a ~h 

10 


- yiry-k- 2 y^ 


Examples 54 Pn^e »26 


1. 

X -4 2. 

r - 

■ • 33 ; 

yr+ 1 . 

4 . 3 : 

5. 

3 ,^ + 3 6. 

4 ; 

. 1-4 7 10 ; 

lat +8 


8 . 


(;» + ?)*• 




Examples 66. Pa^e<!: 

1 28— ;29 

1. 

aY 

2 


3 


4. 

2 

5 

\ 2 a^^c^^P 

0. 

2 oa®^V®>^. 

7. 

I $oa^b^Jx^ 

8 

240 /^*^’*; ^ 

0. 

ScxYsK 

10 . 

•J 2 xY^ 

11 


12 . 

1 5 a® 6 ®r 

13. 

zxoa^bcxY' 

14. 


15 

1 56 /ary. 

16 

y 2 ooaHh^(P. 

17. 

288a®^®<®/‘*;/7^a* 

18. 


10 . 

SxYs** 

20 

loaW^/*. 

21 

^(a® - b^) 

22 . 

(a-^)(a4^r. 

23. 

a^(a — 

24. 

a^x\a--x) 

26. 


20 . 

■ry<^~ -}'")• 

27. 

a^-bK 

28 . 

\a*(ga^ - 1). 

20 . 

72 ti'’i*{a + 6 ){a- 




30. 6fl^(i + r)(i-A») 31. 84ei^.ir*(a2-4'2)2, 

32 1 2 (rt» - - g^)Hq + r). 3 95;ry^*(^i® - b^) 

34. ^'oab{a^’--b^){a^Arb'^)* 36. i0^x*y*{a-,ri^ 30. 729 ). 

37. ia-i){a-^2){a-s), 38 ^a^2)\a^2), 30 ab,a + b)(a'^^b^) 
40. (8a®- » '<«+ f). 41. (4.r- i)(4:r®- 1 ). 

42. (64ar* - S 29 y*)(;r - 2y) 43. (yr+4)(5^+3HS^-2). 
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44, (a^^b^)\a^-¥b^) 46. 6ab{a^x^ by). 

48, {x -- i){x -2){x -^){x - 47. + + 2^)(^i-3^)(a- 5^). 

48.. (4<i+ i)(3a- i)(3ii-2). 49. A%a^x\2a--xf{a“X). 

60. ah^a - - 2b){a - 4 ^). 6 1 7 - &“) 

6 2 + <^ 4- + r- <t)(r+a — b){a ^b-c). 

63 . 4(91 * - 47*j(.ar* - 64 , i%ooab'^{a--b){a’~ 2 b){a-- 

65 . 300;tVjcr®(<i’* “Jir*)*('^ + 2;r) 60 Jir(4r + i)(;r“- !)' t* - 4). 

• Examples 60. 131 

1 2jr*~.r^ -34;i® + 6j;t®4-S.r-48 2 j»r* + 6 ;r*+ i 8 ;r 2 4-27.r+ 14* 

3. t^-s;ry + 4)'* 4. .r® — 6 ji*- 5,r* + got'*- 176^ + 96. 

6. t "* +;r* - I 3J1* - 1 ix'^ 4 4- 36 

6. 1 2.r'^ 4- 2 ibx^y ^bxy 4* 58 t*y* 4* 37.*'7* 4- 67^ 

7. (3^H8rt’'4 3«*- 5),?^* + a'’4-^- i). 

8. (i - i)(.r-2Xt - )(^"4)- ^ (2r+ i)(;tr3-4)(.r‘‘-4;»r + 5) 

10. (/I* - I ){a^ - 4 ) - 9)(^ - 4 )- 


6. 
11 
* 15. 
Iff. 
24 
29. 
34. 
38 



Examples 67 

137 - 

-I 3 S- 



ay 

2 

ay 

3. 


4. 


6. 

2 tp^ 

bx ' 


iC 

• 

4 X^ 




V 


ry 

a — h 

Q 

J 

Q 

a-s 


ah 

Sbyz^ 

7 . 

a^^-b 

0 . 

1 -X 

cf 

ha 

lU. 

+1 

b 4 m 
^ 4 /^ 

12 

b 

x^y 

13. 

t* 4 -y 2 ) 

X* 


14 

a* + />h* 
a®(a* - 1 *)' 

Zf 

1 A 

3 a 4 “ 2 ^ 

1 7 

io(rt* 4 ' 2 ^ 2 ^ 4 - w^*) Q 

(.* +J')Hx*-y'‘) 

S-s'’ • 

ID 



[a- 2 d)^ 


{x^ 4 rxy-iry^j^ ' 

£±i 

20. 

2 X + I 

21 

1 

. 22 

24 - 

3 ^ 

23 

a -lb 

-'*^+3 

2.r - i* 

;*:4- 4 

14 - 

5^' 


a-\^b 

X - 

26. 

r4-8 

20, 

"■t-" 27. 

?(r+9)^ 

28. 

a- 4 rb-c 

jr-l- 1 irt 

,tr+ 12 


A - a 


“3J 


a -b — c 


a 

a-'h 
3(4^^ "0 

4(^<7;r- 1 ) 
I 

a*4-a+ i 


30. -- 


36. 


39. 


a^b- c 

7fX - m 


31. 32. 

x-a 

a* 4- 4- 


x^c 

jr-^' 


. 33. 


36, 


a x-\-by^ix 
ax - by ^ cz 




40. 


C’^d 
2ab--b* 
4a*-2<j^4-^®' 

bx-’Ci' 


37. 
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Examples 68. Page 139. 


1 . 

4 . 

7 . 

10 . 

13. 

16. 

19. 


1, 

4 . 

7. 

9. 

10 . 

11 . 


1 2 

x^-^x-s * 

— 3^ “ 3 

3/2*+ zab — b^' 

3a*-2tf-4 
4/?* + 8^2- 3* 

2<2^ 4- 6<2^ — 

3^^ - ab -- 3^®‘ 
Q/7* 4- 8<i^ + 8/>* 
3/2* 4/1^- 14^** 

a^'th 


2 . 

6 . 

8 . 

11 . 

14. 

17. 


'2X^-X’¥‘ I 


yv^-2x^ I 
(.r-4)(j ir+i) 

{x-ir * 

2 a* 4 -^+ I 


4a * ->-4/2 + 9 
6a* 4 6a - i’ 

y'jr-jy)* 
;rf-r - 3^)* 
a* — wa + « 
c^-na-^tn 


3. 

6 . 

9. 

t 

12 

16. 

IS. 

20 . 


Examples 69 Page 141. 


1 . 

1 +^ 

2 . 

i+'+-. 3 

a 0 i 

4 

y* X y 

6 . 

ja ^ b l 
be ac c 

6 

P f>P 

wm y ‘ 

7 . 2jr + -- 

2y 2 

8 . 

^+>-- 
9 ^ 3^2 

9 

f! 

3 ? 4 ^ 2 ? 

10. *'^- 4 +' 

3 ?r 2/r > 


f3r + 2)* 
jr* + 2r+4’ 

2a* - 3^* 

3a - 2^ * 

25_^ 

'4^-3 

f2a-3)(^a4^) 
(a-^b:(4a-b)' 
m /- 4w> 

2/(/ - w) * 

^(a-4> 

^(a+ '^) 

/*+ ; ^y-*-3y* 

/* + 0/? + 4?*‘ 


arttf 


2 


Examples 60, 142— 143. 


20- 8a 5^. 
12* 12* 12 

«* ^2 (* 


2 . 


482* "77.1: 22r 
60 ’ 60 * r o' 


3. 


abc* ab^ abc abc ' a*— j:*’ a*-.r* 


5 (£jiy) 2 (>'- 5 ') srj-jr 
a*-.r* 20 * 20 * 20 * 

i8^<:(i+a) i^a( 2 -a) isab g a(a - b) bj^a^h) ^ab 
<^oabc ’ Qoa^r ’ ^oabc a* — ^* * a* - a* - b^' 

2 (0-* - ^*) _ rJlfjT 4(>*=‘- «) 

(x - aX.^* - 4«*)’ - 4^) ’ - «)('^* - 4«®)’ 

.^ (^+y) 2^* 2JB' 

2jf,x4ryf 2y{x^yy 2y{x^y)* 
a{a 4 ‘ 2 b) b{a 4 -b) 

+#)(«* -4^*)’ (a+i)(<»*-4i*)’ 
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c^b\x^ c^b\x*^ - y*)‘ aH\x^ -_y*) 

13’ 

abt ’ /T^^r ’ abc 

11 a{x-ay a {x-^ay 

{X + fl)(;r - (.*■ + <7)(:ir - a^* {x + ^J)(;^r - a)*' 

-aKh^) 

{a - b){b - c\{c^)^ {a-b){b -i){c-ay {a - b){,b - c){c ~~ a) 

SrHx-^2y) Ay\ A - 2y) 3(f -JzrXf^jy) 

’ (■=*^ - 3>')('^® - 4^^')’ (^ ~ 2>yy^^ ~ 4;?'“)* (-^ - 33')(-^* 4 ;'^)’ 
__£l^£r 3)0 

Examples 61 . Payes 145--146. 


1 . 

3« 0 

2 . 

F. 

io‘ 

3. f 4. 

6 

5« 

6 ' 

6. f. 

e. 

lU ^ 

IS* 

2b^lt 

48 

8 ^^“"15^ 

3(5 


0 . 

X}2 

10 . 

3rt^ + 4<l^ -- 
4> 

35^* 

12 r^. 

aoc 

13. 

xys: 

14. 


15. 

a%-b^_ 10 

12^*’ 

17 

6<»» 

18. 

5-^7 

19. 

20 . 

24 

414 : 

12 ;'' 

ai. 

3«S 

22. 

abc 

23. 

6oa^c- <)abi - 

13^4 

24 

*(a-A) ■ 

25. 

*a*+4a + 2 20 

4a^ 

27. 

5‘* + 4 

(3«+4)(Sa + 6)' 

<2^ . ^2* 

^3a + 2)(6a + 2;‘ 

28. 


29. 

I 

30. 

I 


(jr-2)(jr-3)' 

2 

31. 

lcJr -24 

(x-»*3)(jr-3)« 

. 32. 

4t* 

33. 

2^ 

a*+aS2i*+^*‘ 

34* 

2(# 4 y) 
b^y 

36.^ 

00 «(>w4-3«) 

2a' * * w«(?« + 2;#) 

. 37 . 

■:2r + 2y 

38. 

I 4-2^: 

“■i4 


40. 




(4^+y)*' 
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2 ^ 


41. 

T* 

42 

1 l(fl®+ 1 ia + 30) 

13. 

3 


(jr- i)tr-2)’ 

44. 

I 

jr* - I ‘ 

fl® + 2a + 4 
«(«•+!) 

40. 

— 2 . 

47. 

I 

y * + 2y + 2 

jc j:’ + 24 j'+I 2 

4(:r*-4) ■ 

49 

2X 

ix-a}[x-by 

50 . 

a 

61. -4“- 
x-^y 

52 



53 . 


56. 


3^-4^ -I- 4^^ 54 55 2j («j + ^>* + («f^ 4- 0*| 

(i -'2^)(l -4^)(i -6^) ’ a^rx ‘ i^a ■¥ b - {ab -k- \)^ 


4 ^L 

i 


57. I. 68. o. 69. ,---i,r . 

{a^-b){a - 2^)(<2“ 5^ 


‘fll 69 

a + ^* * (4r- iX;i+2)(r+5) ■ (<74^-(r)(^-^ + < (^ + ^- 


Examples 62 148. 


1 . 

^:. 9 . ^ 

1 

3 

XV 

ts* 


6 . 6 . 

3-^ 


7. 

2br^ X 

2vF 

9. 

2h( 


n. 12 . 

1 . 

13. 

{x-^y)(a^b) 
(r-yya-^ by 

14. 

{ 2 a + I 

12 

(«4 l)fr/*+r7+l) 

-‘®- r^ii 


17. 

y _ 

18 


19. '-. 20. 

f 1 

« + ^ 

2(2 -xyY 

.r*+(« + f)r + <if ‘ 


Examples 6"^ 149. 


1 . 

b^m^ 

2 

b^ * 

3. 

lob'^ 

a 

i 

2.*T p ?£f 

pf’ 

G 

2 o.r* 

^ab 

7. 

a 

b' 

8 . 

a->rX 

a 

9. 

d 

1 

11 . 

_ I 

12 

a 

"f 

13. 


14. 

16 , _ 1 6 xy 

75 75«* 

16. 

00 

17 

2 b chi 

18 

^b 

7^ 

19. 

I 20 

X^’^gX ’^20 
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Examples 04. Pages 152 — 153 . 


1 . 

8 . 

12 . 

17. 

22 . 

20 . 

:u. 


~. 2. 

- 3 " 

«*• d- 

^ fi 

4.-.. 6. 

+ 

e. — i. 

ab 

’■ j- 


-Xll a 

3(^+3> 

10. 

n. 

3£rjy 


5(^-3)’ 



4 ^- 3 / 

2ax 

\ 

13. y, 14, 

.r- 6 

-f - 1 0 

16. 

Ary. 10. 

flur(A: 4* <z) 

Ar-4Z 

X - 7 

18 

19. 


x^ — 

ao. , f . 

21 . Y’ 

.r - 1 " 

.r-5 

jy/ 


Aray® 

ab 

« 


A* - 4 
.r + 6' 


q^-g\ 

f> 

28 

. . . • 38 


a{yz* + 4) (jr + 4)( 3^- 44) 

rt« + 6 <r« + 8 * a-T* -8-4^ + 48 ' ■ 




i.v^2 ; 


23. 

27. o— .28.‘r. 29. SO 

32. AT. 33. 

Examples 6 5. Pages 101—168, 


34 :- S 

^-3* 


3-^ + 2 




(r4 ^ 

7. 1 


1 

0 . 

10. 1. 11 

15. 


- ^ - ^ ££ 

' a -b' ' ^ (x-}~2y-\-z){x-¥y-^2sy 

/■hm-7! (y-{‘s:-x){s^x — y)(x+y--s) 

»y. 


12. I. 


13. 


(A+;' + r)® 
(4r- j')*/£* + yS) 
(Ar+>')* 


14. 


— -^). 18. (x- y)-, 17. 3 , 

a-h 


18. 


19. -^.*20. 

aoL 


abi, 


21 (*-^'<^-'^X'»-^).22. 


23. 


49 


(i5-r)(<:-fl)(a-^). 24. ^ + + 25. i. 28. ■ - - 37. i. 

^ A-®+.r-2o 


28. 

.r(i - A*) 

29. - 30. 0 31. I. 32. 

a 

X 

2 4-.f 

[a c--x)(c+bx) 

33. 

20^ 

84 ^irll 35 3(^ + 3?) 

30. + 

(«»+*»;»■ 

a 4r 

37, 

4. 88. 

I. 39. 3. 40. aArb\c. 

41. 2 (a’^b + c). 

42. 

-i- 43. 

2 abc 44. 3. 45. i. 

40. I. 47. I. 
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48 4.9.. i. 50 o 61 62 o 63 o 64. -i. 

adc * 

65. o. 66 o 67 68. a + 6© -3. 80. 4 

abc 


{x ^ ay X b){x - c)' (x a)(v b^{x ^ c)' 

04. rt!4'^ + £.4-3 66. — («4*^4-t) 

aHh^ ®® (7+4(.f+i)(J + <.)‘ 


63 . /». 


70. h^-\- ca + ah^ 


73 1 + 


miaj^b^c) 

{a\b){b’\‘C){c->rd) 


{a-d){b^d){c^fi)' 

abf 


"(,a-d)(6-d(,c-t/)' {a-d)(i~d){c-d) 

•7K . 61"* , ''V . 3"’')' . 

nhy /d b^' b* at) b^ 

76 77.y-^^-» ,8. 7© =.. 

b^ b^ b a b^ 


80. o 81 o 


a ^b-^rc 


11. 1 32 


Examples 66 Pare 170 

12 -1714 13* 2. 


Examples 6 7 Pa^es 177—178. 

2. x” +x^y + v^y^'¥x*y^+ x^)^ + xy^+xy^+y. 

3. I + y + y® f y +>»*. 4. I + y® +y® +j/* + y^ 

6. I +^®+y* +y®4 y®. 6» a'*’¥a*b’{-a^^-\-b^. 

7. r* + y^ 

8. x^-x^y-^x*y^^x^}^-{‘x^)*~-xj'^’^y^ 

9. ** -4r^ +.1 V* — +jrV ^ -4r®y^ +4ry® -- y<* 

10. .r‘’-4r^/+y 11 I +24r + 4;ir® + &a‘’ + l6.r« 

12 I - 21 4-4Ji®-8r’' + itt^-3-\tl 13 i6ar-24Jr® + 364r'‘- 54;r^ + 8u®. 
14 l+4r+.*«-l- J6. 

10 4 :® •»" 2 jr* + 3 ;ir> + 4 jr® + 5 jr 4- 6 17. When -«*;/ + ^r—j^ o 

18. (I) 5* ; (2) -4 ; ( 3 ) Art(a^^b^h 
31 l+Jf ♦.^®+4r* + ,„ -Hjr®o+;r*^ 
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Examples 68. Pa^€s 187—190. . 


1.^ 

Ja. a. 



3 . */('»^’)- 4 . V(/)- 

6. 


6. 

>• ’■ 

I 

jy(^ 


8. '-V 

J'* 

9 '- 

®- ij{x»y 

10. 

V(iyi 


11. 

9. 12. 

T 

h 

13 . 

f. 14 

5. 16 . tiff 

16 . 

ij- 

17 . sV 

18 . 

3|. 19 . 

2i 

20. 

• 

2. 21. 

216. 

22. 32. 

23 . 

I 

2 ~j 2 

24 1. 

26 . 



26 . 

^(^)- 

27 . 


26 . 

s/(p*y 

29 . a\ 

30 . 



31 

3 i.\ 

32 . 

2 a^i^c. 

33 . 

4 ^'V/ 


3 ^. 


36 . 

a*b-h^. 

36 . 

1 1 ff 
x^y^z^. 

37 . 



38 . 


30 . 

2 a 


40 . 

\l~hnn. 

41 . 

a«. 42 . i*«. 

43 . 

a\ • 

44 . 

2(2jr* -y) 


46 . «-"■. 


46 . 

>m<h^iiD 4 . 


47 . ^ 

iyk 

48 . abc. 

49 . 


60 . 

^Z-m^ ^iH- 


*. jr* 

- 3 hH 2 h^ y 

m-2ii+I 






(ir 





2 


2 » 

s 

61 . 

62 

1. (■ 

- 1)». y*. 

68. a" 

-<z"* 

M . 

a 


64. + -2a* + + 1. 

66 . -‘ix^ -ix“^y'‘^ ^yc ^y K 

67 . a*^ - 4 a*+»-i^ 2 if _ 27 ^*+y- 2 ^fly 4 . 42 «^+v-s^»*'. 


68 . a^ + 3 + 6 a’K 


J 2 %/a 


60 . ««-3^*‘+2^. 


62 ;’ :r»+^-’ + 3 (^+-»^-')- ®*- 

04. (;r^+>'^)(^-4:V+y). «»• + 

60 . (a-»+ 25 *)(tf-’- 2 «-’). 67 - (a-i-iX«‘*+fl*^+ 0 («'®+«** + j). 

08. (aU4)(a^ + i). 69. ( 2 :^+ 2 :-^-)*. 10. ««+e«x^-*. 

71. a’*-**" - a**'. J<»-“*+a^**“»^*’^» -i**'*’®*. 

72. «*+i. 78. aH<*^-!«^). 74. 

»*+^’ 70 2 , 77 . /£Z*\*j. 4 . 78. fl»i-*. 


aW+W* 


(!«)■«• 


78. a»i-*. 
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jr*® 
64 


125 ’ 


So ' loo 

+ x^^y+xy^ ’^‘X^y 


** ,lj.Jy+yS) ; 


y T ^ y-r^jr- J ^ y / 1 

^ "^ 4 ,r“V" “ 4 -^” + J' 

81. »*— a positive multiple of 6. 

8.4. i+;r‘+T‘ + +x‘“. 


Examples 60 . Pages 192 — 194. 


1. 

J9- 

2. 

J(49)- 3. 

J(x*y*). 

4. 

J{4a*(3 + 0’>. 

5. 

J(&4)- 

6. 

^( 640 '’^®). 7 . 

V(a*). 

8. 


9. 

J(I2). 

10. 

V(32)- 11. 


12. 

5/(243^/”). 

13. 

J(t|). 

14. 

vm- 15. 


16. 

7 ( 3 - 

17. 

X/(i6a*b^). 

18. V(3".* 

“-V). 

19. 



20. V(^«"-V-**). 21. ()J2. 22. 2V9- 29- i2s/2. 

24. 5 5/4- 26- 2^3- 28. 2 V(2o) 27. a^b. 28. aVfrt!*{V(<V)}. 

29. (« + d) Jr. 30. {2r + y).y{(jr+yk}. 31 2x{y - z)[V {x{y - z 

32. (;v-i)(r + 2)(x+3) J(;t + i). 33. bl± 

34. V(27),V(i6) 35. 1^(256), 1^(1 2 c). 36. iV(a’i»), 

37. ist. 38. 1st. 39. 2nd. 40. 3J2-5J3. 41. o 

42 o. 43. 8. 44. 2J2 45. 16. 48 3. 47. 1 1 J5. 

48. 2+J2+I4J3. 49. 3j2;5\/2- 50 2j6 ;i 8. 

6L I. 62 . I. 53 a*+j:-ar» 54 b. 66. 14 + 3J30. 

68. 16+5J1S. 67. 2. 68. J2. 69. J(|). 60. V(i)- Ol- 140. 

82. 4(1 + J2+ J6)- J3. 63. 64. 48. 

Examples 70 . Pa^es 195—196. 

1 Jx-^y. 2. 2-J3. 3. V.;r*+V(4r7.)+V/. 4. 

2 • 

8. i±jJ^ 0. ^-y), 7. 8 

3 ' .ir + a ■ ■ a-b ’ ‘ x—a 

8 24 r* - j'* - 2X^ J{x^ -y*) ‘It 11 2 4- J3_ 


I 



12. 

le' 

20. 

Examples 71. Pages 199—200. 

1. 4- 4- Aab - 6^. - 1 2^^z ; + 2a^b^ 4- 

2. 4:r^ + 2c^* + 36 jff*- 2o:f^j/®4-6cy*£®--24£*^* ; 

^-«o. 2 ^-i 5^-6 + ^-10^-10, 

3. ii®"* 4- 3** 4- 4- 4- 2^’"<^i’“ 4- 

4 . 4*’" 4- 4- ^ aa"*^®** +• » 

6 V-^* 4- ^bx -6 Jby.x^--6 X/b^, hJx-¥ 2 IJibx) 4- l/b\ 

6. a^ - - 20^ 4- 1 4a^b^ 4- S^^b — 6a^b^ 4- b‘‘^. 

7. .r * - 2 + ;r ■* ; ar® - 4;^*'^ 4* 2.r 4- 4 4-^“^. 

8- (^‘ +.^!-4) -4(^’+i) + - '6(^+i) + «9. 

9. ilr^ 4->'^ - 27.:r® 4- 1 2.r^j' ~ s^*) 4- Sy\2x - 3^) - 27^®(2;r 4- }•) - 36;ry2' ; 

^16 _ 3^10^6 4. 31*6^10 - b^, 

10. 8.1'^® 4- 1 2;i'^V' 4- 6x^y^'^ 4-j/^® ; 8a®® ~ 4- 5 4^^®^*® - 27^®. 

11. - 3^'®^'* 4- 3a-^^~® - b~^'^ ; 4- 3 X/ix^y) 4- 3 *v^(jry) 4->'. 

12. a-*4-3 V(^"^<^"*i4-3V(^’*<^‘*)4-^“® ;^^4-3Ar^^ *4-3;r^/ ^ +y *• 

‘ 13. .^r® - 3Jir* 4" 1 2;ir® - ; ■^®"- 3^**";'“‘4-3^">®*'*-j®*‘. 

0 8 8 ^ 2 «|» ^ ~ *** 3* 

l4. x'* - 3 : 1 "* 4- 3 *• ; a * 4- 6 a * ^"•4* I 2 a*'^ *48^*". 

16. a® - 4a®^^ 4- 6a*6* - -f b^. 

10. aW - 8«o^3 24a®iJ® - 32^®/^® 4* 16^1*. 

17. a^b^*^ 4^b^ c 4- tabcd 4- 4^^ 4- c^(P. 

18 . a^‘^- 4a^^'^4- 6-4a’^^^4-a"^^. 

19. a®-8a^ + 28a®- 56a* 4- 70a*- 56a® 4- 28a*- 8a 4 1. 

45 42 "• ^ *• _^ 8 "i ' 

20. a “ -4«*i'* + 6a ' b' * -4a*>' • +d" *. 
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\ 

i±i>^ i3 , n9->2y4z ‘ Js ig i+yiZisf^ 

I ■ ■ 61 ' ' 5 ’ ' • 4 


_VJ_+_^/6z^/3-i . 17. 

2 ' 

264-iSv'3- 21 . 37321 . 22. 8 * 2426 . 23. 17 ’ 9443 . 24. 17321 . 


18. . 19. I. 

•Jx 
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ALGEBRA. 


21. + and + 6x^y i SX*y^ 

+ 2Qry +4 5^V* + +y® ; - Sx*y -i- loVV - lowrV + 

and - 6x^}' + 1 V - 2o;r V -*■ i S*'!)'* - 

22. 32J1:® - 240x*y + 720Lr*;'* - io8o;rV + Sioxy*^- 24^^ and 

64X^ - 5 7 Sx’^y + 2 1 6ox*y^ - 4 3 201:®^ 4* 4 86o;r V* “ 29 1 6xj * + 72 9/*. 
28 . /i“- and 

24 . - yax^ + 2 - 35^iV* 4- 3 - 2 la^x^ 4 - 7a®jr - ; 

1 28a^ - 448^2®^ 4- - ^boa^l^ 4- 2^00^ 4- 1 40^^ - 3^. 

26 . -r^* 4 - 7 <a*jri 2 4 - 2 ia^;r^® + 35 a®jr® 4 - 35 a®-r'» 4 - 2 irt^- 2 r* 4 - 7 <!i%® + a^® ; 

7 < 2 "*;r'^® 4 ' 2 i^"®,r*^ - 35<i"®;r“^* 4- 35 rt"“;r"® - 2 

+ 7rt““;r"*-a"^\ 


26 

i_Zf + l'f_ 35 ?% 

3 S<** 

2 ra® 

7 a® 

a^ 

~ : * 

l> d* t>> 

d* 


3 ® ■ 

37 ’ 


jx’’ a’'! 


'.r® 

+ 21 

/ 4 r’' a®\ fx a\ 


W~x\ 

)-H 


b-W-^nr.?) 

27 

i6xy^-, -aW«“. 

28 

—x^'^yz' 

-lb. 

20 . 2(a»"''‘+ds*^*), 


30. 2 (a®*+ 3 a’“‘V’“‘‘) 33 -A;'ir 34. -^. 36. 

36. 1^. 37. 3 «> ; -12 38 <. 3P. -ii 40. -3 


41. 3 . 42. I. 43. - 240 . 44. -35rt‘3*. 46. i. 


ISixamples 72. Pages 201 — 202 . 


1. 

yry. 

2. 

(,aW. 3. 7a'’**- 

4. 


. 6. 

A- 

2yz 

6 

4a*3* 

serf®’ 

7. 

2;ry* o 

z* ‘ 

4ae® 

33V 

8. 

3a3». 

10. 

5a®3’\ 

11, 

12. 

- yx^^V. 


13. 

2ar 

3 ' 

14. 

5a3* 

6ry“* 

16. 

, 8£^ 

16. 

-54‘.17. 

5^* 

- a3e*. 

16. 

2a*dx^. 

10. « 

' 2a3e®. 

20. 

2a 
"" dc 

21. 

«« 

— . 22. 

f 

- Ja3 

“/3. 


23. 

1 

"“032* 


24. iV('5)-2 V(*43) + 9!/9 26. '•Ji2 


26. -.** 



• answurs. 3S 

\ 

Hxamples 73. P«ge 304 . 

• • 

1. 2 /* + 5 . 2 3 ^ 1 - 4 .r. 3. 2 jr + |y. *4. 

Tl. ioir*y+3r. 0. ab-^ri. 7. ix^r'^y* 0. 9^-5y. 

9. .r-*+2. 10 ? + --3. 11. 12. ;r*-5Ar-3. 

;r 0 a ^ ^ ^ 

13. --^“ 4 . 14. 15 (.r- 2 )( 2 y- 1 ). 

y r 2 ;r \ f\ / f 

16 O?- 1)(<7+ i)(S + 2). 17 ( 2 rt+ 32 rX 3 «-f- 2 r)( 3 iZ- 2 .ar). 


18. r.r^+sr+i. 

19 x^- 

- 4(74: - 8 a*. * 

20 . ;r®+ 5 ;iry- 2 y*. 

21 . a + 3 + J. 

22 . 4r’* + 24'"^-3. 

23. 

r oa 

24. + 

‘ 3 4 

26 

26. a-^-a* 

27. 3.1 •*- 1 . 

28. 3+4-“ -24** 

29. 3-4»+A-» 

30. 5 .i*'^i- 2 A-* 

■ * 1 - 

cP- - 

33 (/ + ?)/-(/>- 

g)m. 34. 0 *+j^. 

26 

r _y 30 

33. nxi-xK 

87. 4 X^-i 6 x + ii. 

38. 3(»*-k5’‘. 

39.*'* 

a- I 

40. 

/“-I 

Examples 74. Pa^es 210 — 21 r. 

1 . 3 r*+ 2 . 1 - 2 . 

2 . + 1 1 ^*. 

3. i + 2 a — 6 a‘. 

4. 3 tf® + 2 a®- 4 a + 5 . 5. 6 j:^+§jtr - L 

0. fa* - 2 a -§. 

7. 

8 . x*-ixy-l 

9. 1 -f 0 »+A*. 

10 . 

11 . .1 + ""'-^;. 
y 2 _y* 

12 . a/-3?-4^. 

13. a®.r - 2 ay - 3 ^. 

1 >■ a a b 

“■ I. * 3 -? “• 

8 »' + 4o*^+8fl*’ + TsV*’ 

16. -^t^-3 

17, £_2;_3f,,8, 

2 y 3 £ 44 : 

a’‘ + a( 2 i- 3 c) + 4 c’‘ 

19. 9r*“4.r!' + 3 .r‘-- 

■ 2 r + i. 20 --•^ + 3 . 

y 4 : 

21 5?^-4+U. 

6 ^ ^ 1 ab 

JT® V 

22 . - 7 -^ + 2 . 

y^ ;r 

=8. 

24. 

y 24y 34 :® 



3 «> 

26. 

28. 

31. 

34. 

1 . 

6 . 

10. 

14. 

18. 

22 . 

26 


ALGEBRA. * 

/ 

28. aM + a^^^- 3 . 27. V -^^4 + 3 

(i + ^V^ 29. 2«”‘ + 3^:?“ - 2 30. ^ ^“3* 

.r^- 2 r + 2 . 32 A‘-i 83 a^o ; jr+ 3 . 

/*-4 ; 5^-2 36. <J==o 36 + ^*^. 

Examples 76 315.* 

:r + 3. 2. 2.f4-i. 3. a:-4- 4. 3.* - 5. 6. 4-^-3^ 


3ab^2cK 7. 


8 . 9. 

3 ^ ^ 


jr^ 4 ' 2 y’^. 11. 12. -.r(.r 4 ‘ 2 ). 13 2:4 a-/;. 

.r® — fl + 2/3®. 16 16. /5^-a<54-2a®. 17. + 5 «“ - 3 ^^ 

«- 2 ^ + i. 19. =\^+>')-^. 20. I2/72 + 4 ^>^ 21 

23. i'--.r + 3V. 24.3^+^. 26.’.-^. 

y jr» 3 y .f 2 : 

2 + 1 ^ 2 ' - Jjgvr* ; 3 ~ 5 ' 7 -*''~ 5 iV 7 -** > 2’1527 : 2 ’ 924 l- 


Miscellaneous Examples^ II Pa/^es 216—221. 

1 . - 5 a® + 9 rt®— i 6 a — 2 . 

3 (^ + 0(^ - - O V + 3)* ; 

4. (lT(-*^-2)(;r*+2:r + 4)(-^'® + 3) > ( 2 ) (^ + 2 )(.a*®- 2 .r + 4!(;i ® -3 ; 
(3) (.a: + 2y-3)(r-2>/-3) , (4) + 

- 4(2jr+ I )(.*■- ^)U fl) ^ nH . ..n-l . yU „ , . 

3 (-*-i)^fe:i;- +< 7 * . 7 . 2 ^-»-S 2 -+ 4 . 


2(jr‘* + 2) 


( 0 -^==34 I ( 2 )^= I. 11. 2a*- 5^*- 4<2® + ff + : 


12 . ad' -^a^d-^-bd ^b*c. 


13. 2 a + ^. 


14. ( 1 ) {2x+yy,7x-y-^(ia)-, ( 2 ) 4 ( 3 ^- 2 )(Sx- i) ; 

( 3 ) (.ii+i + £)(a + 26-3c). 

16. 2. 16 6-464 17. 2 ( 2 -nx‘i)-i. 18. 6 . 

19. si. 20 . 16 ; 26 . 21 . + ; 3 «*+ 3 a# f 7 ^“ 

22 . x^-(a-i)r+i*. 23. 3x(iojtr+7y). 

24. (l)(6+2rX2- S*-). (2)(2(l4-l)(«*-!«+4) (3)(•*^-^^•^0(2^-^>'-3)• 
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25. o. 20. 28.^ x^ 29. ^3, 

30. Rs. 5. 5as. 4p. ; Rs. 4. SI. 84. 82. 4(^-a)r2, 

33. {a- c){b€-a(t)^{b-df. 34. (1) (a^2b ■ir2){a-‘2bAr2). 

(2) {aArjh){a~-6^b) \ (3) (;r- i)(^ -3)(jr + 4). 

30. x^y''^+x’-y^-x^y’'^-x“^yK 37. 


b - 2a 2c 


- miks 
— 2/: ^ 


41. 7 (J^’ +J'^). 


42. .ar* - 4:^ - 4 a.'* 4- 6 .i'^ - 2 jr. 43, - ()ab, 44. ( 3<2 - ^)(a® — 


■. ^2(<l7 + I ) y| n " * j_ j I* _l_ i_ 

45 . « . 47 « --5— + 45 + 1 — «■ ; 

<7* + 4<2+i y* X X^ ' 

\6x^ 96X* . . 2i<^y**8n'‘* /a'-b\^ ^ 

4 -%r' + 2i6 ~+ . 48. ( ) ;.i+. 

y -r^ ;r* \a- cj 

49 . -(a + ir). 50 . 200. 61 . i + 4a + io^ 7 ® + 2oa^ <-25rt^ + 240®+ 16a®. 

64 . (i) (x-Jy)(.r+2y) : (2) ( 3 “ 4*^)(6 + 7 -^) ; 

( 3 ; Gr^ + 4^ + J^^^)(-*‘^-4^-^ + B^^). 66. (i> ( 2 ) i. 66. r. 

67. ^“+jr + f.r^ + 2. 68. j^“+ji-»» + 2. 

68. + \^a‘y - (f (/.r + (•^’ + 'i^ax H’ ■'*)’ - ^ V«’)*: 

(.r* + \;^ax + Y^*'*)'* “ 4 ® 35<^ 45^. 

62. I - 32r‘^ + 3.ri2_;t^i8 . (i +r^)(l +jrX2Jr + 32:*). 63. ax^-^bx^r. 

64. (i) 2;r>jr(;r + y + s) ;(2) (3a + i)(rt-t) ; (3) (^ + <y')(-^ + ^). 

66. Ifl. 66. »/*. 

67. + + + + ; 

( 2 ) a® + rtV + a*.r* + aV+.r® ; ( 3 ) i6-24;r + 36 r*- 54 jr® + 8 r.ir^ 

68. rt* + ^“ + r^ 70. ^Cicooo. 71. 4 x^ - i6xy i6y\ 

73. 2a2(a + ^)(a-2/5). 

74. (i) (,r--y + i?)*(;r* f y* + £* + 2;ry + 2yr-25'i) ; 

(2) (.r - <2)(.r + 2 a)(x^ A-ax^ 2a^) ; 

(3) {•'^-y)i-^A-y){x^A-y^){x^-xyA‘y^){x^A-xyA’y^){x^-^x^y^A-y^) ; 

*•*. /.V jT ^+ 


28y 


. 2i<^y**8n'‘* 

+ 2 i 6 ~-A- \ . 

-r^ X* 


(4) i4 + «*)(t6-4rt + ei*;. 


76. (I) - 6 ; ( 2 ) 


1 +2 be 


(x-a){x-b)(x--cy 


76. 


77. I. 



3^ aLgfbka* I 

78. 5{(«+i)x‘ + 3(aS-iV + 2{'»’ + &*)**' 

. +(«^ — 

79, a-^b-\-C‘ 80. 13. 81. (a®-<ax+:r*)(i»* -^;r*+«^} 

83. (r- i)*(jr4- 0(5:1: fi) 

84. (1) -'{a-b\b-~c){c-a) I (2) 4(7 - 3^)(9 “ ; 

(3) (« - W^* + 2f«*3 + 6fl*^* + 2a^ + ^*) ; 

(4) •^y^^)ix + y’^)(:r® + 4- jK“*). 

86. I. 87. 5(^*+y’+r*+jT+;t-+.r>). ' 88 .)«+j. 

89. + («- 2#) years hence. 

92. 2(^1 + ^ + 0 93 \ 2 a^\a^ ab ^ b'^\a^ — b^) \ (r®+i(.r+i). 

94 (i) i/i^b-\‘c){ab -^^bc ■{‘ ca) ; (2) (|r^ f j,2^ , 

(3) i(-^ -2X^+2);ji-«~2r + 4)(-^‘^ + 2-^ + 4) ;{4) \a(},a - b)[2a - ^b) . 

96. 2. 07. 5(<2-^X^ + 

98. ^ + -. 99 - 20 ^ 2 * ; 25 ^® 100 i<) 

y ^ 


Examples 76 Pa^es 224—225. 


1. 

4 - 

2. 

12. 3. 

4 - 

4. 

12J. 5. 

-2. 

6 

2 h. 

7. 

2, 

8 

2 9. 

li. 

10. 

2< li . 

- 5 l- 

12. 

4 - 

13. 

0. 

14. 

4 i. 15. 

18. 

16. 

i:. 17. 

^ ^ aV- 

18. 

-a- 

19. 

h 

20. 

-2i 21. 

*3- 

22 

3 . 23 

b-c 

24. 

0. 

26. 

I. 

26. 

27. 

a-k'b 

28 

-2. 29 

1 

30. 


31 

0. 

32. 

-3. 33. 

0 

84 . 

i. 







Examples 77. 

Page 226 


• 


1. 

- 1 . 

2. 

-sf- 

3. - 

5 - 

4. i 

6 0. 

0. 

- 5 - ' 

7. 

-I, 

8 

- 

9 2 


10 if 





Examples 78. Paj^es 228—229. 


1. 


„ 2(rt6+frf) 

Pt{ 7 t - 

«) ^ a*-(5a-,*+^ 




6-a 

2n 

2(at - bd) 

s. 

f+m^ + n* 
2(/ ^m^ny 

6. 

7. 

3(<i*+0»+t*)* **• '*■ 

9. 

4i. 

10. J. 

11 106 

12. 

III. 13. 6. 14. 4. 




• 
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15. 

y"7- 18. 

7- 

17. 

7 . ' 18. 

12. 

19. ]. 20 . 5 . 

21 . 

5 - 22 . 

lOf 

23 : 

.il. 24. 


26. si- 28. - 3 fJ, 







+■ 

27. 

- 28. 

144. 

29. 

3$ 30. 


Sir • 

32. 

s,(ibc 


33. 

34 


36 36 — 

ab+fii +ca' 



« + y <!+«■ 

37. 

I 38. 

2 *. 

39. 

t. 40. 

;« + w. 41. 1/5. 



Examples 79. Page 231 


1. 

19I 


2. “ 3 ^. 

3 . 

-2*. 4 . -li. 

. ac-bd 

6.. 

ab 

ih^ 

2 a' 

7 . ,v 

8. 

-i. 9 . 

10. i. 

11. 

imn 

-U 

/v + ;/* 

+ (/- 

- m)k' 

12 . 

aqA-pd- bp* 

13. I. 




Examples 80. 232. 


1, 

<^) 4 . 

2. 

14. 8, 

3 - 

4 7. 6. I2iV 

6. li 

7 . 

I. 

8. 

i. 9 . 


>1/% 1-1 \ 1*1 

10, 4. 11. 12. - 0 - 0 . 

t* — a’® 




Examples 81 . Pages 23^ — 237. 


1. 

Al 

2 

J(a + #). 

3 . 

4 0. 5. If 

. 6. 4. 

7. 

8. 

8. 


9 . 

-12. 10 . ij. 

11. -2. 

12. 

i^{aArb) 

ab 

-nbicA-tf) 

-cd 


13 2. 14 }. 

16. -Y. 

16. 

(>« + ; 

fi)pq-{jfArq)mn 

i(mn-pq) 

17. -J!,*. 18. - — . 19. -V. 

aA-b ‘ 

20. 

W(rt + ^-2C)’ 





* 


Examples 82. Pages 237—238. 


1. 

-t 


2. - 

-V- 

3. -3. 

4. -J. 

6. 

- 1 - 


6. - 

i- 

- ab^cd 

aA‘b-C'^d' 

8. sf. 
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Examples 83. 

Page 239 . 

1 . 

- 4 . 2 . -li. 

3. I] 


4. 

6 

d{d-b)-bm^c^dl 



7 , 

a{l{b -//) + 




8 . 

n bp- an ^ ab 

♦ j - • W* '• ■ - 

10 . - 

i- 

11 . 


m ap-on o-- c^a 




12 . 

2 ll 18. 3 . 

14. I. 


IB. 

16. 

6abc 





ab’k-bC’k-cd 





-I ' 5 ^ 

(a-fi)^'^(i^~-d)c * 
2 ldd-m (bc 4 * ad^ 
2mac — /{bc-^ad/ 
2,abc 

'ab ^bc- cd 




Examples 84 . Page 

242. 


1. 

-7 2 

- 10. 3 . —2 

4 . 

- 3 - 5 . S 

0 

8, 7 . 

4. 8 . 

c^-ae 

9 . 

1. 10 -I 



Examples 86 . Page 

244 


1 

-6, 2 

!- 3 - 4 - 4 . 

6 ^. 

5 

6 . 

« + ^ + £-. 7 . 

00 

1 

8 . 

10. 15. 



Examples 86. Page 245. 


1. 

“ 4 - 

2 6 3 / 

v- 

4 . lA- 

5 . 

-*4 

0 . 3. 7 . 1 

l^s- 

8 3 . 


1 . « 
6. o. 


Examples 87 . Page 247 
2. 1. 3 a. 4 

0 . ±2. 7 . -3- S'- 


o, or ± I . 
Sv^soi -*n' 5 - 


Examples 88. Page 9 249 — 250. 


1. 

3 * 


a 2I 

3 . 

- 

yi 4 . ^ ^ . 

® 2{jd-ab) 

6 . ±^/(S) 

0. 

12 


7 . 2. 

8. 

2 

B* 

®- 4 ^ • 

10. 16. 

11 

- 

ab 

a\b 

12 Si 

13 . 

- 

5 < 2 * 4 - + ^ah - j. 

a 

15 . 

2 

16 b. 

17 . 2 . 

2 

18 . 

b 

d 

10. JS/». 20. 

0. 21 3 
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4* 


22. 

3 - 


23 . 4. . 24 . 

5. 26 . 4. 

26 , IS 

. 27 . 

8. 

28 . 

(m 

\ 4 a( 2 m- 

y-6*)/ • 

I. 30 . 24. 

Sl (rf- 

I 

-a. 

82 . 

8 

3 - 

33 , 

-i. 34 . 

-iJ 35 . 3. 

39 . 



37 . 

ab 

a-^b 

38 . 

4. 39 . 

a 40 . -. 

a 







Examples 

n 

89 . Page 251. 




1. 

3 - ' 

2. 

4. 3 . 5. 


■-*}. 

6. ■ 
4 

-5- 

6. 

4. 

7 . 

-¥•*8. I. 

9 . 10. -U 

11. -}J. 12. 

it- 




Examples 

90 . 253. 




1. 


2. 


3 4 

if. 

5. 

e|. 



V x//- x//;/ 





0 

-,8 

3 a * 

7 . 

I. 8. I. 

9 V(l) « 


10. 

5 - 




Examples 91 . 

Pages 253—254 




1 i 

2. 

wri?;-'} 

« , /fw*( 8 w 4 -i 50 + ^(6w- 

® * v r 27«*> 


4 

I, 4 01 

- 2 

216+ I55fl*+ g 

• io8 ‘ ■ 

0 01 ± 

a 


7. 

1 01 - 

. 3 
a 

g ^ y/ 8 < 5 ®+ I5^*i* + 6^V 

V \ 2 TaH^ 





Examples 92, Pa^es 257 — 258 , 


2 g ffip-d 

2 ac ’ ' Tf ’ 


i. f. «. 6 f 


7 . 


2^ 




2 ac!^ 


“• **\/(3^)- ” '* (4V ”■ 

a(6-c) ,, . ,g 65 ^ ^S*~ Juf 


21 . 




22 . 


23 . 2. 24 . 2. 26 . ±a. 
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Examples 93. 

Pages 

259—260 


4ft 


1. 

7- 

2. 

4 3. 

c 

h 

4. 

m 


5. 

e.. 

6 

b^d 

ai-c' 

7. 

S 8 

1 

9 

3 


10. 

2 . 

11. 

2. 

12 

3 13 

b. 

14. 


15 

0 



Examples 94. 

Pages 

260—262. 




1. 

-if 

2. 

2a^b-‘C 

3 

4- 

♦ 

4. 

a - I 

T ‘ 


6. 

-35. 

6 : 

2. 7. -1 

n 8. 

Kd-c). 

9. 

3 10 

I. 

11. 

gs 12 I 

. 18. 

-f 14. i|g 

15 

5 18. 


17. 


18. 

a 

c-ija' 

-3. 19. 

S “t 


ai 8fi 

22. 

^ + 2t. 

23. 

3- 

24 

4T 25 9 

26. 4 

27. I. 

28. 

Sh 29 


30 

fl + 2^ 

31. 

1 




b ‘ 

— . 32. 

a 1 

7* 

33 + 

•c) 34 


36. 


I). 86 


37. 10 


38 

■ ^ 

39. 

_6 

a 

40 

^ / f 281^° + ^ 

“ V 1 27a\aVb) 

'}■ 

41 

-5- 

42. 

5. 

43. 

44 

b^ ' 

. ia\ 

46. 4. 


46. 

ff 

Arj 

2(V«- 

0* 


r 49. 

d* _ 



f>« 

^ /. 


AO 

48. -T — ,( 

,.60. 

0 or 

(2(2- I )' 

i-p. 


Examples 96 . f^^gcs 266 — 271 

1 . 120. 2. II. 3. 7. 4. ig. 6 if 

*40. 8 . A, Rs. 336 ; i 5 , Rs. 168 j C, Rs. 56. 

;^24. 6j. ; Z?, ^16. 45 ; C, ;£l2. 31. 

10. ^154. 4,. ; B, li(,. 2s. ; C, 50 8j. ; A ;£37* r i J. 

11. Ay 20 ; A 43 ; C, 132 , A 551 - 12. 46 men, 104 women 

13 . ^1274. 14 ^818. 8 j 16 . Rs 90000, 4 p.c ; Rs. 73000^ 5 p,c 
16 . Father, 30 ; son, 10 yrs. 17 . 20. 18 . £u 

19 . Rs. 6 per head. 20 . Re. 1. 13^5, 21. 90 ; Re. i. 

22. 15 hours. 28 . A, Rs. i8o ; B, Rs. *75. 

24 . 240 rupees, 360 two^anna pieces, 960 pysas. 
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26 . lo half-crowns, 25 shillings, 50 six-pences, 75 foiir-pences. 

26 . I 27 . S- 28 . 

29 . 1710. 30 . 16, 18 31 . gs. 32 . 1836. 

38 . Near bank, 20 ft.; at mid-stream, 40 ft. 34 - A, Rs. 90, Rs. 30. 
36 . ;^ioo. 36 . Rs. 762 37 . ;£i8oo. 38 . 680. 39 . 10. 40 . 500. 

41 . S400. 42 9[, 225. 43 . j£f.i66o. 44 . 3 nids. 20 srs. 

46 . Gentleman, 5f. 4W. ; servant, 6s. 4h/. 46 . 120. 

47 . Rs. 23. 4<2r. 48 . 2s. 49 . 30. 60 . Rs. 3. 61 . ;£48oo j 2^/^. 

52 ;£56oo. 63 . 420. 54 . 36. 66. ^2. 66. 32. 

67 . 240 ; 360. 68. 2as ; 16 69 . 26. 60 . + ^ + 

^ Examples 96 . Pa^s 272—273. 

1 . i 6 o. 2 8 days. 3 . ^ 200. 6 . 80- 

6. 40 women, 1 10 men. 7. 18 days. 8 . 12, 

Examples 97 . Paj^ts 275—277. 

1 . 12 days 2 12 days. 3 . 18 days. 4 . 22* days. 5 . 40. 

6. 4J.5 uks, ; /353. 7s. 4^, nearly. 7 . J day. 8. 2^ days. 

9 . 12 min. 10 . 2 hrs. 48 min 11 . 4| hrs. 12 . 24. 

13 . After 12^ min. • 14 . 

Examples 98 . Pa^rs 279—280. 

1. 320, 300. 2. 225. 3 . Rs. 120000 

4. Cost, Rs. 75, Rs. too ; selling price, Rs. 72, Rs. 103. 

6. Hprse, ^105 ; carriage, ;^54. 6. 2080. 7 . 2 mds. 8. 

9 . 10,12. 10 . 16. 11 . }^. ;5i2. 12 . £ 8 g. 8 s.gd, 13 , 33J. 

14. Rs. 500. 16 . Rs. 8 J. 16 . 1500CO0. 17 * 4J ; Jth. 

18 . 37^ days. 

Examples 99 . Pa^^es 283— 286. 

L. 3 ' 4 u')urs after start ; 60 miles from Bristol. 

2. 5 V, M., 95 miles from Howrah. 

3 . 4-30 P. M., 180 miles from Howrah. 

4 « 5 miles. 6. 4} min., 5^ min. 0. 6 see 7 . 30 sec. 

8. I of a mile. 9 . 360. 10 . -1*5 mile 11 . 5^ miles per hour. 
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12 . 


10 . 


1 . 


3 . 

7. 


1 

2 

8 

4 


5 . 

6 

9 . 

10 , 

12 


1 . 


1 


6 . 


8 . 


10 . 


AlLGj^BftA. 

4 J miles 1 $. 2f miles from P. 14 * 3 miles per hour. 

— ~ ft. per sec, 10. After hrs , at ^ f^^miles ft om ,*4 ; 
a--bi ^ dt + A * f 9 

after hours, at a distance of from B (a>^). 

Examples 100 Pa'^es 286—287. 

10 miles per hour, 8 miles pei hour 2.' 6 miles pei hour. 

48J miles. 4 . 3 hrs 9 mm. 5 . 2 . 0. 8 miles 

7 hrs 12 min. 8 45 mm. 

Examples 101. Page^z^x — 292 

{a) 2It>\ min past 4 ; ( 3 ) 49 ,x 9. 

(^) 43 it 2 ; (b) min past 7. 

5y\ nun, (coincident) and 38^^ min. (opposite) past 1. 
(<?)2i.|^min and 54j\ mm past i;(^) »o}J min. and 13^, min. 

past 5 ; (r) 27^\ min. past 8, and at 9 ; (if) mm and 

4^'/x min. past 1 1. 

min. and 32^^ min past 4 ; min and 49^?^ min. 
past II. 

(i) 32y\ min.; (-?) 21^^^ mm 7 . rain, after 8. 22^ min. 
At 34y\ mm , again at c8^\ pa«t 10 ; 40 mm past 1 1. 

17A n>in. past 5. 11. 2*^®^ mm. 

36}} mm. past 4 ; 2 hrs. 46^3 min. 

Examples 102. Pi^e 294. 

81, 2 . 120 8. 3072. 4 . ca)^ 

Examples 103 . Pages 296—297. 

4 gal. 2 . 24, 8. , 3 . 27t 18. 4 , 8, 7 J 7 * 8- 

-.7. a(a^-b)^ ^ « 1 

ar^b)r 

Vol. of cork ■•2 ; vol. of metal 8 0 . 76 lbs gold ; 30 lbs. silver. 
1} parts of first and 3 parts of second. 
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Examples 104 . Pa^^es 298 — 299. 

* * 

1 . Height-*i 4 ft, base=*4j ft. 2 . Sides»>6o aiid 61 ft. 3 . lo. 
• 4 . 5,8. 5 . 5. 6., 32 rt. angles 7 . Perp.«3j^ ; hyp.«8|. 
8. 20 ft, 9 . 5I ft. 10. Base=io ft. ; each side«i3 ft 

11. 8 ft., lift. 12. lift 


Examples 105 . Pa^es 304— 305, 

1. ar- 9 ,>^= 6 . 3. ;r« 3 , .- 4 .. 4. 


6. 

.r=lS,j' = 4 . 6 . 

.*■= 10 , 

/= 8 . 7. x-i 

2 , >* 3 . 

8 . 20 . 

9. 


10 . 

:r = s,y=io. 

11 . 

4 r«i 3 ,y«ii. 

12. 

.T=^,y-2. 

13. 

■*•-5. y“2- 

14.* 

jr-i,y=6. 

16. 

^”S. >'=-*• 

16. 

^=7, >-=9. 

‘ 17. 

x~ 2 , y-4. 

18. 

1 

#1 

II 

19. 

^r..- 10 , ^= 2 . 

20 . 


21 . 


22 . 

jr-2,^-3. 

23. 


24. 


25. 

^=4.y“2- 

28. 


27. 

2: = <r, yr.(. 

28. 

jr*6,;K-i5 

29. 

^.- 4 .>=S- 

80. 

^ 3 ^» 1 ' = " 2 ^. 

31. 



32. 

= 

33. 

(« + ^)(fl 4 -r)(^+ c 

-a) 

> 

• 


{ 

, («-SK« 

-c)(a^-b-\-c) 




y„.- 

2 abc 

• 

34. 

,r^ab^ y^ac 

36. .r 

^ajb,y~bla 

. 

86 . jr~ 6 , y*= - 5 . 

37. 


38. jr 

-i(a+f), y= 

a[b-hc). 

39. I, 10 , 


40 



Examples 106 . Paj^es 307— 

-308. 


1. 

4 rtea,y- -I. 

2 . .*■= I, 

3 . 

2 ^= 3 >y--»- 

*‘4. 

_ 2(^-1) 

2(«-l) 



2 ab^a'-b^ 

^ 2<i^ - a - 

0. 

6. 


7. 2r-is,;/-2S. 

8. 

jf**?. y= 5 . 

9 . 

2^=6, y=. 5. 

10. 

11. 

4 r- 4 ,y-t. 

18 . 

2 ^= 4 .J'- 7 - 

18 . jr=6,j'=i2. 

14 . 

.r— 2 ,jK" 6 . 

15 . 

2 r- 5 ,j/- 3 i. 

16 . 2^-3, y= 7 . 

17 . 

y-.-f 

18 . 



‘«1^ 
1 1 

■^1 

20 . 

4 r» 2 , y = 2. 

21. .*■ — 2,^l"=I. 

22 . 


23 . 

jr-8i,> = 7 i 

21. :r-8, y-2. 



29 
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1 . 

4 . 

e. 

6 . 

10 . 


1, 

5. 

9. 


1 . 

4. 

6. 

9. 

12 . 

14. 

16. 

17. 

19. 

20 . 


1 . 

3. 

6 . 

7. 

10 . 

12 . 


algei(ra. 


Examples 107. 309. 

^ * 2a 2 ^ 

2. 8. _ 

x^y^ab, 6, x^{pm^nq)lapy y^{pm-ng)lag. 

\ 7. xMac^bd^c)lc,y^{a€’~‘bd^ii)ld. 
^ a-\-b a — b 

m{ac-b^ ^ Hia — bc^i ' ^ 2 ' ^ 2 " 

.jr=28J| — 19^. , ^ 

Examtilos 108 Pa/:^ 310 

;r = 2, y- 3 . 2 .*•=[, y- 3 . 3 .ir-2,>/= -I. 4. 

j:=«2 ,/— -i. 0. a:=i,>'« 2. 7. x^y^ 2 , 8. x^y^ 2 . 


b 




10 :r=a2, = 


Examples 109. Paj^es 312^^1 
x^ 2 ,y== 2 , s^i. 2 . .r- 2 , y« 3 . .^=* 4 . 3. ^« 2 , y« 6 , 5 . 

J^ = i. y“3, - = 6* X--4,>^«2, £r=.«I. 

.r-r -i,y-=2, 5’«4- 7. Jr«2,j«*3, i=4. 8. .r-14, 17, £*21. 

jr= I, r, r — I. 10. 11. :r=*i, j/«i, r*!. • 

18. r=i, ir«i. 

.jr « (^ + y^{c+ a)l 2 bf z"»{a r b)j 2 c. 

x — ia{b-{-c)^ y—ib{c^a)t s^hc(a-\*b)* 16. x^ab, y^bc^ z^cn. 
.r« r, )/=3, 5, «-2, 18. .r = 2, y— 5, 3, «« -2, 

^=2, y-3, £'-4, «“S 7/»-i. 

.r = 2, y-3, £-=3, -4* - i- 


Examples 110. 314— 315. 

.r«2, y-4. £r»6. 2 ;r«* I, y=a2, 5«»3. 

+ £'=^K^ + r). 4. .r-2 , £r** 4 . 

2 bc 2ra 2 ab 

hAri ^ c + a' ^ a-\-b' 

jr»y«ra=i. 8. jr«y«£'«»i. 

r— 5 = ^(3 -r). 11. ;ir«4, j/=3, £-»4, «« - I. 

x^^sh r«J, *^-4|. 


0. 


;r« 2 , y« 4 , 


9. 4r=j/ 
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Ei^ampl^i^ 111 . Pa^es 318—320.^ 


1. 

.2r«i, 7» -2, J?- 1. 


2. 

x-~i,y^- 3 ,s^ 2 . 

•3. 

- 14, 7*= - 2 , JB' — IO. 

4 . 


6 . 

jr-K,y»-i5, »= 

16. 

e. 

*=9. 

7. 

-}H^ y,” 13I. ‘ 

’^61 

8. 

x^ - 12,^— 15, xr«» -9. 

9 ? 

jr-7, yi-3,’^-1. 

10. 


11. 

.*■- 3 . y^-l. .fjrS- 


12. 

- 10, 12. 

13. 

:r»«8,7=g, - 12 

. 14. 

•tr-iy 

-i, »-?. 16. x=-l,y^-u 


27. Ci y-L' a, g b. 18'. Ar^inEx.:". 

19. x^bc{b’‘c\y^ca(c—a\ 2=^ab{a^b)* 

20. X"^k{b^c- 2a), y^k{cAra- 2^), fi- ** ^ - 2r), [^ =» ^ (« + ^ + 1 )] 

21. jr — a{^ - 7 = = ( i — ab^)dlky where 

/’ = I - (<26* + ^^:* + tvi*) + abc + 

22. x~y^s^o. 23 x—ajbc^y^blca^s^clab, 

24. x^al{b-¥c)^y=^bl{a--c\ c^cjia’k'b), 25. .;ir«=<3t, £- = ^:. 

26. .r=i, 7«*2, r'«3. 27. r*=d:. 28. .r «2, 7 — 3 , jb'»» 4.' 

29, r— i/t*. 30. x^a^y^b^ z>i»c. 

• 

Examples 112. 322. 

1. Jir-I. 2. x-92. ^ T-ioi 4. 4; = i, 6. -iV 

6. y=abc. 7. J^=3, y=4> " = 5- 8. j:=.3,^-2, i. 

9. 4-*=-AV>J'-3Si,-=iVV- 10. 

Examples 113. Pa^e 325. 

1. No,- 2, No. 3. No, 4. Yes. 6. No. 

Yes. 7. Yes. 8. No. 9. 5. 10, -2. 

Examples 114. Pa^^es 327—328. 

1. ;f=j,y=j. 2. r=f,j/=2j. 3. 

4- 5.J -2,j^-3,r-4. 8. ^“«.y=i6,r-|tf. 

7. Eithei 4r«5,7«i, 5--i4, or4r= - i, z=^ -4, 

8. Either jr«2,j^*'5, 5'—6, or a'« - 2,^» - 5, jr« -6. 

9. Either4:«2, j^=3, £r-»4, or x« j2,;/**t -3, 

10 jr**(£f*4*^*)/2^,>'«(/i*-3®)/2A 
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Szamples 115. 

Pag£i 328—329. 


1 . 

x=prH^*~ 


%, xm 

•9, y**20. 

3. 

x~i,y=2, 

, ^“3- 4 jr=.-6, 

y--4, ir-5. 6 . x^ 

h 

6 . 

jr—aa,/— 

3^, s=<4f. 

7. .r— ±<z,y— ±^, S' 


8 . 

jr-I.J—a. 

, r= -3- 

0, 4, y*=2. 


10 . 

jr-9,jy = 4 

11 . Jr-3}, y= 

12 . .r-1,y=i, «-i. 




16. x=^a-Vb^y — h-¥€^Z'»-{c-\-a). 17. .v— 8.j~5. 

18. -2, -4 19. ;r — 3, y«2, :r=^i. 20. r«6. 

21. x ^\ a , y ^\ h ^ z ^\ c : 22. 1 5,^- 12, i. 


1 . 

5 . 

9. 

10 . 

13. 

14. 
16. 
18. 
21 , 

23. 

26. 

29. 

32. 

36. 

37. 

38. 

41. 

44. 

46 . 


Examples 118, Pages 337—544 

9, 12. 2. Tea, is, 6d. ; coffee, 41. 6r/. 3 . 14. 4 . Rs. 400. 

J. 6. 7 . A— 30, B— 20. 8. A cow, Rs. 20 ; a sheep Rs. 2 

No. of 8-anna pieces =14* that of 4-anna pieces **52. 

Rs. 7. 13 as., Ks. 4 11 as. ll. Horse, Rs. 240 ; cow, Rs. 120, 
Gold, 70 oz., silver 30 oz 13 . 15 lich, 85 poor. 

A, Rs. 45 ; B, Rs. 48. 16 . 40 at R«. 10, 50 at the other rale. 

Rs. 46. 8 as. 17 . Rs. 325, A ; Rs. 150, B ; Rs. 275, C. 

A, £96 ; B, /60 ; C, £70 19 . 10 as. 20. 20 j Rs. 7^* 

6 ; 8 as. 22 . Horse, Rs. 300 ; carriage, Rs, 200. 

'T=<;'T“" “.tT-T"""- “*■ '■ “■ “ ' 

£6 es. 27 . 7 ’»*. 6^. 28 . A, 15 qts. ; B, 2 qts. 

5^. 30 . 6. 31 . Father, 44 years ; wife, 36 ; child, 20. 

4. 33 . 3 34 . 10 yds., 7 yds, 86. 63 sq. ft. 

Length-* 18 ft, breadth = 12 ft., height- 15 ft. 

Officer, 4 cwt. ; assistant, 10 cwt.; servant, 6cwt. 

A, I2J. ; B, £1, Ss, 30 . 184 and 816, 40. A, 21 ; B, 42 days. 
(a 4 - d)€ii 


■ days. 


5 miles per hour ; 15 miles, 


42. j of a day. 


43. 1 hour. 
46. 4 S 0 miles. 


(ab^bc)cd , (bi~*ac)cd 

- miles and — miles. 
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i 7 . 2 | miles and i mile.pcr hour. 

48 * A, li miles per hour ;*B, 4 miles, 

4a 25 hours. 60 . 16 miles per hour ; 36 miles* 

51 . 3 miles and 4 miles per hr. 62 . 7J and 2 miles per hour. 

58 . 600 ft. 54 . 64jft; 5 miles per hour. 

66. 10 yds. aijd 2 yds. per sec. 68. 2 miles. 57 . 7J miles. 
68 . 2 miles per hour. 69 . 3 miles per hour. 60 . A, 20 ; B, 24 sec. 
61 . 15 yds. pir sec. 12 yds. per sec. ^ 

82 . 66|fyds. ; A’s rate « 8 yds., B’s»5 yds. per sec. 

Examples U 7 . 345. 

1 13. 2 . 72. 3 . 45 4 . 54.^ 6. 2i3.« 6. 424. 7 . 640. 8. 32. 

• Examples 118 . Pajre 348. 

!• > ! 2 . III. 3 . 3*1. 4 . fl* I r* ; a-2 r : a + 3^^, 

6 . 3:2:3^- » : 2 ; 3 ; 3 : 5 : 4. 7. 1:2. 

8. 8 : 27 ; 4 : 9. 9 . First. 

Examples 119 . Pages 351—352. 

II. 59:41. 12. 1:1. 

Examples * 120 . Pages 353—354. 

11 . 3. 12 . 12. 13 . 18 14 . 4,16. 16 . 6,36,216. 

16 + 

Examples 121 . Pages 358—361. 


68. 


•1. 59 . 



60 . . 

- I 


* 

**5(6a-r)-2(8d 

-ri) 



■• 61 . 

jr« 

6(2-2^ -2r, 

63 - 2 <f- 2 f, 

-'2«- 

2b, 


62 . 


b- Cyy-^c-ayZ 

'••a—b. 




63 . 

x^ 

' I /{ 2 (^ + <i)(a + ^) }, ;/ « I /{ 2 (« 4 * ^ 


t^tl\2{b-^c)(c+a) 

64 . 


a b^+c^’-a^ 

bc^+a^-'b^ 



jr- 


"2 0» + «»+«•’ 

2 


66. 

1 \ 

2. 

66. 20 and 30 miles from the stations. 

67 . 

3000 ; 5000. 68. 

5. e». 7, 8, 

9, 10. 

70 . 

40 ; JO. 

71 * 

8; 

14* 72 . 

1/(307) in- 

78 . 

I 7 i ft-, 

12J ft. 

74 . 

is> 

18, 27 ; Rs. 10, 

Rs. 6J, I^s. 3i. 

75 . 

A, jfsS 

; B, £ 20 , 
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Examples 123, , 371 — 373- 

L d^^ac. 2. 3. 4 / 1 ^ — r* — fl?*, 4. a®— 

0 . {bci - “ «i3) -• (<»i — ^1^)* 

7 . Ss(V 2 "’ + 8 * 


9 . 

S* + 2 ^’*— 3 «^*. 

10, 

(a + *)" + (a-i)»-«». IL ^<r-«+ 2 . 

12. 

(flf® +^* + ^* = 4 + 

13 . 

a*+^* + c*“ 3 « 3 f 

. 14. 

ImArmti'^-nl^ I «o. 

18 . 

/» + 3 ^=«» + 3 /»}*. 

16 . 

19 . 

<I ^^^«^/®(^1 + 3 + ^ + 2 ^/). 17 . 



(a+i+f- 4 )*=«^f. 18 . i»*=^' + 3 f* 

ao -2-+-i-+-l— I 



r+i 


Examples 127 . 384. 

0 . Second. 7 . Second. 8 , First. 9 . First. 


Examples 128 . Pa/^e 386. 

L ;r® + Lr* + 9. 2 . ,r*'-2;r^-4.r^+ iar*-jr®-“8.jr + 4 

3 . X* - 5jr®>/ + 14^*^* - I gxj^ + i Sy*. 4 . .r® -;r®y - 2^^ - 4y*. 

6. 256^1^ + 64^1® +640®+ I. 0. 

7 . «* - 2^ + 4fl*-8fl+ 17. 8. 2fl!* + 3o*+ io« + 4 

9 . X* - 2jrj + 4 ^ ; 1 6x* - Sx^y + 4X*y^ 2-rj/® +y*. 

10 . a* - sa^ + 4^* ; <»® + 


Examples 129 . Pages 387—388. 

1 . 2 (x* + y* +• 2 '*)+ 5 (xy+ya: + rx). 2 . («-^)(^-c)(^-a)(tf+^ + i). 

3 . 3 < 2 ^(/ 7 +^). 4 + 

6. i{b - r)(r- ii)(a - b){a^ -k- b'^ -hr ^ be - ca - ab). 

6. 7 . {a-¥b){b^c){C’¥a). 

8. 3 (rt+ 3 ){^ + ^)(r+a). 9 . 2447s’. 

10 .^ 447s'. 11 . 2xyz{x 4 - y - 4 - sr). 


Misoellaueous Examples III. Pages 388—404. 


1 . 


4 . 


I + + 4^*t* + ^c*a^ 


2 . 2 x^- 8 *'^- I. 


8 . <i« 6 , ^- 7 , 


(i) ix--H){a{b-^c)x’^c(a''b)\ ; (2) {a^b){b+c){c^aXa'¥^-c) ; 
(3) (2<*+i)(a*-2fl+4). ft 



ANSWERS. 


s* 

(j) 3iJ (2)^ 5! .(3) 

10. 4«(«+3). 11. («+^)(A+t)(<r+«). li. 8; 

14. (i) + />)■;• (2) + + ; 

( 3 ) (2X+i)(;ir3-2;r+i4). 16 . tt3c. 

1®- (i) 3«; (2)^-4.y=i 20. 3/of. 

21 . a:* + 3)'’. 22. + 

• \a + ff/ 

24. (i)-(a*-''+i)(a**» + i); * 

(ii) («-* - d-i)(a-» + + i-*)(a-o + + 3-®) ; 

(iii) (4x^+i)(2jr^-i). 26.0. 20. 2a^#--2**/jc^+4J^/A 

29. (0 i/tf ; (2) + + 30. 3I stone. 

32. .r^tx^+Jt+i. 33. (i) + ; (ii) (2jr^-3X3^^ -2)* 

39 . (i) OT*-4f;2 + 3; (2) J (3) j:=y=a^-o. 

40. 4 hrs. 41, (i 4-rt + fl2)/* + 2(i +a^^V*^« + t{3 + (« + ^) 

- + Sa ^ } + 2(1+ + ( i + ^ + 

43. (i) (a*-2^z^+4^*)®--(2a^)* ; (li) (3.r* + 4y2r)®-4;r®(3y + 2')*. 

44. (i) (<?*- l) ; (ii) (ar-jr- i)(<M:~.ar+ i)(a2:+.r- j) 

^ (ar+jr+i), 

45. ^2 - 

49. (1) ia ; (2) .r«2, f, 60. Gold, ;!{^6 ; ^silver, ioj. 

61. 2rt® + 3rt*— 5. 52. (i) + + 

-<2^); (ii) (2:-<2){(<z-^)2r-^2<» + ^)). 

66. 1. 60. <i*r''-*-4ad^-^. 

69 (i) a \/(^^^) * (2) 

60. At first, no. of males ‘ no. of females =*5 I 4. 

61. {ajb-^hldf. 62. {ax^i-by^ay — bx). 63. a-^b-^c, 

64. (i) (2;ir8^ 3a*)(2;r*+ 3«*)(4^* + 9<»*) ; (**) (a*'*'*' + ^*’^)(a*-»+^*''»). 
(ill) (a;r + /i>'+<r)(tf'jr+^> + 0- 68. 3. 

69. (i) I ; (3)^-5iy“2 ; (3)'«^-«i.y«^» 

70. 9j lbs., iij lbs. 71. 3(^*4‘^^+^*)(c:*4*f^i + tf’*)(d* + «^+^). 

72. 3;2X^3y, 78. 4*1 i. 74. («•-«*+ i)(a® + a*+i). 
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78. + + + 79. (l) I ; (2) “4, 80. 220. 

81. i+^r'+jr^ + .-.+^r**. 82. (i) - ; 

(ii) (x-iXj^-2X*'-3)(-»^-4) : (u\)(2x + 3y-se)(x+y-i-i). 

81. I dr V( I 86. .r* V*6 + 2:r-jr.V4+V4 + V2-f L 

87. 3a^ - + iah. 88. i ; ( Jb. \Jc)\ (X/c. 

89. (i) i(a+d)*-<r ; (0^-4, ^'”2 ; (3)2^'=2. y-3. i?=4' 

90 . 6 mi les. 91. + 4<5*r - 6^V^4- - c^, 

^^3, (i) {x^ - 2 x-^)(x^ + 2r 4- 2:r'* + 2 )iz^ + 2r“® - 2) ; 

(ii) (.r»-2)(i+2r'’*Kjr»‘ + 3;r-“) ; 

(iii) + Ofa i-b^i)(i+a-b)(i + 94. (jr*- i)(;r^+ 1 ). 

97. 4 : 2 : 3 . 90. (0 4 ; 4 ( 2 ) jr= 10 , j/ = 6 . 100. / 2000 . 101. o 

102. (i) (« + ^)* + (i -tf/J)*, or + ^ 

(ii) {ifc^hd)^ + {bc-abi}\ or (ac - dd)^ (be ad)K 

103. (i) (^ + 2^-2)(<2-23-2) ; (ii) (tf + 2^ + 2)(fl--23 + 2) ; 

(iii) (5r"*4 7^i")(xir*- s^**). 

104. -;ty+i. 106. -i-* 

xy ' abc 

109 (i)l • = b(c+a + 3b) f(« + 6 + 3r) 

110. Number of males number of females=^— 

b i, b ““ c 

112. (i) (^-,i)(-a^-3)(^ + 5) ; (ii) 0(^-3); 

(iii) (2jr+ 5y-^)(2;r- 5y + ^). 113, yc{\ox -k-jy) •; -9.ry, 

114. + + 115. x^ -^ yc^y^ 

116. J(a^ + os*’^3’^). 119, {i) hb fj( 4 a-b*) ; ( 2 ) x — j^y^a, 

120. 38 sovereigns, 19 half-sovereigns, 14 half-crowns, 5 shillings. 

121. 8. 123 . 135 . .-r. 

128. V*-2jr4- 1 -2Jr\ 129. (i) 8; (2) .r — 4, 5, r — 6. 

130 . 15 men, 18 women, 27 children 

131. Quotient = 2 tf- 4 ^ 4 - r ; prodiict = 2<i*4-a^r-8/i*4-2^r. 

132. + + 4-^sa. 

134. (i) tf^(2 4-*£jr)(2 4*^) ; (ii) (5«^ + 2)(3a^4- 4) ; 

(iii) (a ~-b){a-¥b i)(a-¥ b ~~ b^). 135. (a+b-^c)*. 
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139. 


140. 

144. 

149. 

150. 
153. 

159. 

160. 

163 . 

164. 
169. 

172. 

176. 

179. 

184. 

193. 

199 . 


/ V ^ //ra . av /X • Zahc 

(0 ^'n/( ^ (*) ah^bc-^&a' 

( 3 )^=‘° 4 .y- 309 .-- 4 . 9 . 

293J ft 148 . (i) -^Xi + 4 r)(i +y) ; 

(ii) (x-i)(x-2)‘‘{x-3) i (iii) (3^+ Sy- 9 )( 4 -*’+ 7 >'- 6 ). 

' I. 146 . dc+ca+ai. 140 . rf®(tf*+i* + <^+ 2 /f*)— 

(i) a+fi+Ci(^x=i(2a+6 + e), y=i(a + 26+e), r— l(a+J+2f). ^ 
1 2| miles. 161 . \ad. 162 . (rt^+6a*+ioa*+4ii),y(«*-t4)» 
(i) (i +o)(i+^)(i-a)(i -J)(i+a*)(i +6^);(u)3(a+6X6-c)(c+a); 
(iii) {x- i)(xH-2)(j:5+j: + l)(4r*-a;;tr + 4). 

{i)x-=46+2a,y = ^b ; (2) J«r = 69, ^-^40, ir= - 2. 

16 ; 2 : 5. 101 3(2: +>)*+«*. 

(i) (a-d)(b-i)(a-c) , (ii) (2- - i )*(*■* + jr - 3)* , 

(iii) {ax - by 4- i){bx - ay + 2). 


2 X/(^ly)~^ + ^ V(yW 

(i) 3a ; (2) x^y-s^-t 


I *4- - + i *+|f 

iT ■" /T* 


< 2 ^ 


166. 

170. 4- 17L 5. 

3 ;r -8 




ab 


173. 


x*- 7 * 


175 (2-^. 


(i) (2/z4-2^ + o*“f^-20* ; (ii) + 

(l) I ; (2)^«2,/«3, Jff= -I. 180. I houi. 182. + 

I. 189. (i) 3*5 ; (2) 3, 2. 190. 99 yds., 77 yds. 


^ + ^ + c. 194. i. 


- «+^+-. 

. . c) ^ d{a* - a) 

■ 


197. c^’\’b^Ar^^^{qb'\rbc^r ca)\abc. 
(2) .r=i4, y=i3 ; 


200. 9jj% miles per hour. 




UNIVERSITY PAPERS. 


SELECTED QUESTIONS FROM INDIAN UNIVERSITIES- 

Find Ihti value of— 

1 - ^ ^ ( 7 * - 4y)} ]. 

when v = - 4 and y = 2, [Ans. 94 . 

2. Add together -(.> -y^s)[A fy-s), y® --{y -x + ':){y +x -z), 

and - (s - a +^')(- a -.r). [Ans. -t y^ H -yz --zx- xy)^ 
Multiply :— " 

3 . xK by v'*. [A MS, x^^y + x^y^ - 

4 x + yiz- \y) - ^(yz) - ,J{zx) by + ^y 4 Jz 

[Ams. 4 s/y^ + ^/u” - 3 

5 . ! x^y^+y^ by [Ans. x-^y, 

6 . H A-*'*’* by a* d .t*». a 

7 . Square 4r'. [Ans. a* 4<^^ 4r^ - I 2 a^f''^ - 2 b^ A 

• 8 - Add together the squares^f 

2[ ^/{a^(I+a)(l 4<5)} 4 <v'<a^(i -«)(! -<^)}] aud 

\a f -bn}-{a-- ^(x 

and simplify the result. [Ams. 4 {a 

Simplify the following expressions: — 

9 (A-jy)' 4 (.X 4 y)M 3(‘^-.?')M-*^+.y) + 3 (‘^+r)®(^ [^ns. 8x\ 

rjt-«lpl ^ <wiP+r«)<mH-rp) 

“• t vA#}- >'<"'• * " ■ 

11 (i6a^’-20a’ I-5A)- -I (I -a-){i6(i - a'-*)® - 20(1 -a:-) 45 }®. [Ans, I. 


Divide ; — 

12. A« |-2r»>'’4y‘' by (a 4j^)*. [Ans. {x^ -^xy-iy^Y^' 

13» a"® 4 x^y^ ^y by a ^ - a [Ans. a ^ 4 a ^^^ 4 y^, 

14. - A® by tf- \. 

[Ans, a -a^A+a^A’-* -a*A“ 4a®A* -a*A® +aA® -a". 

15 . A® -i fl*A* 4a® by a® -aA'4a*. [Ans, (a* -a’-^A® +a*)(A"-* 4aA fa®). 

16. (a fjy4*)(Aj/4Afl+^'E)-Ay5 by f 4^« [Ans, [y +z)[z4rx). 



ALGL]eR/\. 


V 17. 

18. 


t® ■} +x^}f^ -4-^® by a* - ^ *-;«7‘‘ 4-/*. 

C^wj. X* -i ^x/'^ *ry^. 

^ 0 a ^ h* 


vl9. by ^(."■Ny^''"*. [Ans. 

20* -rbj')^ +{a\ -< (ay + ^t)’ 

by(a4<5)2t®-3fl3(jr«-y-*). [Ans. 2{a , ^)x. 

21. y 6a*^\* 4-6a®'i ^ 4 a 4 5a^j:^-f ya^A^ bv a^. 

[^«j. i ^ r 5a^A ^ + 6a“. a ^ 4 a \ 

22 . (x®-^'s) 4 8^ 3 * by A® }-^£.. [Ans. “4 a®jv 5 4 7^2,. 

23. (4^ ’ -Sa^A)-* f(4>'®7 3«®^)- - a' by r“ -a\ 

[Ans. i6(i* - i®»'- 4 j'*)- Sa-'(^* f; -)i'a^. 

24. I 4 aT a* 4 a +a‘ 4-a® I a^ fa® f a'’ ^ a^ * by i - a'* t avt. 

[w4f«. Ila4a-i-a* a* r aM a*" -fa" 4'a® -ra * 

25. a 48^* r27tf * - i8a^f by a^ 4-4^® 4-94- “6//t - 3ta~2a^. 

a I 2/)4-3i. 

26 . I by (a f ^)- giving three terms of the quotient. 

[An^. a-® - 2a' ^ + 3a-*^". 

27. a''* 4-y ’ by a number which is greater than x by y. 

[Ans. -A®V 4*A^>'^ - AJ' 1*. 

28. The difference of (%^ -45% +/;^)(i 4-4-^) and (t® ~at4- a-)(A -a b)* 

hy a-d, [An^ 31 ^ - 2(a i b)x i a- 

29. The product of y‘ - I2y4*l6 and r" - I2v- 16 byy* - 16 

[Ans 0'‘-4) 

30. The product of 4 t)- -a® and a® -I - t 23^ b> -(t -a)®. 

[Ans, c' T a^ l-2ta-3‘. 

* 31. Th< continued j>roduct of i 4- v 4 1 r \ - v, i - a 4- y and ‘i 4 y - 1 

by I -4 2Ay-A® ->'®. [Ans. (A4y)--i. 

Resolve into 4actors — 

32. A"^-a'-\ 

[Ans. {x-a){x“ +ax I a®)(\ + a)(A^ -a* i a*)(A® 4 a®)(A* -a® a* t a^). 

33. Aius^xyy - (m® - V® ->® 4-8®)®. 

[Ans, (« f-A4 ^ 4 g){u f A - y - c:)(« r«-A - y)(A z-u). 
^34. (I 4-a)® (I -a®)(i 4 f)®, [Ans. 2(a - f)(t 4-a)(i t c). 

35 . 8a® +729^®. [Afis. [2X 4"9;^®)(4A® “ t$xy^ 4 - 8 lj'<*). 

<^38. *“ 4 7X. - S^. - 35. [Atti. (r« +7)(a ' - 5). 

''37. (a*+4a:)’‘-a(a. 4 4J;)-IS, • [Ans, (.% - lM*4- 1)(*4 3)(% 4 5). 




38 . 

* • [/4fts. {a + 2d^c^$ii){a^2d + c-‘^d). 

39. [Jns. {x -y){x+)f){x^ y^)(x^ +jf*)(x^ +y^) 

40 . A* “(;^* +2)je®>'‘’ +J'*‘ i^ns. {x^ +pxy -y^)[x^ -^xy-y^), 

41 . (2a + 2d-ad)® -(d® -4a)(a“ “4^). [Ans. 4{a^ by{a+b4rl)- 

Resolve into three factors — 

‘\ 42 |(. ' -2A» -23A +60 [Ans. (a - 3)(a: - 4)(a + 5). 

43. a{b-Ly \-b{c-’^)^ \ c{a-’b)^ -{^abi. [Ans. (^ + f)(f + fl)(fl + ^). 

, 44. (a i.i)(A I 3X^ I 5)(^ ‘r 7 )+* 5 * [Ans. (a +2)(a + 6)(a® +8a- f io).<fl5. 

Resolve into lour factors — 


\ 45. a(b^ bc{i^ -b). [Ans. (b ^ c){i ^ a)[a - b){a ■{ b 4 c). 

46 . {(c- - ^)Hc-d)^^{a-‘by{c + d)K 

[Ans. {a b + c^d){a + b-i-d){a-b-c+d){a-b+c--d),^ 

-I 47. - A'-l ~ . [. 4 m. (a 

48 ^ind the cj.c.m of 20rt^ •^•^a^b f b^ and 64a* -"^ab +5^“^. 

[Ans. 4a^ - sab-hbK 

And prove the rule for findin" the G.t.M, of two numbers a and b, 

49. Find the L4C M. of 


v''* - 5 A ' f \ t 4% -4 and x^-l a ‘ - Gx** - 4A 4 8. 

[Ans. (a* -4)(a* 4 A -2){ V --a 4 -i). 

50 . 2(A - 2)“*, 2A® -8, 1 f 2t and 2 a® +4A. 

[Ans. 2a(a-2)(a‘' “ 4)( V® i 2). 

51 . 1 “4v I 4A^ - i6a* and 1 ^ 2 a -Sa-* - i6a*, 

[Ans. I +4A - i6r' -32V* +64A® 

52 . f'lnd the expression of loAsest dimensions >vhich is exactly divisible 

by a^b - bib - 1-)‘, ac‘ ~-a{a-b)^ and (a f 

[Ans. <» 3 f(<i 4 ^ 4 -c)(^ + 4 4 a-b){a + 6-c). 

Reduce each to its lowest terms — 


g 2 A*- a‘- 9 aM 13 V-S 

7a‘ - I9A® 417A -5 

_ lOA- -f lOA® -9 

25 \*-I 9 a 46 ' y 
Simplify :— 


2 a® 4 - 3 A -5 


[Ans. - 


i-e 1 * -^*5 I 

55 * ^ -“l - 9A 4 |8’ ^ {x - l)(,A - 


l)(A-2)fA-Jp 


' (x->')(a-z)‘^ 0 '“ 



ALGEBRA. I 


57 . - ,+ 

~yz ^ y^-^^sx ^ ft^+xy 


x{x^y){x^s) y{y^'-z)(y^ k) z(z*-x)(z^yf 


[^PtS, 


V {y-hs){y^x) ( 3 - 4 )( 3 H^)* 


xyz 
[jiiis* o* 


x + jy 


X +2y 


A -I y 


/ 4{^+y)[x-h2y)^{x-iy)ix t3yr4i^+2y){x^Sy)" *»+y 

\o-A'^a'-iV ■ 1 “+* «’+*••)■ 


x+a A-a 

A-« A+a 


A-a jr + a A ta^ X -a 
A -a A +a 


61 * r^- 


ab{a-b)^ 


A* -a^ 


62. - — 


I 

T ” ^ 


« (‘-,ri){‘*d:i)-fx K” ' ■')• '''” 

It-- 


. [Ans, 


m-x ) 

2 i X ' 


64 . 


65 . 


66 . 


.^ 67 . 


68. 


69 


I-J-A 4 jr 8 a _ ^ * 

I ~ A I -t-A-* I - A-* 1 -<-A 

I f A* ^ 4A^ I - % 

I-A^*^T+A^ I+A^' 

«iii+ 2 ii * 3 m-an 




flj 


I _ 

a 


/a Z>\ /a b \ I I 1 

U“a/U‘‘'o"‘/ 


(2 4 A*)(I A V*) 

A 

[A^s, v-w, 

[Afff a-b. 


V +2 


A -2 


ah 

2 A*' -4 


I+A+A* I-AfA-* 

^ ^/T^« (I -A*)' 


[if fIJ. 


( 4 v'*- 3 ^)* 


x-y^x-z 




I «-3(-i^) I 


4 A* -r S 

am \'*-r i’ 




A -3 A-y (A~^)(A- 3 r 


/ 70 . 


a^A a{a-’b){x-a) b[b - a)[x - b)' 


[A ns. 


[Arts, I. 

[A ns, 2, 

I^ 

a(a - a)(A - by 



).- yk)) 


;rsitv papers. 




% "> V* t^wx# !• 

1 aia-rx) 

(^ 4 -fKA* +«*) . (x 4 fl)(r® +d') , <a-f +^®) r >f— ^ 

(|*^j)(^^j)-{^?)(^?)(^j). C.- .. 

i£i£i3l (T- 

( (\_-a)(y~i)^(:t^Jx I " (t + l)(M-t)(x^+J'^) 

IM:>) I i)(jc-^) A ' 

* ^ ij(a' +aaJ 4 i-) [^rts {a+i). 

"f-* , r^,. ' + 

(fl-<^)(i H <z\) (/ 5 ~a)(i + ^c»)* ' (I +aA-)(H 3 ;r)* 

2Jii+ 1-2”+M2 r 2" - I 

t‘4 3J» ( S» +15 ^ 1* bar' 432^2^-^^ 2. 

x‘i-2v f5xfio j * +c:>x'* -I 3\ - -4* 


[^flJ. o. 


‘- (i+a;r)(n 


[^nx. 2 . 


(a fi)x 


(flt I a I 2/J I A (a , 

(A-a)(x^fl + ^) 2 (\ a) -T b\ - a- 

i'2a* b^ -h ^<z*b* + 2a^b^ 

{a tabj-b )^(a^ -ab + b^)* 
a* n b* -f- ab hb^) a* + b* -ab(a^-Tb“) iza^b 

(fl h\ i I /T h \ —( 


\Ans* o. 


{^Anu I. 


/ap^~ag^ \-2bpj\^ fb g^ - -}"2g;> y V 

\ /- i / \ / 

x-j/ f-2» ^-3y^ { 4^^g4-.ys «-5* 

2ji’‘-9;t -Sa>'+4-*‘-8>'s-I2^- 

i‘®+a^-2A® a^+b^-2<-‘ 

{a--b){a-c)‘^ (T^W^y 

a^-(i^-f)- t ^{a-^by 

(a'^b){a^c) {b-i){b-^a) (r-a)(tf“^r 

(^4s)’‘-t^ (% 4 y)-‘-s* ()' 7 l)*-x>‘ 


(rt ^) -{ a - by ' 

[Atts, ab 

. [i 4 «j c® 4 


r^wx. . 

[Ans -- 3 . 

[^»x. 4. 


lAfts r. 



AIAKBRJ^ 


Keduce 


M. 


A9*¥! ^ - *> »*"- ^ \ ^ 

1 * 1 * A * * 

i|^^'4^■^ " ' ■ ■l, ^ ,.^^l M ipp-w>i.(,. to ilic ; wKi *ba>f 

I ^ — »« — I _ — 1 4“% . 1 (. * 

a-fjc ^ 

a . 


th^l the notation . is of atnhi^tibus Ineanin^^ , 


Solve the folfowing equations ;•- 

>90. + 


IWns^ 4ya+ta* 


91. 


1^^ +fl 








p. 92. A -^+ +A^ =;/^ V 


93. 

94 


[Jns 


^-a jp-aT^ A - d-c 

_ 1 __ ^ ^ L 

(a -d)[x - a) * (iT - ~ (5"- ^){ -t"- (r - -^) 


[Ans4 


(tb — tfdf 


a4 (5-^-^ 


95* 120X - 4[$x - 2\6\ -i 7(a - 8))] = i6~4[3t -2 {a -6(a ~ i)}J 


96. .Ilzl +5. 

3(^ + 1) 5(3 ^+i ^ 


97. 


fl + * 


2tf* 


a*+tf^+A» a'-tfA + A* A’(a*+tf*.T® T 

^ Qfi 2A4-S _4y-1-S , ^*'^3 
^ AT + I “4^-i4 

00 * 4. i ^ 

* a^-aA;^(J<r“^A ac-ar 

100. -d)«(^a-. ^(jr- I), 

»\ v(s)"r/(::-:)4 

/us. '— fcj,!!'''’-.. , 


[Ans* 2,* 

[Am. 3f 

*[Am. a, 

[Am. 5 . 


[Ans. -(«-/J+cV 
a 


[Am* a 
[Am. 




[Am, 



MTSAXCB. 

S- Find the iquere rooWift— 

4* I Solve Ihe cqueHons-*- 

(i) e9af-®»i8aj, 4**-^»'II»|5 


W«. 




(H) a^+»»ii, 3«+jf=ia, 33ir+/»sl3. W«#. 4l» 3it 

5. Three numberfi are in the ratios of a : 3 : 5 , and the aum of their 
cubes is 45aa Findehem. [Ahs, 

If font •positive numbers ere in continued proportion, show that the 
diSerence Mween the extremes is at least three times as great ; as the 
difference between the means. * 


ALLAHABAD ENTRANCE. 

« 


189L 


1. De 6 ne the following **term,** ^^dimension of a term,’* ‘‘homo* 
geneotts terma” 


2t Express in tbehr simplest forms— 



[Jhs. 


I 


(ii) o* 

3 . State and prove the two Itfmmas on which the proof of the rule for 
finding the G. C- Mt depends. 

Find the G, C. M. of 

jr® - 2 ax* - sa^x - lao* and jr® - yax^ + 130® - 40®. [Ans, jr -40. 


4. Solve— 


(i) 

(ii) 


sv,-*-* 3 / >«>(*-») 

(iii-Hx+(t-t}yss2a, (a-i)x+{a+i}yBSi. 


lAm. 3- 


IAh.. *=i(f+3.:»'=i(rf)+*- 

5 . A farmer bought equal numbers of two kinds of sheep, one at 
3 each, the other at £4 each. Had he expended his monejr finally in 
the two kinds, he would have had two more sheep than he did. How 
many '’did he ? * [See Ex. 3 ^ page 263 . 


6 , Find the square root of ^ 

4 r® - ia;r* 4- 6 ox* - ifior* - ipajf +64. 

' IAm$^ 


i 



3B 


alqebra* 


1, #hid the value of ^hen jra ^r. [Jjns 2. 

2* (fl) Find the H. C F. of jc® -jc* -R js-f-12 and 3x* -2v-S. 

(3) Extract the square root of 






3* SimpUfy : — 

+ i 3 ( 3 +i) + i r(f + i) + x 

(T^j{d~ 0 ■^fc - 

4* Solve the following equations : — 

/,) {x-\-a){x + b) {x^c'Sjx-^d) 

x-^c+ii 


[Ans, I. 


ab{c-\ d)^£i{a+b) 


m n n m . 

(ii) — + =a, -+-=^. 

> X y 

S If a : ^ ^ prove that 


am-bfC bm^an 

la + '^b 1 C ¥%d 
40 + 5 ^ “ 4 ^ + 5 / 


!• Simplify : — 

A»-y \ /jt + y , 4x^U» fv®) 

2 . ?:if . 2 c-g a 0 -^ 

' ' (<^-a)(a-^) ^-a (fl-^)(^-0 a-d (^-f)(f-a)* 

2. Find ihc- II. C. D of 

2jf* - 2x® f A® f 3jr-6 and 4j;* +3jr-9. [^ns, 2^**3. 

^ 3« Solve : — 


{a) 5 ^ 


= *2, (a) 2 ; {b) b, 

5 o — a o — c 


, , x^a y^b x-ha y^a a 

c a c b c a-b c 


[Ans. (c) x=c, f^b. 


4. If I subtract from the double of my present age the in hie of my 
age 6 years ago, the result is my present age. What is my present age ? 

[A ns, 9 years. 

6. What is Involution ? Find the square root of 

I - 4A + lox® -20r® +25V* -24Jf® 4 16:*:®* [Ans* I -'2jr + 3j:® 
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HABAD ENTRANCE. 
1894 . 


§ m 

1 * (a) Divide -Ss® by 

, 1 / 4 hs. {x+y)^-{- 2 si{x+y)+ 4 %^. 

(^) Shew that- {x+2){x'¥ii{x +4K-* + 5 ) + ^ w ft perfect square. 

2 . Resolve into elementary factors 
- 7 ^ - 2J!, jc^’f 2Jc* + 9, a® and (a+^-3r)* + 3r. 

lAns, (l3Jf-li)(3^+2) ; (jr« + 2jf - 2 -^+ 3 ) » 

* see page 93; (a+^-3rK^ + ^-3^- 1). 

3 > Simplify 


ax b a \ f ax 

. ^ ^ \ 


C» -j/» v-x~ x+y) • \a» -b* 

tf + ^/* 

^Ans. 

Solve : — 

• 


(il -i-. _L_ * .* 


\ An, 

x+a'^x + b-x-¥^a-\rb^'x 


L^”"- ~- 

a-^b , a-^ a 

b 


(,0 

= -- 3^. 

[Am. X 3 si,y=i. 


6. A says to B \ Two fifths of my salary is of yours, and the 
difference between our salaries is Rs. 6oo. What is A’s, salary ? [Rs. 400. 

6. If a: : prove that a : a^cssa-k-b i a+b-hc + d. 


1895. 


1 . Resolve into factors ; — 

(i) j?J+ 4 *® 4 - 4 ^. (ifl x'^+x^-x-i. (iii) a^b^ -a^ ^b^ + l, 
[Ans, A(x + 2 )(;r + 2) ; + i) ; (<ar + i)(a - i)(<& -j- 1 )(^ - i) 


2 . Simplify ^(^-5)(^-^)‘^(s-A‘)(5-^)* 


3. Solve (i) 


sfx-l ^X -2 


[Arts, o, 

lAns, 3. 


'(ii) (a+ 3 )jc+(a-^)y = 2af, {b+£)x + {b-^c)y:=: 2 b{. [Am. x-y=:c. 

4 . If a : b=:b : c, shew that a^-\ ab -hb"^ ; b^ +bc + c^ »« ; c* 

5. Two sums of money are tog»^iher equal to ^^*54. i 2 r., and there are 
as many pounds in the one as shillings in the other. What are the sums ? 

[Ahs. £$ 2'; szs. 


1886 . 

f 

1 . (n) Factorise (i) -tfi’. (ii) ;r* + 2;^® +9. (iii) +6jr- 27. 

(^?*-a)(j:+a)(jf® +<i*)(ji:® -ajr-j*n*)(.T* fl{®)(jir* - +tf‘*) ; 

(.ar+2jr + 3)(jf*-2;c + 3) ; (4^+9)(2jf - 3). 
(^) Find the H. C. F. of ;r® - 1 and jr'® -1. [Am, x-i. 





At;OEiNtA, 


8 . 

3 . 


Simplify ^e-tf)(<-'i)* 

Solve the following equations : — ^ 

‘U+hmc,. 

' X y ^ X y * 

If a ; and p : : f, prove that 



- a/+rr : bq-\-ds^ ij{etcpr) ; ^{hdqs), 

5. Two towns X and K, on a railway, are 64 miles apart. Coals 
at X cost iBs. per ton and at K i6r. per ton ; they cost two pence per 
ton per mile to carry on the line. Find the distance from X of the place 
at which it is immaterial to the consumer whether he buys coals from X 
or from K 26 miles. 


1897 , 


I4 Shew that is divi- 

sible by a* -l-f® and jc* +y* +«*. 

i Find the H. C. F. of 4X* - qjc* + 6 jr - 1 and 6x^ - yjr® + 1, 

(ir- i)(2A - l). 

3. Simplify the expressions : — 


(i) 

on 


d* ‘“3^* + 20 ^ - 3 a® + 2 a^"’ 3 a^ +io<i^+3^*' 
+;k») + tf*jc® +jrs ^ax 


o. 

[^wr. I. 


4. A merchant buys goods at 24 guineas the cwt*, and by retailing 

them at 55. 3^f. the lb. makes 10 per cent, more profit than if be had sold 
the whole for ^24a What weight did he buy ? [Ans, 1000 lbs. 

5. Ifa : 6 i i b : c I : € i d, prove that tf® o® ; r®. 


1 ^ 96 . 


L 

2 . 

3 . 

4 * 


Find the H. C. F. of ax® - ii^r* -9 and 4x* + 

iAn$- x^-^2x + s* 

Si„p«fy(«) lAn,, o. 

th\ ^ ^ I TaT Jf* 

(j:- «)*•-** *■ (x'nor* 

Solve la) wr+t=4. 3*+|=S- (*) ^^ 5 + 7 ?^“? 

[Jas. la) If, H t W -6|. 

If# : bm^ ; fbew that 



ALLaVaBAO EimtANCE. 


4‘ 


5. The number of in tbe age of a man, on hia biith*day in the 

year TS75, was exaq^ly half o&the number denoting the year in which he 
was born. In what year was he bom ? * lJns» iSoo. 

1800. 

1. Find the difference between (i +jr)® +(i and 

3 jc(jc -f I ) 4- 1 ) + 2 j(y + 1, and show by what expresnon this difference 

must be muUipUed that the product may be>'*-Sf^. 

[Ahs. ;ir® tJ'-X 

2. Find the H.CiD. of •^2x + 2 ami x® -x* -2x4-2, and 

€nd such a» value of x as will make both the expressions vanish, [x - x ; 1. ^ 

9. Redttce the following expressions into factors i 

(i) X*- lojt* 4-9 ; (ii) -r*(34-r-tf)*. 

lAns, (1) (x» 4-2 x- 3 )(x*- 2 x- 3) ; 

(ii) {(tf-4* 

Solve the equations 

[Jm. 

X ^ b - a 

3X4-2^^=:2X^. [Ans. ^*S2, 

Simplify ^ - () '^b{b • c'^b - a) c{( *- a)ttf - A)* 


0) TTi- 


x^n 

X 4-^ 


(iO 


5. 


I 

abc 


-.X y , X® 4-<i* 

If =^, prove that — ; — — -r-: 
a y X4 a y4*d 

• 1000. 


(x-fy)®4-(g4-^)® 
(X 4‘y) 4*10 -h^) 


1. Di vide ( i - a® )(i - )( I - i * ) - (a 4- bc){b + m)(r + 0b) 

by 1 -a® -f® -2abc, 

and extract the square root of i 4-lx4-l)(x4'2)(x4'3)(x4-4). 

[Ani» X 4- abc ; x* 4- 5x 4- S* 
A ... (x-a)® (x-r)» 

. 3. The expression ax - U equal to 10 when xa:2 andys3, and it is 
equal to 25 when x»3 and jy*2, a and b being constants ; find a and b. 


[Afts. I. 






[Am. 


[Am, a^xiy ^s4. 
^ (d{c^d)-'a6(a-^b) , 


4. •ii.ti 


x-a-y 

d^ei &c. ace m equal ratios ; prove that each of them 

( gtr»+?4 -fr) 

A r,...,..are any quantities whatever. 

5. A^% present age is to present age as 8 t 7 ; 27 years ago th«ir 
ages were as 5^. 4. Find their present ages. [if nr. A% 7^ » fi3 yts. 


is equal to 





43 ALGEBRA. ' 

^ , • 

1901. . 

1 . (<i) Find the H. C, F. of + 1 and +jif® +4^ - 7. 

[^ns, X -.1. 

(d) Extract the square root of 

2 . Simplify (i) (a + +(aH-< 5 -L)H 6a{tf ® Sa . 

.... 1 I , 2A - . 4A< 

I+.x+A'* l-r+a^ ^ 

3. Solve the equations : — 

... 3^+1 .. . S -^-4 -^-2 rj ^ 

(i) ^ 2 ( 6 -^?)=^-^--^-* 5 - 

jt-l ^ + i .x-i y + i 16 '* ® ’ 

4. A number has three digits which increase by i from ltd to nt^ht 
The quotient of the number divided by the sum of the digits is 26. Wb-it 

IS the number ? [Jns. 231 

6. If - < — -=^, =sr, 

wi t;' ^+s ’ s f.x ’ 

shew that (i -a)(l -^)(l -r)as{i +«)(! 4 (J)(i 4 -f) 


1. Simplify (i) 


Extract the square root of 16 - 2) - 8jr(i - 3Jf)4- 1. 

[Ans, 4x* -4x f i. 


fl® 4-^’ ^ 
a* ••a d 4*a3^* 

4-f'* -3aV 


Solve 5 x' 4-26 _ 2 Jf-f 7 3 x ‘4 iq 

X 4-4 Jtf 7 -^4-3 x 46 * 


[A^ts - 5. 


4 Fmd X and / from the two equations 

a{\ ■^y)-^d{x-y)^2a, y{a ■{ d) x{a - d) — zd, [Affs* x s=^= i 

5 I wished to give a certain number of old men i anna 8 pies e.ach, 

and I found that I had not money enough in my purse by il annas ; so I 
gave them i anna 5 pies each, and thtn 1 had money enough and 3 annas 
3 pies to spare. Find the number of old men. [Ans^ 57. 

6. a : c ‘ prove that 

a^d - 3af® : ^ s=a^ 4- Sf'** ; f 


Thb End. 





mA»m ot 

I t^iAt JRJJP mA J^3P two 

IhB^ m « iNaae. Let Jr be preiciit i«; (Ally 

Boir w'b to toow it« I 

M to ror to 

meet XOJ?f and 
draw PM iiarallei 
fto JCOT to meet 

ror, 0 

If we kooir the 
lengthi of the 
linto Pif and JRilfl 
we know the poei* 
tion the poiht 
P. For, we have 
cmty to meaftOre 
off ON and 0M 
equal to the giveh 
tengthe PM aed 
PJf^ aud then to 
draw NP and MP 
parallel rtofieet* 
ively to OT and 

oi: 

TheTetigthfl MP » j. > 

IMd iari*'orOjr»inlOavht«>tid»8(W Htw jw«l«to« «« a« nwb* 
nicNiiM «o ttw tin*# OI a«4 »/’ ««►: 

oihUnkMip point tht Ol m4 

t)w «x«i of eo* 9 rd(aft»M ; Ot cf «f «w 

nawlaottled , 

t« rmmlir mlltd itltsdbltM» mtA 
nvdtoiAt# of tile itoiiit P^ > 

tn^te «lta oiMMittr 
ondinittn b/ijf. tl, in tbn 4inj(tMn« df 

iKP-j {««% «f iwebK «MMi •♦'WW l?iili|l Of*#i fw4 *&*#. W* 

«h« p 4» b Inieflf «• a.1 

w^ssfssi“aa! jKsr&J'strsa. 

iMToondptuntbiMai*. , , >’ 






f 


ltowftiw« U b liaye ^m 4i0llwA. 

Tbe»m are fcumnsri Mid MMMril3r» 

obosen *t rigU Mgles to eMh other, »tid we dbell Imeefortli 
ftnppoee tbem eo elmea* 

g. CN>iiW6nttoii of eigns^ Oo OJP teke OiT equel to OJ/i 
m 4 Ott OP lAke OM* eqeal to OM Through Jit end dthw 
the litiee SB end QR pamUel to OX end OT reepeetively.ft 

Since ON* ••OX, and OJV'— Oif, the oo-ordinatee of R ere ei({Ml 
tn magnittide to thuee of p Will then the point R he dtootod 
ae (ai e) t The eame question will arise with respect to the pointe 

49iepeto|e|^Q»i{and5{i^ one 
anether hy witoM el the^^r inH^Mtoe f To do tbie, we consider 
all lines measured in the directions OJtand O^fto be pesitiTe, and 
therefore those in the directions OX and OT* to he negntive. 


Tbw «t P, 

**4?, 


and at S, 

♦-•i 1 

1 

■» 

*- 4,1 

f-*5 i 

f- »; i 

y— 6;J 

y--». J 


The four ri^ons XOP, YOX*^ XOT and POTare spoken of as 
the flralt aaeotMt^ third and fourth quadrants. 

Xt is easy to m that^ 

to the itoqnadtot^ in tihe Srd, in the 4th. 

#4l 4*, I #is *^11 1 a is 4 ,1 

f *s 4 51 y is 4 51 ^ Is - ; ) y is - J 

(^d,^f),]pr©ceed tons :•— 

fin Mf eenwiiewt «qde set olf along a length ON* equal 
to t, and HfeCn feotn il' set etT a length N*R in the direction of 0 P 
and equal tod; if is the required point It is usual to mark its 
potition by a small dot or ertos * 

The operation of marking in the diagram described abote any 
point whose co^dinates are given is called plotting the point 

It is useful to notice that the ppint (o, o) d$not(B$ tke griffin. 


8. Squared Paper. It is convenient for graphical repre* 
ientation to use paper ruled twice over by two sets ^ equidistant 
piwaltel straight lines, the one set being perpendicular to the other* 
Xvery tenth line is a little thicker, and every fiftieth or every 
bltodredth a tittle thicker still. T^ axes of reference are chosen 
patalM to toe ruled lines, so that lengths oontsining apy nutobsr 
U qnfmitotos and huddrtdtos can be reM% set off py merely 
todnwnglMdivistotis on the paper. Such paper ta patottiy km 
al shops where drawing materials are sold* 


jmvtiitoai, 


$ 

WlMnit l•not oidinKlj^ mimt «in4i^ If 

fftmUM. wi^ ft wmtt ft wt iqitutr* ftixi ft dividiftg 0«ift{l^ 

C BMd9‘ w«r of.MCimating lenstlM 
Tllhe ^ sbftftld b* ttftiufid to reftdily tuWivWo »ny tuiH of 
Into ImtAt without ftotUftt moatturcmeot. 

4ft oi>ott«^>wji»o4nWA(, fix your eye on the uiiddle paiot, oad 
iMliW^tty dime eaeh bft)( into five equft) perte. l\ Jt 
'S'lsi ftud ^iPie I’S in. 



WImU AP^ ia more thftn 1 2 in , but le<*s than 1 3 in., we niay 
moHtftiiy eubdiTide the tenth in which P falU into tan equftl paitiv 
iftto hmnAradtha o/on i«cA, and judge as nearly ft« we can how 
many faundredtiis are iM be added to t 3 In the diaKlftiu oiven 
below. .dPielSTiu neatly. * * 



jeZ4LKPX.12S 1. 

Plot the following pDlnts : — 

1. («,«). t. (-1,8). 8 {7, -h). 4. (-8, -4<«, 

i. (8^0). «. (0,6«). t (-r3,0). 8 (0,-67). 

^ #• Heflaitiona. A faaotion, of x is anv exprewtion inwolw* 
»ng the ramble quantity *, and i« denoted by the aymbol flxi 
Crtftd ft»;-fnnolaon «}. ' 

— «*•+»*-#, o, 

^t^ifunettona of 

If^we ^ 

Ui« jr le ft funetion of *, and rariee In rnltM fts je vftricB Betw 

**• liia«pe»de»t viriAblftt and # the dopottAmfi 




4 


AS.a«»RA. 


0 . Q^aph of a funotion.— Let ?!s‘ take Auy fanctioa of 49^ 
Boy^-Skc. F4ty-*4P*-aA* 


For different valoee of the 
TvJues of y, ie , of the function 
will in genera) be different. 
Potting ^-* 1 , we have 
Plot the point ( 1 , - 1 ) Give to x 
other valuee, and plot the points 
determined by the simultaneous 
Smlnes of x and y. The line, 
straight, or carved, which passes 
through the plotted points is 
called the graph of the fane- 
tims. 

Since X may be given any 
value, y is also capable of an 
infinite number of values 

In practice it is not, however, 
possible to plot all the infinity 
of points on the graph. It is 
usual to plot a suf&ciently large 
number of them, and then to 
draw a curve fiassiug through 
them either with a free-hand or 
by means of a flertble strip of 
metal or wood. This gives a 
pretty good idea of the graph, 
at least between the extreme 
vatuec of X ofaosen. Of course, 
the larger the number of plotted 
points, the more ^ accurate the 
graph. In drawing the enrve 
wA proceed thus 



whtti 4 r-a*^ 4 ,|r 4 ,»(- 4 )*-<- 8 (- 4 )«« 84 ; 
^ > and eo on. 


we thus get tW following table of values : 


X 

-4 

-•a 

"•s' 

-1 

0 

1 '' 

, . . 

8 

8 

4 






0 

Lm 

-1 


•1 

S 


Kiiw ptot the poiute ( ^*-4, 84), ( - 8, Ifi), apd draw a cum 
through them. 





Amxmx. 


fk 


* 1 . Imf^ortantoe of graphs* The of a f tmeiion sui^ges^ 

at a glance the leading featareti of ite variation* ** 

* • 

Tables of oalcnlated I’alnes, as exemplified in the last article* 
hardly give an idea of the variation as readily as the graph does. 
A$ it can be made more or less accurate according to the re* 
quiremente of practice, it has come extensirely into use* 

8. Graph o8 HZ. Puty^wa?- Let us k^nppose as a part^ 
cular case that m •• L We then have 



0 

1 

2 

2 

4 


a 

1 

2 

3 

4 


Joining succeaeively the points (0, 0), (1, 1), (2, S) dtc., we get a 

straight line OH. Also 
we can readily see that 
every point on this 
line satisfies the oondl* 
tion is., theordi- 
• nate of any point on it 
is equal to the abscissa; 
for instance* in the 
diagram PN-«ON. 

This is also geomet- 
rically evident. For let 
one of the plotted 
poltits {S,2) be denoted 
by Q| and let QM be 
.its ordinate. Then 
since Q3f«-OK(constr ) 

OQM is an isosceles 
rightangled triangle. 

It is now easy to see 
^hat A Also must 
be^so. 

Conversely, no point 
otiser than one lying on 
the line found satmes 

r -v. Oraw FN, the ordinate bf so iiiat 
Then should FN-^OH. 



^ ■/ 

/V-' X 


■ / ! 

f 

^ /V / ' /' 

: / ,X' 

i 

1 

j 

/ ■' 

\ 

\ 

J: 

1 









Iktram^etOFinP. 

W« already haire PH-ON. 

ButFK^ON; Hyp. 

PN «FN, which ia imposaibla. 
the straight line OH, and OH only^ i» the gvaph of 
Kext suppose m -3. We have now ^ 


X 0 

1 

2 

3 4 

y 0 

2| 

4 

«? 


Jtoining successively the points (0,0), (1,2X (^#^)* 1?®^ • 

straight !ine« OK. It will be seen that every point on OK Mtis- 
des the condition y«>3jr, (t.r., the ordinate double the abaet^sa), 
and no point other than one lying on OK satisfies the same 
coadMhn.* 

ithe straight line OK^ and OK only, ia the graph of 

8tei/lwrly,|r«»3», ^***4^, edit be found to give straight 
liMt pesaing through 0 * 

eiHMre generaiPly, 

i 0 ^ 0 ^ 0 mi( 0 fmmi§r$k 0 of fke simple eqwtiion y»mx) 

Ume pmei^ ike etrigin. 


Af Is of mlliaited Ismftil. It ia determined when 

tWWf aiiw t a en it aM kaewn, aiuce n» twv atraight linea can paaa through 
ttnahaihtwnfaMa. Heaoe to draw the graph, we have eimpljr to 
jai#ti»a«||fa with Mae ether point on it 


a ev«flt«f]r-Oudtlt»« of Xi-O. For any point of 

/. ^*<0 dbnotea ^ onaua. 
s«>0 denotht the f-axie. 
ai>^ in r e nd B ^ ewdt that 

f *»l jwo ettiillW' li»e piaotMl lo theoozie at adnt^aM 
So elw%h» Wno fmm to theyaxU atadletaMn 

wMMiijpiii 

'T 

■III i n .ay n i i |iliaH u i <H >iNhl g * ■ aa un" '—."a — *****' " 

^ ® fWiMbehctm^ seen by actual measaremeut, but read% 
iSoUows from the well-known property of similar triangles. 




Athmax. f 

Us:* 1 . DrftW^tkd grapb and find tba iralna nf 

^ whan x^Z 8 


I* a 

The graph must be a etralgbi 
line paeeing through the origin' 
We have to plot one other point. 

Fatting we havey— -'4*6, 
Join (I 9 - 4 5) with the origin. The 
straight line thus obtained i$ the 
• required graph. ^ 

Now set off ON along OZ equal 
to 3*8. Draw NF parallel to 07 
to meet the graph. On measuring 
NFf it is found equal to 17 h and 
Is negative. 

/• y - n’li "^hen 

N> 1 [^*^The graph here lies in the 
3nd ana 4 th quiwanta 




a 




* 


Xx. % Tf;)d by grapbfc method the val^of jif to $ plseee of 
deoimale v ben ^ 2 84, beivg given that 2*^4x -f I *2% 0* 


Xiret find the graph 
of 2l4s +12%^0 

Ztisaetra^ht line 
«!i|iaeeing through the 
Wgroi 0. [It is readily 
teen that y-«0, when 
g**0.) 


^ . ar -1*28 
We have - 

y 2 74 - 

Bence when 

^ 1*28, y- 2-74. 

Join the point 
(--1*28, a*74) with the 
origin. 


The ettakht line 
Xitio obtained is the 
graph aought 

In the jHtais set off 
^Jir'ta»g*g4iij the posi- 

tiwadireotlom 


fbaongh M dmw 
to the jr. 
aafiatothoet the graph 

. Kiaeolo the length 

vaino 0# jp. 
nearly. 
44a«« 



lent ahoald find out the reenlfc hy a^wd, oaloala 
how graphic method saves mndi tranHe* 





* * sk^MPiiBa % 
f'ind tbe graphs of the following 
L 5s*. 8. -Ste. S. 4. 

5. 4jp4-lly«»0. 6. S’6s?+8*7jf»0, 

7. Find graf bioally to 2 p)ade» of deciipals tbe Value of 
when Ji?f**7‘4d. 

8. Oiyen l*791s?>f S*4d5tr«0, dnd to d places of decim#la by 
graphic naethod tbe value of s*, when ^•■2*087. 


•10,' Graph of Draw the graph of y»«oisr. 

It is a straight line passing through tbe origin. Mdve thia 
Hne parallel to itself through a distance 5, measured parallel to tbe 
INtxifi. Thie increases the ordinate of every point on the line 
by h. For instance, in the diagram, 

But PJf «m ON. 

ist new ondfnate««m times abscissa+5, or 

^holi4ally« y^mx 4- h, 

SM (or, swwpZy, of 

Miy mx^b) » a l^paraiM to 

ijio0(m^Mfi9oy^mxanid0t0dfH^$mo b from 

pondM to tkoy-0xk 

naMce that 

when Hence the Hne interseota the 

g*aais at a point whose distance from the 
endgin is b* We have to plot one more point 

^ha diagsam gives the graph when 
and IThe gi^ph <d 5 has been added l^r 

companion. 




tt Mmtmjk. 

lU Qmidr of ep»0 gimiilh In •rtd<»»Uy m 

Ititty tm «#|iiwy ptt 

wiifcii form ootomtniidrr tho list »rtiolB« 

^ 'To 4iww tbo grapjii oboerto thot r 

wh^o Jr— Andx*«o^ whooiyp* 

Plot the point ^ on th# and the ipoint ^ on 

ibe y*ftxi8^ and join them. 

If. points msy not &l«rays be oonvenlent. More con- 

▼enient ones beve sometimes to be plotted, M wiU be lilastrated by 


Ooti PAs grnpk o/ony nimgik sqmtion in x und y w a itraighi 
duMl 

e 


Ibtu 1 iDmir tbe graph of 44P-f Sy-^Hi. 


bare and 

/, 4 f «0 j 


we ham 4xOd-9y-«84» and 

pimS, 




t 

% ItnMrtbfljnspltol ilMfiuietIoa|(7«-fft),«ndiiidhB 
0 m 89* w iurt flf « iMke* AM Emotion eqiMtl 



jamrotx. 


Wrom (l\ fvifi- 
ting «»1, we lULTe 
aad 

putting w€\ 

bavc y»»’5. 

Plot the pointi 
(1,4) 5) ; 

the joining line is 
the required grl^h 
((Draw it), 


To find the value 
of the f nnetion when 
x<m 85, set off on the 
4^ax!s a length « 85 
in thepq^itive direc* 
tioo ; at its extremi- 
ty ^raw a parallel to 
the y-axis to meet 
the graph. The 
length of this ordi- 
nate is the value 
nought It will be 
found to be 3 65- 
To find X when 
the value of thd func- 
tion (•.« > y) is - 6, 
set off on the Mxis 
« length**^ 9 in the 
negative direction 
(is., along OP } ; at 
its e^emity draw a 
pnmllel to the o^axis 
to moot tho graph. 
The length of this 

r slkl 1 ipiabseisea) 
the s^ne of x 
sought. ^ ^ 
(tioin he found 
to he - 11 . 


ST. B.— We have 
here 3y«7o4*5. If 
we put (tskO, we 
have 3y«fii and 
ysf wllSk 

ft we put p«0, we 
have 7«+5 j« 0, and 






Mmm tb©,^a4iita intersect T*^*}l4S8j, 0^ 

ftnd 1^)* But theae oAiiiiHOfc >)e cMitisVeiilftnUy plc^ted^ B«B(t&i 0 r 6 « 
UMbi utid«r Art XI* 31i0 atndeat «iioi!ild note the divie ion pedoii^med 


19. CoUeotioB of importtmt Msults. 

{1) tRie pt. (o,o) is tbe origin* 

^ (2) 5the Ordinate of every point on thef is sero 

(8) The Abscissa of every point on the y-aa?ts is sero. 

(4) The ordinate is + in the 1st. and 2ud quadrants only. 

(5) The abscissa is oh in the 1st and 4th quadrants only. 

(6) The graph of every simple equation in jt and y is a. 
straight line ; 

(7) y »* h is a at. line parallel to the or-^axis and at ariis* 
tanoe b form it ; y^O is the a;-axis, 

(8) is a st. line parallel to the y^xis and at a 
distance i from it* 

a?«v0 is the y^xis* 


E3:4MFX.;i^ s 

Draw the graphs of the following eqtmtions : 

I 2^i|-3y-6* 2* 8. Sj?4'4y+7-0 

4. ^Sar-%«S'6, 5. 0. 12ir-7y*44. 

Draw the graphs ef the following functions : 

7. 4x^7* 0. i(18-8^?). 0. l*28jr + '07. ' 

Find graphically the valne of 
10* whenj?— 

II 14-3 25y^ wlieny«13. 

VL yt when ir»7f ahd ty w2jr«<r3* 

it. ft wtien Mid 

f0» fMivm of « ii t 

' li, ^fliid onnrMti t|» t {>l«!n of diiofMUits the vidno of » when 
finti, Wnf given tibet 1 ms-S-OlyH-'SdO. 





If 


Xiuelj^aiieou* Work«(l,oiit. 

IHlC. 1. £«!«« gra|>Me»lIy tlM eqndtiiitNw, 

JPint dnv th« graph of 

.a™, 

A whan y--!,*- 8 ; I 
And „ y-l, *- 11 ./ 

Hot thesa pta. ; the at, line joining them is the graph of 
2 ii;^ 3 y>«l 9 . » 


Nextirilraw the graph of 



, ■ ' ' 1 


i ’ 




1 






\..^ I 




! X 


V.;- ,■ ; 


*"? 

! 

v' ' 

1 


.when*-l, y-0;\ 
and ft jc* —Bj y “B- J 
** Plot these pta. ; the joining line ia the graph of 

The oo-ordinatea of the oommon point of the two at, linee 
must satisfy both the equations. 

(Aa dioffram it will he seen that the lines meet at (0i *^3)* 
Henoe ** 3^ is the reqmred solution, 

it*B«*^'^robleitts leading to ilmuttaaeoni equations can he solved by 
means of the graphs of those equations, 

t iksenmiag t tneh«>1l#3 emittSMtliMonuitin a graph 
to eonveft c^timetres Into inehes. Bead on tbs value ^ ^ 
oentimettes in inches. 
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AMiUSI. 


W« hmn 
S46 em. in. ; 
SU cm.olOO in. *, 
.% 4iXiM. -SO i«. 

H«mw, if g«ii«r- 

njly » «in*««jr in.. 



Find gnPtpH 
of thb oquotioo on 
spoored iMipor.. 

It 18 0 straight 
llQepaaaing through 
tho or^ifi aiid (51,^ 

m 

division iSbm #*axt» 
to TvpineiBsnt 16 oon* 
timetrM, IMOi 
dlvIsSoto libo fwie 

to rejmniilt iQ in* 
ehes. » 

Then 600 cm. -60 
divisiotifl on the 4^ 
axis. 

Meaeitre off the 
ordinate of the graph 
at the 60th division. 
This is 26 6 nearly. 


the reqd. value ) 
«i428*5iel0 in. nearly 












*i( A ilown thair the popttletioik 
“na Mofioo hi im, u,m in 
p* l«ll Vitid hjr % gmfihk 


IpMl Hli IMthte MMWMHt Ulti 'iiNMMP 

m (W) Itfih 

the years 

XlftOSf 9f6* 

ee^ of the y^^axl# 

inyeee eit Jl|006 rOals. 


Vlmi4twU} smeient the yeer 
idler IMOf and y &e popniattoe in 
llionsaiidi. 

* We Imee tinn the following 
table; ^ 


T rTr yT rrrp TTT a i 

y 1 10 I 18 I iTj 17 I 21 I 281 


The graph oonetnicted from this 
table it found to be a »t line. 


Asiuming that there ii a fixed 
law governing the population, we 
must take it to be the one indicated 
by the graph* 



The y for 1010 is found to be 80. 


/, the reqd. population '•■80 x 2,000-«40,000. 

Bw. 4. A thop-fceeper finde that there is a linear relation 
betwe<^ the daily nett profit and the number of day« ^twed since 
tbe opening date of the shop ; on the fifth day there is actndlly 
a loss of lOf., but on the fourteenth day there is just a gain 
pf £!.• Find the relation referred to. When is there neither 
|nroflt nor loss 1 What will be the profit on the 80th day f 


Let y denote the profit generally, 
and ^ n the no. of days passed*sinee the opening date., 

Siu^thi profit and the naiof days are linearly eouneeted» 
^ ^ [given] 

we must havey«-mu4‘h.w#—*W 

We beve now to drew the graph* 

Let two divisions on the y-u5dtireprese^ £l andjoue division 
on the raxis represent 1 day. 






iliOmiEA- 




HeEoe £3. lOi. will 
hf 7 d ivi- 

fiii0i!9 dn tbe jr-ikxis. 
OoEwi^Eg |hp<MI4i m • 

COlk^pienltjr IlMii Eft E 

#6 Era 

Iji^ tW4 

wImEi #•*»« f *--7^ 
End wIi«a#Mit4, ^•■2. 
Flolb tbaae pte. ; the 
joining at. line must be 
the gm^ of ft}* 


r 

■ : i 

' ' y; ■ : ■ ■ i 

. y' ... . ; 

= ^ ■ j 


■ • ■ /' 

. / : 

. . 

..... y . .. . j 

: : : : i 

/ " 

1 

[ ' ' i 

r\> 

\ 

f : : 


At the pt. where (1) intersects thety^xis (a?=*0)* y"^h» 

Wo th'ns find hy meesurement hw 12. 

(1) Sow atanda as^«mjr-12 (2) 

To find Mf draw a parallel to the graph through the origin. 


Thit is the line y •way, or - « w. 

X 

tl^ia line is seen /fom diagram fj pass through the point 


by substitution, l«ni* 

Hence, finally (2) becomes 12. dna 


To find when there is no profit, find where the first graph in* 
terseots the jwdn (y-*0}. x is found to be 12. 

there is no profit on the 12th day. An$. 

The prc^t on the 20th day is found to be represented by 
every two of whieh by supposition represents £1. 

the profit reqd.«-£l. An*. 


S«B*'^Two qtumtities are e^d to be linearly connected with one 
another when there is sa equation involving them in the first degree. 


%X^ 5. Two townSf A and B, are 60 miles apart* A wolist 
starts from A towards B at the rate of 6 miles per hour, and an*- 
other from B towards A just at the same time and at the rate of 4 
miles per When and where do they mept ? How far apto^ 

will thtf be at the end of 3 hours from starting t When are they 
fiiwl at a dManee of 5 miles from eaeh other t When arq 
tbey^htfiia at thfe distanee f 



ArmrDdt. 


tbe da»tarii<MP AB on ”t(i 0 iqasii^ piper 

repMmlAt^iiciileB 

Xf X representa the dis^anee gone through 
in V hoitre hy the Hret *mani whose nta is 6 
miles per hoor^ wehaved^wO^i 

enpposing ^ to be measured from A* 

*Xt represents a st line passing through A 
aUd through the ptfint (0, 1). 

Drew ihe graph AP* 

To find the grafda ol ffa motion, take B 
to be the origin. 

Siuee JE^s rate is 4 miles per hour, * 

we haae to draw the st* line «-»4jry 

supposing X now to be measured from S 
along BA, It is easy to see that the st. line 
passes through B and through (4,1). 

Draw this graph, viz.y BP* 

PN^ the ordinate of the common point of 
the two graphs, gires tlie time when they 
meet, while dii^and Bif give respectively the 
distances walked by the two. 

* Thus they meet at the endoof 5 hours, at a 
distance of 30 miles from A, Am* 

To find liow f.ir apart they are at the end 
of 3 hours, take AM on the y^axis — S ; let 
Q and R be the points where the parallel to 
the a7^axLs through M intersects AP and BP 0 

Then QR or BL represents the distance 
between the men at the end of the common 
time (3 hours) represented by the ordinate 
§'&■ or RL. 

the reqd. distance •■20 miles, Anz, 

Next, to find when they are at a distance 
of 5 milds for the first time* 

* Along take A0-<5 ; throt^h (/draw 
CD jUtrallel to AP to meet BP in D ; through 
Ddraw DS parallel to the^^axis to meet 
AP, 


Then md the ordinate of D 

or B gives Idle required time. 

Thus the time reqd Hour*. Ans « 



Is 


Aiicmnuu 


Lavtl/i to find when tfaegr ue agam 8 bilea afNUrt. 

Stoldi^l^theV^* i dww CD' parallel to iJ* 

iha wdiMte of 17' or jr gttoMi ton M^tdtoA 
1^<l l i ii,|l i i e(>nght-B| honn. Am 


w4Ub iUebtem’ can be filled by one pipAin 74 bottni. and 
W«Mttltoiv|lli%ow^^ How long will it taito in llling^lm 
bow 0|W4 'WhAt II the *mw6ir wluNi the lecoiid ii an 
ingidpel • 


Iwlidjf to plp eu t ihe>oapa' 




mtit dfHiioii of the 3^ 

M:ui4Mi»*l imr. 

It be the qttatitity of vater 
pooved in in a hotin the lit 
IMpti 

then wpreient- 

ing^JIliylO* 

Ibenw t4e gpph AF, passing through (0, 0) and (4, 3). 

Sietiiarlyy for the iSnd pipe, taking S as origin and BA as the 
posttire direetton of the Jt^axie, draw the graph, BPt of 

^ W 1 

y'^80*5* 

'Itfae ordinate of the eommon pt Pgirea the time in which the 
cistern is filled* the first pipe supplying a quantity equal to di/’. 
and the second supplying a quantity equal to BJf, 

This time is from the figure » 6 hours, A m. 

If the second be an emptying pipe, then with B as origin and 
AB produced as the positive direction of the :r-axis draw the 

graph, SQ,ot ^-=5. 

If ^ t> 

The ordinate 43^ of the common pt, o£ dPandBQ gives the 
reqd. time, the first pipe pouring in a quantity AN!, and the second 
letting out JSJT, so that the result is div - BN^AB. 

From the figure, the time sought »• 10 hours. Ans, 



t(*% l^e solution of problems on Work Is similar to the above. 



19 



Lei AB(^5 minute-ipacM) denote the distance between the 
bands at 1 O’clock* 

]^et eaph division on the ^axls represent a one minuis ipaee, 
and that on the y-axis one mtnn^e of time. 

Let y denote the time in which x minnte-spaoes are gone over 
Djr a band. 

Since iii 60 minutes the mintite*hand goes over 60 minnte-spacesi 
We have ffr its motion' ; 

M., y-a?. 



90 

With A »8 origin draw the grapn, ^ i 

H6 represent the motion of the hoar*hand take B as oiigfn 
and produced as axis. Observe that the hourhaud passes 5* 
in 60 minutes of time. ^ 

We have then the e<}uation 

Draw the graphi BQ> 

Take BO equal to 15 minute-spaces 
^(E>raw OB parallel to BQ to meet iP. 

The ordinate of P gives the time when the hands are at rt. L s 
to one another. 

Por, draw PQ parallel to AO, D^w the ordinates PM and QM. 
In time PM the minnte-h&nd gets separated from the 12 o'clock 
mark (< e., d) by AM,, and in time QM(^PM) the hwur-hand 
moves over space BM, so that it is separated from the same mark 
hyAB^BNorAM. « 

Hence the space between the hands if -diiT 

^MM^Pq^BO 
i«15 miiiute*Bpaoes. 

the hands are at rt. 4s to each other. 

I'rom the figure PJf p- SS nearly 

approximate time 22 minutes past one. Ans, 

Hac. S. An examiner has marked a set of papers ; the highest 
number of marks is 80, the lowest 20* He wishes to alter the marks, 
making 100 the maximum and 10 the minimum ; hhow how this 
may be clone graphically, and read ofi 
the altered mark corresponding to the 
old mark 60, and the old mark corres- 
ponding to the altered mark 25. 

The dif between any b oy and the last 
the whole range of marks 
must be the same in the two scales. 

Let the marks x in the old scale 
correspond to the marks y in the new 
soulo* 

Then, from the above principle, 

80 -'20 100 -10, 

- 20 y - 1 0 
» *> 60 " 90 ' 




AfPBl 


SI 


This is the straight evidently pasiiag 

through tho points (SO, 10) and (80, 100). 

From tbo graph, we easily find 

60 old marks >s70 altered marks, 

25 altered mat k8» 30 old marks. 


MiaOELLANSOUS fiXAMPLSS. 

1. *+y»l3, 2. 2j?+3y-<36, 8. i(4?-3)^J(y-y), 

7. 34?4. j^«.33. 11a? -“ISy. 

4. 2a? + l‘8-0, 5. xj^^ylZ^S, ^ 0. l*29jf-2% 

a? + 2y-36. a?/3+y/5-5. * «=4-45y-S*15a?« 3. 

7. !E%d approximately to two places of decimals the values of 
X anri y from the following equations : — 

' • «( + 2 37y-4-74, l'8*--2y-l*48. 

8. Find two numbers such that twice one of them plus thriee 
the other will yield 64, and thrice the first plua twice the second 
number will yield 61. 

9 4 lbs. of tea and 3 lbs. of cofiee together cost 19s. 6d, and 

3 lbs. of tea and 2 lbs. of coffee together cost 13a. fid. ; find the 
• prices per lt>. of tea and coffge. 

10. The expression ax -fib is equal to 3 when x is 7, and to 27 
when X is 13 ; what is its value when x is 9, and for what value 
of a: is* it zero ? 

11 Given that one kilometre* *62 of a mile, construct a graph 
to convert miles into kilometres and kilometres into miles. How 
many kilometres are there in 210 miles ? And how many miles, in 
840 kilometres f 

12. Given that 1 centimetre **39 inches, find the value of 
2'*8 centimetres in inches and that of 4'6 inches in centimetres as 
accurately as you can 

• 18. Given that 1 kilogramme *2*2 lbs., find by a graph ihe 
values of 16 and 27 kuogrammes in lbs., and of 20*6 and 38 Ibi. 
in. kilogrammes. 

Given that 1 cubic inch * 16*4 cubic centimetres, oonstruet 
a graph to convert cubic centimetres into cubic inches ; find the 
values of 40 and 30 eubic centimetres in cubic inches and of 1*6 
and 3*2 cubic inches in cubic centimetres. 

15. A mamstarts business and is worth Es. 400+ 30w at the 
end of n years. What is he worth at the end of 2*6 and 4 years 1 
Find the time when his value is Bs. 650. 
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10. In years from tfa#^j;»opuUtioii of one 

town inoreases from 388Q0 to 60800, and m tlie five years firoim 
IdOO to 1804 the population of another town decreases from 61300 
to 33^00, supposing the rates of increase and decrease to be 
uniform ; find the year and month when the two towns had the 
same number of souls Find also this number. 

17/ A labourer is paid Rs. 100 a year ; draw a graph giving his 
^ weekly wageSf to the nearest anna ; determine his wages for 85 

18. 20 articles cost 8a 8i. ; find graphically the cost of 13 
articles to the nearest half-penny, and the nnmber of articles for 
3s. 4d. 

10. A farmer sold to one person 9 horses and 7 cows for 
Bs. 3000, and to another 6 horses and 13 cows at the same prices 
and for the same sum ; what was the price of a hoifie and of 
a cow f 

It 

20. The first thousand copies of a book cost £3 to pHht, 
but every one thousand in excess of the first cost 12# Drawn 
graph showing the cost of any number up to 6000, and read ofi* 
the co«it of 4600 copies. How many copies do you get for £4. 7s. ? 

21. The initial cost of starting a manufacture is £100 and 
the subsequent cost of each article produced is 4s, Draw a dia- 
gram on the scale of one inch to one hundred copies and one inch 
to £10. showing the total cost of %ny number up to 800. Read 
off the cost of 240 articles, and the number of articles costing £224. 

22. Plot the points (2, 3), (4, 6), (6, 9), (8, 12), (10, 16), and 
find the equation of the graph. 

23. Plot the following points, and deduce the equation of the 
graph : 

X I - 6 I 1 I 1 ft I 1 8 I 8 8* 

1/ I -8 I -2 I 0~T r-2 I 8 8 

when is 1 

.2i. The income of a man was Es 3000 in the year ISQP^ 
Bs 3400 in 1802. Bs. 4000 in 1806, Bs. 6000 in 1810, What was 
his income in 1803 f 

25, A can do in 20 days a piece of work which B can do* in 
30 days ; how long would they take to do it working togetbdk ? 

20 A and B together can reap a field 'in 4 days, while B 
alone can reap it in 6 ; in what time can A alone reap it t 

27. A cistern is filled by two pipes in 80 Md 30 minutes 
respectively ; how long will it be in filling, when both' are open f 
What would be the anasrer if the last pipe were a waste-pipe. 






86. Two pipe^^ % cistern in 86 s^pd 30 minutes 

reepectively. BolAt^ip^Tbeiug opened^ find wlien the first must 
be clcksed that the cistern may be just filled in 15 minutes. 

• 29. A train going SO miles an hour leaves Bristol for London, 
and another going 30 miles per hour leaves London for Bristol 
at the same time ;'when and where will they meet ? [London to 
Bristol Is 1 50 miles] How far apart are they at the enci^gft wo 
hours I When are they first at a distance of 85 miles fro^|^ch 
other ? When are4hey again at the same distance f 

BO. A mail train leaves Howrah for Jubbulpore at 
AM, and travels 80 miles per hour ; an express leaves Hovirafa for 
Jubbulpore at noon and travels 40 miles per hour ; when and 
where will it overtake the mail ? 

3L A starts on a cycle at the rate of .500 yds in 6 secs , and 
B starts f8om the same place 1 5 secs later at the rate of 100 yds. 
(ar sec. Find by a gra^h when and where they meet ? 

. 9^, Find the time when the hour and minute hands of a 

watch are exactly in the same direction between 9 and 10 o’clock. 

83 Find the time when the hou** and minute-hands of a watch 
are exactly opposite each other, between 7 and 8 o’clock. 

34. When are the horn* and minute-hands of a watch at right 
angles to one another, between 8 and 9 o’clock. 

. ^ 35 The relation between two variable quantities Pan d 9 i« 
given by - when ^ is 3, P is 10’9, and when Q is 2, Pis 

8*4. Find the values of I and m. 


36. The temperature of a mixture rises in proportion to the 
number of hours it is exposed to the sun. On 3 hour’s exposure it 
’ is found to be 36 degrees, and in another two hours it is found to 
be 40 degrees. Show by ^ graph how to determine the tempera- 
ture at any time f What was the initial temperature ? What is the 
equation connecting the temperature and the time of exposure ? 

,S7 In a class examination the top boy gets 72 marks, and the 
last boy 24. You are to scale these, so that the top boy gets 80, 
and the last boy zero , Draw a graph for this purpose and read 
cfT as accurately as you can the new marks of boys who get 28^ 33 
and 40 . What mark remains unaltered. 

38. If n denote the number of guests in a hotel in a day, rupees 
0 Ifhe total daily expenditure, and rupees f the total daily receipts, 
the following numbers are obtained from the entries on several 
days in the books of the proprietor. 


.1 

f 


2 I 3 


I 56 I 10 I 19 I 23*5 
110*6 I 14*8 I 23 2 








Whftt law iieemB to connect the profit ? find 

r and the profit on the day when he has 11 ¥ how many 

guests just bring in no profit ¥ ^ . * 

89. 0* and 100* of the Oentigrade thermometer correBpond 
respectively to 82* and 212* of Fahrenheit. Construct a gra^ to 
convert degrees Fahrenheit into degrees Oenti^ade. and vice versa. 
Bead the Fahrenheit equivalent of 10* Centigrade and ^Aie^ 
Oei^fiade equivalent of 86^ Fahrenheit. What reading coincides 
scales ¥ 

* 40. O* and 80* of the Reaumur scale correspond resi^ctively 
to O* and 100* of the Oentigrade scale ; construct a graph which 
will enable you to convert ^ degrees into C degrees, and vice 
versa. Bead off 36” R. in 0^ and 22 5* C. in R» degrees. ** 



^\NSWER 


™e EX-AMP-^g 

7 - , tv 

*•• ^mples 2. Jh^et. 


17‘75. , 

8. 2537. 


Examples 3. PagB 12. 

A 0. 

11. 5 9 nearly. 

f. - 2*6 nearly. 

1^: - 1. 


Miscellaneous BzainpIeA Page$ 21. 

y3. 2. :r=9, y-6. 8. ««13, jr»ll. 

'65jy-='5. 5. 0, y-15 P? *-4,y-2. 


1. 

;/«3. 

2. j;-9, y~6. 

4. 

/;---05^ = -5. 

6. ^•-'6,y«16 

7, 

?2, y a» 1*44 

; 8. 9, 12. 9. Tea, i 

10. 

“44^26. 11. 

339 nearly ; 52’ nearly. 


ll 6 cent nearly. 

13 33lbii,&9v1bs.j9 3: 

14. 

2 4, 1 8 nearly ; 

21 6, 62’6 nee'lf. 

*16. 

Rs. 475, Rs 620 ; at the en* of 5 years. 


End of J Illy, 1802 j 42,000 


17. 

Re 1. 16(M 

, Rs 

. 48 

la. iiprly- 




18.* 

1 '. 8 ^( 1 , nearly j 

i 26. 

19. 

m 

Horse, Bs. 840 

; cow 

, Bs. 180. 

20 

£S 3«. neai 

ly ; 

3250. 21. 

£148 ; 020. 



22. 

.3,r-2y. 


23. 

f^4a?-6 

J x=y-2. 

24. 

Rs. 3000. 

’25. 

^0 

or 


20. 

/2 days 

27. 12 

min. 

; 1 hour. 


Afct-r ISJ min. 2^ ^ nours after start, 60 miles from 
Im^ Bribt^l ; 50 mi^ i the end of 2J hours ; at the end of 
3 A hours. . 

to. 4-30 R M., 180^"*^e« Howrah, 
ifi. 9 secs after ^J^tart j 760 yds from the starting point. 

3|3» 49 min 35. 7A. 6’5 min, nearly. 

S4. Sk. 27i and 9^- 35. ««2 6, m«3 4, 

a^^^40• ; 37- S'? nearly, 16, 20 7 nearly ; 00. 

S8. ' '•-‘4-2«+2-2 ; p-67--8» ; e~46.r-484. 


60'//>- 


w'c; i8*fi. 


XBB END. 









